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1. Introduction 

Current develoop-pnt of linear acce­
lerators has made it ~ossible to accele­
rate a beam current of more than hundred 
milliampares at high energies. In such 
a high current linac, the power absorbed 
in the bea~ is comparable to the power 
dissipated in walls. Accordingly beam 
effects on the accelerating field become 
appreciable. 

Beam loading in electron linacs of 
the traveling-wave type has feen studied 
by Saxon, Neal, Leiss et al. During the 
last few years, ion sources have been im­
proved to provide the sa'TIe order of magni­
tudes of Droton currents as electron's. 
Pow, a nu~ber of laboratories are consid­
ering to construct high current proton 
·linacs. In contrast to electron linacs, 
particle velocities in proton linacs will 
still be changing in the energy range of 
interest, so that the proper control of 
accelerating field under the presense of 
beam loading is of great importance. 
From this reason, the standing-wave type 
is usually adopted for the acceleration of 
protons. 2 In the traveling-wave case the 
correct distribution of the axial accele­
rating field can be set up only for a 
particular value of beam current, while, 
in the standing-wave type, it may be re­
produced for any beam currents by chan­
ging the input power. In order to find 
proper design of standing-wave linacs, 
however, some features of beam effects 
different frolTI those in traveling wave li­
nacs must carefully be examined. 

Beam effects in standing-wave linacs 
can be treated in the same line as in the 
traveling-wave type by superposing two 
waves in opposite directions. Lapostolle 
has developed a theory in thiQ line with 
a dielectric waveguide model. j We have 
developed another method based on the mi­
crowave cavity theory. i. e. the normal 
mode analysis of standing-wave linacs. 4 
In this paper a brief review of beam ef­
fects in standing-Nave linacs Nill be des­
cribed in terms of the latter method. An 
equivalent circuit analogy, such as~pre­
sented by I'Jagle, Knapp, and others ,J will 

also give most of the aspects discussed 
belm, • 

2. Principle of ~ormal ~ode ~~&lysis 

From microwave cavl=y t~eor:, it is 
all'Jays possible to expdr.i the 6.ctual 
field in ter~s of the nor~al:odes whict 
form an orthogonal set 0:' functio:'ls ob­
tained from the field in an ideal cavi~y. 
If such a normal :-.ode ofehe linac cavit:i 
is well defined and ~~fficiently sepa­
rated fro'n its nearby :::odes, tr"en r:.orn:al 
mode analysis will be a useful ~e~hod to 
examine the various effects caused by 
any perturbations or interactions inside 
the cav~y. Ta\"i:rc,::- the norual electric 
field, En (z, r,9 ), one can express the 
actual field as 
~ 
E(z.r,e,t) (1) 

From j·:axNell's equations and orthogon&l 
relations, the expansion coefficient of 
Vn(t) satisf~es the equation of forced 
OSCillation,S 

+ 1. d 
C dt 1. ~J1.t (h. e c.t n 

(2 ) 

The first ter~ on the ri[ht hand side is 
integrated over the non-ideal conductin~ 
surfaces, S, such as lossy metallic ~al18 
of the cavity. ~y ~eans of the standard 
evaluation of QO fro.~' '.',0.11 losses, this 
can be rewritten as a d2lpinc terJ, 

- (1 + j) 
(II 

n 

The surface inter:ral in the secoll<i ter':: 
is performed over the non-ideal open sur­
face, S', and rives the effect of coup­
ling the cavity to an outside system. 
One part of this ter] eives forced os.::i­
llation by an external sauce and the 
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other additional dampjn~ due to circuit 
losses (c:..c. l/Qext). Effects of the beam 
wi th in t[;e cavity are obtaim,d fro:n g.e 
last ter'll where the current density J at 
01 point is ;'lultiplied by the normal elec­
tric field at that point and intergrated 
over the cavity volume. ~ssuming simple 
expressions for normal mode fields, a 
well-padded generator coupled to the cav­
ity throu!';h S', and a constant uniforn 
cunched beam alone; the cavity axis, one 
can solve the equation (2) for examples 
of the existinG or the proposed standing­
wave linacs. The detailed analysis has 
already been reported in reference 4. 
SO:11e results and their co:nparisons with 
experiments will be viven in the follow­
in£;s. 

~. Excitation of Drift-tube Cavity 

First consider excitation of a drift 
-tube cavity without beam. Because of 
wall losses, excitation of the field in a 
linac cavity alon~ its long lenrth is not 
si'1ple. If one consider a T;1010 nor:nal 
~ode field of a cylindrical cavity, one 
faces the fact that there is no Poynting 
vector alon~ the length. On the other 
hand, for an actual cavity, the pOHer 
flow through a cross section which com­
pensates at least wall losses is always 
needed. In ter"1s of normal f'lode analy­
sis, this can be achieved due to the hy­
bridization of nearby ~odes with the dom­
inant ~ode. ro~ether with the tan~ential 
~agnetic field of the dominant mode, tan­
gential co~nonents of the electric field 
in LiOln ,:,.odes (n t 0) are responsible 
for tte cc~position of the ener~y flow. 

If v,le e.ssU'YJe ttat 'In(t) in f~q. (1) 
varies as exp(jw6t), we obtain froro ~qs. 
(2) B.nd (3) that 
_, [ 2 2 (nO (lin 1 -1 
"r,(t)cx le)n - (0)'0 - (l-j) ~-J (4) 

Thus, if the ~ode separation is IBr~e 
compare~ to the width of resonances~ 
nearby 'Jode fields will be about 90 out 
of phase with the douin~nt ~ode for whict 
the reasonance conc1.ition, ("O~("'0(1-1/2~O), 
is satisfied. Includinf" the axial varia­
tio~ of the nor~al mode-field, the aupli­
tucie of e. nearby ':lOde in a stea.dy state 
can be written thus, 

2 1[ n 

2 
i)'O cos nnz/L 

GO ~O -2----2-
(11n - 1>10 

,,,here EO is the amplitude of the dominant 
mode which is constant over the cavity 
length, O~ z~L. The coefficient rtn is 
determined by boundary conditions at the 
coupling hole; "l,n =. 1 if the neh norT.al 
mode field at the hole has a configura­
tion similar to that of the dominant. 

Then, the hybridization of nearby 
modes gives a phase shift which varies 
along the length. A comparison between 
the calculated and the 'neasured steady­
state phase shifts for the AGS linec cav­
ity is shovm in Fig. 1. 7 Since the fiGS 
linec is driven at about the center of 
the cavity (z ~ L/2), the pha.se shift is 
refered to this particular point. In the 
calculation, only n = 1 and n = 2 modes 
were taken into account; errors due to 
the neglected hi~her modes will be less 
than 10~. As para~eters we took: 

tz2=1, 

(J)O 2n )( 33 kc, 

For a transient build-up, extra pover 
flow is necessary in order to increase 
the stored energy within the cavity. 
Corresponoingly, extrs phase shift due 
to nearby mode excitetionn is required. 
In addition, free oscilations of nearby 
~odes are also excited, leading to beats 
between the nearby normal ~ode and the 
driving frequencies. Thus wigGles due 
to the beats appear both in the transient 
'1)hase shift and the a::lplitude. 

In ~eneral, the analysis of a tran­
sient is a co~plicated proble~ wtich de­
r:ends upon boundary conditions ot COtltJ­

ling holes and build-u'o characteristics 
of the generator. Fig: 2 and 3(a) sho~ 
typical results of the calculation for 
the AGS linac b:r usin~: the assu::ption of 
& well-padded ~enerator with a sten-fun­
ction bllild-up. Tr'e calculated curves 
are directly cOC'lpared l1itb the :leasured 
points (~axi~un and ~ini~uR phase shifts) 
in FiB. 27 and the photoBreph of tte ob­
served build-up curve in r'L=. ~~ (b). 

h. Effects of Bea~ Loading 
in Drift Tube Cavitl~ 

4. o. Field Induced by Eean 

~eglecti~~ interactions between ~he 
bea~ and the Bener8tor, ~~ can calculate 
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the field induced by the be a, separately. 
The su, of cO"loonents of the fields froT 
the Generator ~nd those fro~ the bea~ 
gives the total cavity field v1ith be8>'>~ 

loadinc:. 

After so~e si,plification, the field 
induced by the bea~ on the axis can be 
"Tritten as, 

except the tine variation of ejU\,~t. 
In thic for',ula, 

re effective shunt i~pedance 

10 beal) current averaged over bun­
ches 
stable phase a>nr:;le of beam bun­
ches 
form factor due to phase suread 
of particles in a bunch. 
transit time factor 

-1 -1 ,,-1 
total ~ ; Q = QO + ~ext 
time when a beam comes in (bea'11 
continues to t ... 00.) 

The form factor, fO' can be calculated 
for some si'lple shapes of bunches; Fig. 4 
shows two exasples for which a square and 
a half cosi~e like distributions are as­
s~ned. If tte ~hase spread is less than 
60°, one nay aSSUMe as fO = 1. 

It can be shown from the normal mode 
analysis that, if many bunches are dis­
tributed over the cavity leneth, then 
these bunches give very small excitations 
to nonsynchronous modes even to the near­
est one. This corresponds to the physi­
cal argwnents that, for a nonsynchronous 
mode, particles will travel throughout 
the cavity almost without being affected 
by the field, and that, at any moment, 
the fields of all of the bunches are su­
perimposed with the proper phase relations 
only for a synchronous mode. Thus the 
field induced by the beam builds up ex­
ponentially with the rise time of the 
dominant "1ode and any wiggles do not ap­
pear (see also Fig. 5(a)). 

Corresponding to the :ninus si2:n of 
Eq. (6), the induced field is 180° out of 
phase \-lith respect to the bea'n bunches. 
The phase stable anGle CPs is usually 
chosen to be a few tens of degrees behind 
the resultant field within the cavity. 
Then, the real and the imaginary part of 
Eb eive the resistive and the reactive 
loadings, respectively. Taking parame-

ters, 

and QO = Q = eX 104 
> ext ' 

one obtains a maxim~~ field decrease of 
atout 0.11:.: ,:'1/'11 for a 20 :nil, 40".u.sec 
beal in the 1IGS linac. The observed 
value is 0.16 .N/m and is almost constant 
07er the cavity lencth(Table I). 

4. b. Ream LoadinG CO'Jlpensation 

Then, we consider bea'Jl loading CO'Jl­
pensatio~. Unless we use widely distri­
buted )o::er feeds alon3 the cavity length, 
it is i'c~)ossible to 1al':e a perfect COT'l­
pensation of beam loading. The conpen­
sat ion can be achieved for the dominant 
mode. As discussed above, however, the 
~ain and cOfuensation pulses excite near­
by ~odes, wh~reas the bea~ gives very 
s~all excitations to those nodes. ~his 
leads to the imuerfection of the bea~ 
loadine; conpens~tion as sho~m in Fig. 5(b) 
and Fi~. 6. In Fig. 6, ti~e variations 
of wi~~les after c~1pensation are ma~ni­
fied by taking top 10 ~ of the silnals 
fro'Jl the pick-uu electrodes located at 
typical points alon,:', the lenGth.7 

At the eXisting AGS linsc, the CO':1-
pensation ]Julse is added to the >"ain pu­
lse by increasinp outuut of the power am­
plifier fOT the duration of tr:e bewn pu­
lse. Since the cospensation pulse has a 
slower build-up thiln the bean pulse, the 
ilnalysis of the observed iT'loerfection is 
a little co~plicatcd. Usin~ the Laplace 
transfor':lation ':lethod for the Dulse of a 
finite rise tine, we obtain th~ calcula­
ted 2 and ti~e dependences of the residu­
al effects after conoensation --- in re­
!:Jarlmbly Good acree:l~nts i'Jith the obser­
vations. FiB. 7 shows a cO'Jlparison betwe­
en the calculated and the measured amuli­
tude of the residual uneven field al011[; 
the axis. Fi~. ~ ~ives extra Dhase shift 
alone the length 1'Thich is predo1lincntly 
due to nearby mode excitations in the 
cO>,1pensation field and allJost inde0en­
dent of the presence of the beall •. If, 
hO;'Jever, one takes the saine value of the 
cavily fields for the cases with and 
vrithout bea':ls, then the extra Dhase shift 
corresponds to the extra power"floN ab­
sorbed in the bea>]. 

POT 8n optil11u:D cOY:lpensation, both 
the anplitude and the extra phase shift 
are pro':JOrtional to the boa,n current. 
Therefore, if a be[\l!l of about 100 ,1lA is 
accelerated by the existin,'; AGS linac, 
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then the imperfectness will a~ount to 5 
percent in the amplitude and 10 degrees 
in the phase shift, unless a different 
co~pensation technique is used. The 
field error of 5 percent also will be 
equivalent to a change of about 15 deg­
rees in the synchronous phase angle, and 
these values "ill exceed tolerable errors. 
The time variation of wiggles during the 
beam pulse will cause a dynamic change of 
the phase bucket, which leads to appreci­
able losses of ions during the accelera­
tion and a large energy spread of the 
output bea~. In addition, the dynamic 
change in the longitudinal phase motion 
will affect the transverse motion of par­
ticles and result a dynamic variation in 
the e~ittance diagram. An example of such 
effects has been reported by Taylor and 
Dupis for the CER:\-PS linac. 9 A similar 
result is also shmm in Table I, 1"here 
bea~ loading effects in the AGS linac are 
shown for typical values of currents. 
Even for the case without beam loading 
cO'Tlpensation, for which about 10 % field 
change 1'1itr~ 20 crJA loadinr-; exsists, al~ost 
the maxim,lie'Tl capture efficiency of the li­
nac to input currents can be achieved by 
means of an increase in the accelerating 
field. However, or, account of the time 
variation of the field during the pulse, 
output beam has a large energy spread and 
a s~aller percentage of the particles 
accepted in the AGS. 

4. C. Possible Improve~ents 

All of the effects discussed in the 
preceding paragraph are nearly proportio­
nal to the square of the distance between 
the driving point and the farthest point 
from the driving. Therefore, a shorter 
cavity or a system of multiple feeds has 
an advantaGe of relative immunity from 
bea~n loadin:;;;. In particular, the double 
feeds will have the advantage of beinG 
convenient to control the phase and the 
e:"plitude independently, and, if the cav­
ity is fed at tv:o points each at a quarter 
of the total length fro"!] each end, then 
the nearest higher ~ode excited can be 
raised to n = 4 or the Til014 mode. 

There \'Iill be a number of other poss­
bilities of reducing the nearby mode 
excitations. Giordano has proposed to 
use a multiste,~ drift tube cavity in vlhich 
the mode spacing near the zero Eode is a 
fevl times as creat as that for the usual 
one or tl'TO st e'11 cases .10 111so, another 
approach 1'1ill be made from considerations 
on the transient phenomena. The use of 
the transient build-up of the main pulse 

for beam loading compensation, such as~ 
being proposed by Carne and Batchelor,ll 
will be favorable in this respect, too. 
Otherwise, if the beam pulse is raised 
slowly similar to the compensation pulse 
used in the AGS linac, then the amplitude 
of uneven field will be reduced to at 
least a half. The calculation shows that 
the AGS compensation pulse with a finite 
rise time of about 15 }J.. sec will give 
smaller excitations or nearby modes than 
the case of a step-function build-up by 
a factor of 2/rr for n = 1 and 1/10 for 
n = 2. In the above experiments, such 
a suppression was not effective due to 
the fast rise of the beam pulse 1"hic11 
results a build-up of the dominant mode 
different from that of the compensation. 

Table I - A Measurement of Beam Loading 
Effects in the AGS ljnac 

Compensation 

Current output 
(mJI) 

Current input 
(rnA) 

I 

No 

21 

60 

0.16 

II 

Yes 

21 

60 

0.04 

III IV 

Yes 

10 10 

0.08 0.02 

~"Iaximum field 
change at center 
Obs. (MV/m) 
Calc. Or:V/J11) 0.18 0.03 0.09 O.OL 

Energy spread 
of output beam 
(half width,illeV) 

Number of parti­
cles accl'd by 
AGS (X 1012 ppp) 

0.35 0.16 

0.62 1.OB 

~) 

0.24 0.18 

0.42 0.57 

Table II - Induced field and phase 
difference between the resultant 
field and the driving field 
calculated for a steady state 
operation of the AGS Conversion 
ProGram Linac "ith a 100 uA beli'dl 

Cavity Et (aver) Eb (aver) t:,.~ 
FU'1ber l-'lV/rn ~'.1\1 IT. degree 

1 1.7 2.5 15 
2 2.3 2.9 14 
3 ') " G.} 2.] 13 
4 2.45 2.1 12 
c: 2.hO 1.9 11 ~ 

6 2.35 1.7 11 
7 2. ;;0 1.5 10 

2.25 1.4 10 
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4. d. Effect of Reactive Loading 

Finally the reactive beam loading 
leads to the phase shift between the re­
sultant cavity field and the driving 
field frorr the Generator. This phase 
difference is Given by 

I Eb I sin 50 s 
tan 4Cf 

(7 ) 

vThere Et is the amplitude of the resul­
tant field. Therefore, to obtain an op­
tir1U:n co~]pensation, it is not only neces­
sary to s.dd an extra power flow but also 
to adjust the phase. If one uses a sepa­
rS.te cenerator for cO:lpensation, this can 
be done by a phase shifter between the 
"'Jain and the auxiliary Generators. On 
the other hand, if one uses one generator 
for t1'10 pur;Joses, he '!lay have to change 
the phase of the drivi~g wave correspon­
dine; to bea''1 currents. In particular, in 
an accelerator cOC'lposed of a n1L"Jber of 
separated tanks, phases between the tanks 
shou~d be adjusted for higher currents. 
As a nWlerical example, we take the new 
i~jector for the AGS Conversion Programt2 
The calculated values of Eb'S and A~'s 
for various tanks with a 100 mA beam are 
listed in Table II. This predicts that, 
in order to l.~eep the phase stable angle 
at the desisned value (_25°), it will be 
necessary to adjust the relative phase 
anGles between tanks over 5 degrees. 

5. Effects in Ilulticell Cavity-

The preceeding analysis has a stra­
ishtfonrard application to a loosely cou­
pled'1ulti-cell cavity. In particular, 
the IT-'ilode operation in anulti-cell cav­
ity is essentially the same as the zero­
'Jode operation used in a drift-tube cav­
ity. We '!lay illustrate this by using the 
dispersion relation with losses. With 
the aid of Floquet's theorem, the norTIal 
'!lode analysis can also derive the disper­
sion relation.1J, 14 

As the result, the dispersion rela­
tion for a uniform cell structure, in 
lJhich we can no lonr;er neglect wall 
losses, can be NTitten 

2 2 {~~J.lO 
{AlO - ill - (1 - j) -­QO 

B(l - cos kLO)' 

(8 ) 

In this expression, B depends on the cell 
to cell coupling and, nec;lecting the 

losses at the coupling, Ne may assu:ne that 
13 is a real number proportional to the so­
called band width, (illn - wO). The fre­
quency ill is also real for a steady state. 
The cell length is given by LO and 
k (= kl + jk2) is the complex propagation 
constant. The dispersion curves deter­
~ined by Eq • (8) are similar to those giv­
en in Fig. 9, where kl and k2 are sepa­
rately shovm as functions of iJ.l. Froel. this 
figure, we see that, in the neighborhood 
of the zero- and the n-modes, the actual 
dispersion curves differ renarkably fro':! 
those obtained for an ideal structure 
without losses. This is because there 
is no Poyntinc vector along the length 
either for the zero- and the IT-normal ~ode 
field. ~o stop band does appear and ra­
pidly varying curves exsist between 00 = 0 
and the zero normal mode frequency, and 
beb'leen ill = 00 and the n nor:ilal 110de fre­
quency. The pure zero or n-modes can not 
exsist in an actual cavity; instead, ap­
parent zero- or IT-modes which have a 
phase shift per cell, 

2 
2 {))O 

( 8 kl • C k2 ) Lo = Q B 
o 

This type of phase shift, first derived 
by Nagle and Knapp by usint:; an equivalent 
circuit analysis ,j is accu~ulated fro".,! 
a cell to the next leadinG to a square 
dependence on cell numbers. Since the 
multicell cavity has a loose cell to cell 
coupling cOI"Jpared to the drift-tube cav­
ity, typical values of the accu'nulated 
phase shift reach some ten degrees. These 
values are also remarlmbly affected by 
beam loadine as discussed in the prece­
eding paragraph, so that the IT-mode uni­
forl'! cell structure is extrel"Jely sensitive 
to beam currents. 

On the other hand, Fig. 9 also ShOHS 
that the least sensitive point to these 
perturbations is at around the 'niddle of 
pass passband, or the rr/2 :node. The nor­
mal mode configuration can be realized 
without phase shifts except a sl'!all atte­
nuation of the field due to the losses 
along the length. This is the reason that 
the n/2 mode multicell structure has the 
advantaGe of relative imJ11unity from ef­
fects of beam loadin,,;, tank detwlinc;, and 
any other perturbations. Brookhaven ex­
plored an alternating periodic n/2 ~ode 
structure14 , 15 and Los Alamor6 the same 
type coupled by side cavities . Corres­
ponding to the double periodiclty, the 
dispersion curve of these structuressplitp 
into b~o passbands and the splitted IT/2 
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modes are essentially cut-off modes simi­
lar to the n 11lOde.. I'mJever, hy Ineans of 
a slii;ht chanc:e in the /Cero nor1Oal-''1ode 
frequency of ono of thc two cell types, 
we can join two passbands at the n/2 mode 
eli~inatinc the stophand. Even when a 
s'l~all splittinc: !). lJ\n/2 re"~ains, Vie can 
show that thc band-wiotr, nara'neter B in 
~qs. (8) and (0) is effcciivcly a~plified 
by a facGor of (u"n-UlO)/!).(J\n/2 for the APS 
T(/~' l::ode 01~oration. 

In conclusion, if the bea~ current 
is less than 100 ',1.4, then the effects of 
teal loadin~ in proGon linacs Viill be mo­
der'lte, a:'1d t11e practical desiGn will be 
a cOlpro~ise with so~e other factors. 
~:m':ever, for a higher current, the design 
sl,1,ld,.' ~'iill be ~)ri'iarily restrained by 
tea~ effects. It should also be noted 
that, the hi~her current, the more stabi­
lity of the ion source and other para~e­
cers 8ssociated ~'Tith the bea';) is requ­
ired. If the bea,'1 current fluctuates 
D.l;out 10 ;: at 100'".]" then al"1ost the 
S2'T!e Derccnt of the resultant cavity 
field·~ill chanGe accordin~ to the ~han­
:e in the induced field. Thus an auto­
~8tic control syste~ for the cavity field 
,:ill be necessary for the stable bean 
o)oratio"1s. 

hI tl~ouc.~l·~ tl'!c e.n8.1ysis discussed abo­
,re is based 0"1 several "i epIc G,SS1)]"_P­

tio~3 fo~ cavity structures, bea8 chara­
cteristics, and renerator perfo~1ances, 
tl;ewthod 1:ill be applied to the design 
st'Id~' of any standL'1g-c,rave linacs i'Tith 
con~iderQble bea~ loadin~ effects. 

:I'},e 'TorI: reported here was done at 
_::roo 1:}'s,7en :Tational Ls.borato::::-y I'There the 
author visited for t~e duration ¥~08 ,~~ 
1964 to February 1?66. ~e wo~l~ 'ike to 
express leis thanks to the -nc,Jb8rs sf t,1C 
Accelerator ~epart~ent, especially .0 

Jr. Kenneth Satchelor, Dr. John p. 
,:JJ1~;Ctt, -:r. Salvatore Giordano, 
Professor Fobert L. Gl1Jclzste'cn, "Ir. John 
~. Kean, and ~r. George I~eeler, for 
t;l,eir contributions th:::-ough ~any conver­
sations and discussions. 
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