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channels were
well as the

The long quadrupole
studied ivn the works [1,2] as

equations descriking the bteam transverse
dimensions increase urider random
perturbations. In present repovt these
investigations is extended to focusing

channels of arhitrary type and structure.
The equation of perturbed motion may ke
presented in the fellowing way:

x-s + BCx>x + f(x,2> = 0 1)

and B> is the function with a
unit period. ¢ Lz

Assuming that x = e HZ . caczd + tbCzdD
is the solution of the non—perturbed
equation, and adz> and &Cz> are periodic
functions with a anite peviod, the equation

(1> may he hrought intoe the following form:

periodic

r’=p-sin(uz+n+w)-f(zp-cos(uz+n+w).2)

rn'=p-cos(u2+n+w)-f(rp~cos(pz+n+w),2)

where pz = az + bz is the amplitude and
Yy = arctgCbr/a> is the phase of the Flauket
function, Moo= frequency of smooth
oscillations.

Let us consider noncoherent
oscillations, in which case the equation of
particles motion may be presented as
follows:

Assumivg GCzd> = 6¢C2d-C1 + olzdD and
wsing the main equation of the perturked
motion in the form (2>, one obtains:

r’' = raféc pzstnzc'uz + o o+ oy

o G pzcosz(pz + o+ oy

with the
nco> = P,

initial condition riQ> = 0,

If nC2> is the solution of the
equation, the first omne may be
follows:
ocz> = 1522 -

r
(=]

second
resolved as

z

exp(faszstnCut+n+w)~cos(ut+n+w) dt)=eprC2)
[

from which it is clear that the distribution

of the random variahkle 8Cz2> is determined by
the distribution of the random variahle

TH4-44

113519, Moscow,

Russia

FCzo.
The FCND function may he presented as:

N
FCND> = & Fk =
k=g
k

r aszsinCut+n+w)-cos(ut*n+w) dt

aG_p_z.:-sr_'nZCut& N+ owo,
L & T T t T

AV Rt

1

where M is the number of perturbed elements

rer period, afi is the field error in the
i—-th element, t = k-f+f , £ — is the middle
1 v L
of the i-th element, pi = p(tl), ni= n(ti),
wCl D, £ is the element relative length.
1 L

(The perturbed element mav be represented

either hy a focusing lens or by an

accelerating gap). 2
One oktains with the accuracy up to o @

k
N N 2 2
NCND= p + £ = p + IaGp cos Cut+y+p O
o k o (=3
k= 1 k=1
k-1
M 2 2
N, = L aG g scos Cut +p +y D,
k _ e i o i

=1

Ore mav assume the F(z> variakle to
have normal distribution Nwith the
mathematical expectation M{F]? =% M[Fk] ard

N k=1
dispersion D{F) =% DIF 7.
k=1

Taking FCN> with the accuracy up to o’
and making allowance to the independent
character of the initial perturbkations, ane
obtains:

M
= (;~aGp_2-sin2Cut_+¢v +p O+
_ < L S T (=] 1

N
H[F(N)]=M{ =
T M= i

i
‘oGl p. rcosElut +p sy D -cos Cut +p +w_))
T AN (=] L 18 [=] L

which heing average over the

mltiple of p, gives

frequencies,

DIFCNYT = MIFCND = & o2G%p* = N-AZ
1

2, . . L.
where o« is the dispersion of the initial
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erronr.
So, the amplitude growth of the

transverse oscillations of a certain

. ) CND e
particle is givewn by 6 = i;——— = expCFCNDS,

<

whevre vrandom variakle FCN2 is normally
distributed, and

MEFCNDT = DIFCND? = N-A°

=
The qguantity (G“pz)z must ke summed upe
1 1

over all perturbed eleTents of a unit period
in  aorder 2to find A". With the aim +to
estimate A° guantity, one may replace each

item of it by the value 6? p‘ averaged over

a period. One may assume that

o 1 4 4 1 1
P N ? £P1n0x+ PTnlﬁ) B 2 [1 * + )
cv 3
and finally one oktains that
-~ .
G
AZ - I\'_{___ (1 - 1 )‘O(z
5,2 4
21 »n

The guantity G represents refractive
force gradient of the element F}. fFinally,

N . H 2 2
- _ @ T . =
HIFCNDI=DILFCND T == = (1 +_“4) a” =N A7

)

where N is the overall numbey of perturbed
o

elements in the channel.

Repeating the mathematical treatment of
rRef.[1} and taking the initial eguilibrium
crossection in the form of ellipsoid matched

with a unit yperiod, one obtains that
8 (N> = M 8CN> - 15 a randaom quantity
i oSp Szn
(=]
having the following distribution:
PCO D> = 1 - exp(~Clnd D*/CaN A2)) =)
r T (=2 =
It follows, that the hbeam dimensions
growth coefficient will not exceed the o
limit with the prokability P, if tolerances
are defined by the egquation
2
: >
N A2 - .(lna. D
o o zin21—p)

and by the egquatiawn (4> for NOAZ.

to coherent oscillation
Random errors causing them result

Now we pass on
eguations.

in deviation of the channel axis from an
ideal line. We assume the channel axis yla)
to he a polygonal line consisting of

segments connecting centers of
drift tube ends.

neighboring

Asswming that drift tuke ends are

: 2

displaced independently with dispersion A
and averaging over oscillations with o
frequency, one obtains 1n a similar manner

732

the dispersion of the beam displacement from

the channel axls at the end of a section
under consideration
N F p -
DIXCNIT = e (1 + =) 2 <7
2 4
8 w 2

The am“lltuge ff the center
oscilllations a = x + X’ po 1s distributed
as

3
FCad =1 - exp(- o a”) &)
where
Tz
—_ N F —
2 ! o r 1 2 2 -
= - - = 3
a 7 ~ (1 + 4) A N A~ P
P »

The transveirse oscillations amplitude
will not exceed the preset value x with the
probakbilaty F, 1f the transverse
displacement of the drift tube ends
tolevances are found from the equation

2 x?
N A I C10)
° o InCt-p>
and fyrom eguation (¥) for N A% .
Q QC

If one assumes that the imitial

displacement 1s the displacement of drift

tube center A, then A% = z-A%.
< <

The aforecited egquations he valid for a
focusing channel with an arbitrary periodic

structure. They demonstirate the relation
hetweern the effective emittance growth, the
initial ervors, the number of perturbed
elements and the channel parameters (the
mean refractive force and mean Beam
envelope).

Analyzing formulas defining the heamn

radius girowth caused by random
well as the coherent oscillations

errors, as
amplitude

graowth, we found that the lens irefractive
force P = G-g-v, where & is the relative
lens lerigth, is the wuniversal parameter
which, on the one hand, determines the bLeam
growth caused by random erivrors, and which,
on the otheyv hand, may Lbe varied in a rather
wide grange harmlessly to the chanmnmel
admittance capacity in order to yeduce its
erior susceptibility.

For simplicity we conftine oy
investigation to the most widely used
focusing period structures FODO and FDO,
rectangular focusing field distrikution 1n

the absence of KF field. We designate the

relative distance hetween lenses centervs in

focusing period length as & and relative
o

lenses length as £ (Z £ ¥ = 0.9). For the
[=]
FDO styucture & <« 0.5, for FODG ¥ = 0.5,
o <
It i1s wecessary to find the minimum of

the function PCEL,EZ O for a ygiven channel
o
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admittance capacity. Faor
consider the equation

this ypurpose we

v (P, EE D = const
min o

where v is the transverse oscillations
mun

relative frequency minimum, This

transcendental equation may ke solved using

a computer. The solution shows that function
P depends weakly on the parameter E/Eﬁ which

changed in a wide range (from 0.01 up to 1),
But the point of peculiar interest for linac
focusing systems designers is the following.
There is styrong nonlinear dependence of lens
refractive force on relative inter—-lenses
distance. For example in Fig.l1 are shown
these curves with » = 0.& and =« = £ . As
min (=)

£ diminishes the required lens refractive
[

strength increases. While = is rather fhig

its change in a wide range does not result
in a considerahle refractive strenagth growth
and only for ¢ = Q.06 pavameter F  grows
o
considerakbly.
p
\5 |
LAMDF
10
MME
5 F
o L— 1 [} [} 1 1
0.0 0.2 0.3 [} 05 ®,
Fig.1.Plot of refractive lens force P = Ge/v

versus distance hetween lewnses (in units of
focusing period length)

for the £ = & , v = 0O.& case
(=) mun

The following recommendations might he
of use for designers:
1> The choice of

small 4 for which
(=]

P » P is inadmissible.
min

2) It is advisakle to increase ¢ , and
(=]

for chosen ¥ to reduce ¥ as far as
(=4

technology allows.

As an example ‘we may
energy LAMPF part. In its
resonators {o = 0.05, on the

cite the
first
average,

high
eight
(the
focusing period length is J70...dZ% cm,
distance hetween lenses centers in douhlets
is 20 cm) and in other 3& resonators ¥ is
(=]
even smaller £ = 0.0Z% (the focusing period
length is 7&0...860 cm

with the same

TH4-44

distance hetween lenses centers). The too
small value of ¥ resulted in a hig coherent
o

oscillations amplitude and considerahle
growth of the beam radius. Had the designers
increased the value of ¢ up to 0.08, the

amplitude growth as
well as the heam radius growth would have
been 1.5...2 times smaller with the same
tolerances and the same admittance capacity.

The aforenamed recommendations were
taken into consideration when the Moscow
Meson Facility focusing channel was designed
as a result of which the average value of KO

coherent oscillations

was chosen to he 0,085 (the focusing reriod
length is 220...3%0 cm, the distance ketween
lenses centers is 27.5 cm).
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