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1. Introduction 

The problem of finding the electromagnetic fields created 
by a charge moving through various geometric structures bound
ed by metallic walls has an important bearing on the accelera
tor theory. Apart from evident need for reliable evaluation of 
the energy loss into higher modes, there is also an important 
problem of evaluating the coupling impedance due to changes 
in the particle environment. While for a long bunch (in com
parison to the relevant dimensions of the considered structure) 
there are several reliable numerical codes which do the job, 
they rapidly become too time consuming for short bunches. 

Here we present the results of calculations of electromag
netic fields radiated by a point charge moving on an axis of a 
cylindrical superconducting pipe with an abrupt change in its 
cross section. From them then we find the longitudinal cou
pling impedance. The geometry and the coordinate system 
(cylindrical) is sketched in Fig. 1. For certainty we consider 
the case of a charge coming out of the bigger pipe of the cross 
section radius a and entering the narrow pipe of the cross sec
tion radius b. The opposite case of a charge exiting from the 
narrow pipe and entering the bigger one can be considered in 
a similar way. Coupling impedance of a cross section change 
for a planar geometry was considered in Ref. 1. 
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Fig. 1. Geometry of the problem and the coordinate system: 
(a) Incoming charge, (b) Outgoing charge. 

We see three reasons for conducting the present work. First, 
it is useful to consider a problem theoretically since it gives 
better understanding of details of the radiation process for 
given geometry. Second, the numerical results obtained here 
are in a sense complimentary to purely numerical results of 
existing codes, providing an answer in the parameter regions 
which can not be reached by existing codes. Third, the results 
may be interesting in themselves sometimes. For example, high 
frequency instabilities within bunches depend on the average 
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coupling impedance over a broad frequency band. Hence a 
simple summation over an independent cross section jumps is 
a rather good approximation in such cases. 

Besides, the case of a pipe with a flange, which is an in
teresting case in itself, can be obtained from our results in the 
limit a ---> 00. The approach developed here can also serve as 
a starting point for investigating other geometries (such as a 
cylindrical scraper, for example). 

The Fourier components of the current density of a point 
charge moving on the axis of the pipe is 

-J' = eO + e 0 + e ~ exp (ikZ) 
r 0 Z 2 .. r fJ' (1) 

where cf3 is the charge velocity, o(r) is Dirac's radial o-function. 

Due to symmetry of the problem electromagnetic field has 
only three nonzero components: Er , E z , and Ho. The Fourier 
components of the solutions of the Maxwell equations which 
satisfy the boundary condition Ez(z) = 0 on the pipe wall for 
z > 0, r = b and the radiation condition at z ---> 00 (conversely, 
condition Ez(z) = 0 on the pipe wall for z < 0, r = a and the 
radiation condition at z ---> -00) are known. 2 It is convenient 
to introduce the following notations: 

M = qk/7rC/2f32 

Gdr, d) = Kl(rr) + h(rT)Ko(rd)/1o(rd) (2) 

GO(T,d) = Ko(rT) - 10 (rr) Ko (rd)/1o(rd) (3) 

where d = a or b, then 

if: = "tPMG 1 (r, b) exp (i~Z) - ikEnB;; (v~,) J1 (v;r) exp(iZAbn) (6) 

-_ (ikZ) , _ (~'n) (Vnr\ , Ifo = "tPMGdr,a)exp -'7F -.kEnB" -,; J 1 -,;-)exp(-.ZAan ) 

(9) 

Here k = w/c, r = kh(J, "I = 1/..jl-= ('I2.Ko,K1,!0 and It 
are modified Bessel functions of the second and the first kind, 
respectively and of the zeroth and first order, correspondingly. 
Jo and J 1 are Bessel functions of th" first kind, and the zeroth 
and first order, correspondingly. l/n aTe defined by equation 
JO(vn ) = 0 and are understood to be ordered: VI < ~'2 < 
..... < l/n < l/n+l"" n == 1,2, ... 00. The sign of the imaginary 
parts of the propagation constants Abn = 0 2 - 1/~7b2 and 
Aan = Jk2 - v~/a2 should be chosen positive (that choice is 
defined by the radiation condition): 1mAdn > O. In all equa
tions above, R; are unknown coefficients to be defined by the 
boundary and continuity conditions in the plane z = O. 

Each term in the expressiolls for the diffracted field de
scribes either a nth wave propagating in the positive z di
rection, if k > l/n/a, or an evanescent wave, if k < v"./a. 
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Similarly, each term in the expressions for the reflected field 
describes either a nth wave propagating in the negative z di
rection, if k > v,./b, or an evanescent wave, if k < v,./b. For 
any given k there are finite number of the propagating and 
infinite number of evanescent waves. 

On a perfectly conducting wall the tangential component 
of the electric field should be zero. In our case that means that 
the radial component of electric field for all b < r < a should 
be zero at z = 0. For the charge entering the narrow pipe 

E;(r,O) = 0. (10) 

Conversely, for the charge exiting the narrow pipe E;r(r, 0) = 0. 

In the plane z = ° but in the opening of the pipe all the 
fields components should be continuous. Hence for ° < r < b 

E;t-(r,O) = E;(r,O), Et(r,O) = E;(r, O) (11) 

Since three functions Er, Ez and He are solutions of Maxwell 
equations, the continuity condition for He is fulfilled as soon as 
conditions (11) are satisfied. Substituting expressions (4),(5) 
and (7),(8) into Eqs. (10),(11) we obtain the system of tran
scendental equations which define unknown coefficients B;!=. 

Using orthogonality of Bessel functions it is possible to 
transfer the system of transcendent equations into a linear 
system of algebraic equations. We will do this for the most 
interesting ultrarelativistic case 1-+ 00. 

Introduce dimensionless coefficients g± by the following ex
pressions: B;; = (2iqa/1I"c)g;;. Excluding g;:t we obtain system 
of equations for g;; only: 

- 2 -Em [Tim + OlmAalJl (VI)]gm = FI , (12) 

where p = bfa, 

and 'Xal = aAal' 'Xbl = bAbl. 

Notice that both diffracted and reflected fields are limited 
for I -> 00 since B;!= do not depend on energy in this limit. 

Up to now all the relations are exact. Since we have no 
way to solve the infinite system (12) exactly, its approximate 
numerical solution is used. The system is truncated to a finite 
size and coefficients g;; are found by matrix inversion. The ap
proximate expressions for the electromagnetic field components 
are then obtained using truncated Eqs. (4-9). Figures 2-7 
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Fig. 2. Example of the continuity and boundary conditions for 
the real part of the radial electrical field component. 

illustrate how the boundary and continuity conditions are sat
isfied by the approximate solutions for an intermediate value 
p = 0.3 with the matrix size 2Ox20. The discontinuity of the 
Er at the sharp corner of the boundary can never be approx
imated by any finite numbers of eigenfunctions. Nevertheless 
in all other regions the solution seems to be quite satisfactory. 

The longitudinal coupling impedance now can be obtained 
by integrating the synchronous component of Ez at r = ° (i.e., 
along the particle path).3 The synchronous term of E~ gives 
the following expression for the impedance per unit length: 

dZ;(k) _ 2ik In a 
z - C"12f32 7i (15) 

This term goes to zero in the uItrarelativistic limit. From the 
radiation part of the field E~ after performing the integration 
and some algebra we get: 

Zin(k) = -*{Eng;i[ICP+(1C2p2_v;)~ ]-pE,.g;;[IC-(1C2-V;)!]}. 
(16) 

where 411"/ c = Zo = 377 Ohm is the impedance of the free 
space, and the normalized frequency IC = aw/c. 

The impedance for the case of a charge exiting the narrow 
pipe can be found from a similar formula: 

Zout(k) = -*{Eng;i[ICP-(1C2p2_v;)4]-pEng;;[IC+(1C2_v;)i]}. 
(17) 

Figures 8 and 9 present the real and the imaginary parts 
of the longitudinal impedance, respectively, for incoming and 
outgoing charge for p = 0.3 as functions of IC. The resonance 
behavior of the impedance is clearly exhibited. 

An extended version of this work can be found in SLAC
PUB-3965. Discussions with many people were helpful while 
preparing this paper. We are grateful to all of them. 
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Fig. 3. The same as in Fig. 2 except for the imaginary part 
of the radial electric field component. 
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Fig. 4. The same as in Fig. 2 except for the real part of the 
longitudinal electric field component. 
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Fig. 6. The same as in Fig. 2 except for the real part of the 
azimuthal magnetic field component. 
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The real part of the longitudinal coupling impedance 
as function of frequency (It = aw / c, 1- Z,,,, 2- Zout ). 

0 I Ii I' C-
'-
~ 

-I c-
~ 

a -2 ~ ,I, 

U L 
,\ ~ , , 

"-a- ..:n N 
<:::::... - 3 
w

N 

~ ."1 
E .... r 

-4 I 
c-, 

-5 l c 

-6 ' 
0 0.10 0.20 0.30 

'0'. RADI us la "23A. 
Fig. 5. The same as in Fig. 2 except for the imaginary part 

of the longitudinal electric field component. 
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Fig. 7. The same as in Fig. 2 except for the imaginary part 
of the azimuthal magnetic field component. 
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The imaginary part of the longitudinal coupling impedance 
as a function of frequency (It = aw/c, Z,n and Zout 
are on the same curve). 
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