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Plasma lenses are of interest for providing ultra-strong 
focusing of particle beams in order to enhance the luminosity of a 
high-energy linear collider. Previous work has explored the self
pinch of e+ or e- beams as they pass through an overdense slab of 
passive plasma (i.e., plasma density much greater than the beam 
density). Here we examine the focusing of beams in an under
dense plasma through physical and particle simulation models. In 
this regime the plasma dynamics becomes highly non-linear and 
differs for e+ and e- beams. For e- beams the plasma electrons are 
almost completely expelled by the beam's space charge leaving a 
uniform column of ion charge that provides the focusing force. 
Compared to the overdense lens, the underdense lens has the 
advantages that spherical aberrations, longitudinal aberrations, and 
plasma contribution to background in the detectors are all greatly 
reduced. 

Introduction 

Previous work on self-pinch plasma lenses has been mainly 
devoted to analytic models in the overdense plasma regime 
(plasma density no much greater than beam density nb ).1-6 In the 
overdense plasma lens the beam density represented a small per
turbation to the plasma density; thus, the plasma dynamics were 
well described by linear theory and were similar for electron and 
positron beams. In the underdense lens regime (nb 2: no /2), the 
plasma dynamics become highly non-linear and differ consider
ably for electrons and positrons. To describe the plasma lens in 
this regime we rely on physical models and self-consistent simula
tions. The underdense lens has several advantages including 
smaller spherical and longitudinal aberrations and reduced plasma 
contribution to background in the detectors of a collider.7 A self
consistent example of the luminosity obtainable from e+e- beams 
focused by underdense plasma lenses shows that such lenses could 
enable the current SLC beams to surpass their design goal. 
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Fig. I. Illustration of underdense plasma lens. 

Physical Description 

The physical mechanism of the underdense plasma lens is 
illustrated in Fig. 1 for e - beams. The space charge of the e
beam essentially blows out all of the plasma electrons leaving a 
uniform column of positive ion charge. The net focusing force on 
the e- beam is that due to the ions' space charge since the beam's 
space charge and magnetic forces nearly cancel. From Gauss' law 
this is 

(1) 

When comparing Eq. (1) to the overdense lens we see that the 
plasma density now replaces the beam density (nb) in determining 
the focusing force. Since the plasma density no is independent of 
r, the linearity of the focusing force no longer depends on the 
detailed radial dependence of nb (as long as nb is large enough to 
expel the plasma electrons). Thus we expect spherical aberrations 
to be very small for e - beams in an underdense plasma lens. 

For positron beams, the plasma dynamics are more com
plex. The space charge of the beam pulls plasma electrons into the 
beam. However, there are not enough plasma electrons available 
to completely neutralize the beam. Thus the plasma electron den
sity tends to approach the positron density in the center, and to 
form an electron depletion region in the outer part of the beam. 
The focusing force becomes extremely nonlinear in r 

(approximately llr in the outer regions) in this case. A solution to 
this problem is then to make the beam radius small 
« (nol nb )'h c I COp) so that the beam only samples the center 
region where the electron density is large and uniform. To quanti
tatively assess the aberrations in the underdense plasma lens we 
turn now to particle simulations. 

Simulations 

Figures 2-4 illustrate results of 2-D PIC simulations of the 
underdense plasma lens using the relativistic electromagnetic code 
ISIS8 with coordinates r, e, Pr, Ps, Pz' From Fig. 2 for electron 
beams we observe first that the longitudinal aberrations inherent to 
the overdense lens are absent except near the front and back edges 
where the beam density drops below nol 2. Secondly, the spherical 
aberrations are small enough that the beam radius has been 
demagnified by a factor of thirty (this implies spherical aberrations 
.<1K/K:5 3%). 
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Fig. 2. Real space of e - beam in underdense plasma lens 
simulation. Lens extended over kpz = 5 to 25; 

nblno = 2( 1 - 4kJr2 ) (1 - kJ~2/90); Y= 1000. 
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Figure 3 corresponds to Fig. 2 for a positron beam. Here 
the spherical aberrations are larger than in the electron case but 
smaller than that of the overdense lens. From the figure the den
sity has increased by approximately 15 to 60 (suggesting 
L\K/K:s 15-25%). We note that for the positron case some 

plasma electrons were dragged out of the plasma by the space 
charge of the positron beam. Typically these electrons reach a few 
Me V and can become as dense as the positron beam. During a col
lision these electrons are blown out rapidly by the fields of the 
opposing electron beam. 
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Fig. 3. Real space (a,b) and final density (c) of e+ beam in 
the underdense plasma lens of Fig. 2. nb/ no 
= 1.4 exp ( - kJr2/2al- kJ~2/2al), for r < 3aT, 
I ~ I < 2az; aT = .3, az = 10. 
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Secondly, for Gaussian radial profiles the luminosity integral over 
the charge densities is increased by a factor 

(2) 

where r is the smaller beam radius and ro is the larger beam radius. 

Figure 4 shows the collision of the asymmetric beams after 
being focused by underdense lenses. Qualitatively, we see the 
focusing of one beam by the magnetic field of the other. It appears 
that tighter focusing of only one beam (Le., the electrons) can 
increase the luminosity. This is for two reasons. First the denser 
electron beam may cause greater disruption of the positron beam. 
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Fig. 4. Real space of colliding e - (right) and e + beams 
showing focusing by plasma lenses and beam-beam focusing. 
The plasma lenses' are as in Fig. 2, centered at kpz = 20 
and 120; nb/np=2(I-kJr2)(I-kJ~2/90) and y = 
500. 

Discussion and SI C Example 
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We illustrate the conclusions of our physical and simula
tion models with a design example for the SLC. The SLC design 
goal parameters are given in the first part of Table 1. In order to 
meet or exceed the final spot size and luminosity goals with the 
plasma lens we must satisfy the following conditions: (1) The ini
tial spot size must be small enough to avoid spherical aberration 
limits. From the underdense lens simulations we expect these to 
be of order 3% for electrons and 20% for positrons, so we must 
choose ao < a' /.2 ::: 811. We take ao ::: 611 (which is similar to 
what has been achieved to date). (2) The beam should be long and 
narrow compared to c / ffip; this specifies a range of plasma densi
ties from 1014 cm-3 to 7x1017 cm-3• (3) The plasma density 

should be less than 2nb to take advantage of the smaller aberrations 
of the underdense regime, but large enough to give strong focusing 
(Eq. I). We take no = 1017 cm-3 ::: .8nb. (4) The thickness of 
the lens must be chosen large enough to overcome the emittance of 
the beamIO (Q 2 5xlOII EN/a'aono , where EN is the normalized 
emittance in cm-rads, a' and ao are in cm, and no is in cm-3) and 
small enough to justify our use of a thin lens approximation. 
These lead us to take Q ::: 5.6 mm giving f = I cm. 

This self-consistent set of initial beam, plasma lens, and 
final beam parameters is summarized in Table 1. For electron 
beams, this plasma lens design is capable of focusing a 611 beam to 
0.511, enhancing the luminosity to four times the design goal 
(approximately two orders of magnitude higher than the initial 
beam luminosity entering the lens). For positron beams spherical 
aberrations limit the final spot size to about 20% of the initial spot 
size or about 1.211 (still below the 1.611 design goal). This suggests 
a luminosity of order 5x103o cm2 s-I for the positron beam 
(without disruption). Thus the luminosity for the asymmetric col
lision of the two beams would be (Eq. 1) of order 
5x1030x2/ (1 + .52/1.22) = 8x103o cm-2 s-I (without disruption). 
The disruption of asymmetric beams has not been treated, so we 
have not included this enhancement of the luminosity. Even 
without disruption the enhancement from the plasma lenses gives a 
luminosity in excess of the design goal. 
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Table 1. Plasma Lens Design Example 

Beam Parameters 

energy 50GeV 
number of particles (N) 7x10 1O 

rep. rate (v) 180Hz 
emittance (e) 3xlo-8 cm-rad 
bunch length (crJ Imm 
initial radius (cro) 6 Jl (design goal = 1.6 Jl) 

Plasma Parameters 

density (no) 1017 cm-3 (:::. 8nb) 
thickness (Q) 5.6mm 

Calculated Parameters 

focallcngth (f) Icm 

. 8 mm (cr,/P' = 1.25) 

cr* 1.2Jl 

11 (cr,/ p' -reduction factor) .7 
from ref. 9 

L (11,VN2) 
o 41tcr'2 2.0x1031 cm-2s-1 4.8xI03Ocm-2s-1 

D ( = recr,N) 
~ 

7.8 1.4 

L 3x1031 cm-2s-1 5x103Ocm-2s-1 

Lc+e- 8x103o cm-2 s-I 
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