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I. Introduction 

The effect of quadrupole fringing 
fields on transverse emittance has re­
cently been pointed out by Regenstreif. l 

He finds serious aberrations which must 
be taken into account in the design of 
transport systems. The purpose of this 
note is to examine the effects of quad­
rupole fringing fields in linacs on the 
transverse motion. 

II. Quadrupole Fringing Fields 

It is convenient to use a scalar po­
tential ~ to describe the quadrupole fo­
cusing field. For a potential 

~ = axy 

one obtains 

H = ax y 

(1) 

(2 ) 

which is the usual representation of 
the fields in which the x and y motions 
are separable. 

If a depends (as it does) on the 
axial coordinate, s, additional field 
components are obtained. Moreover, the 
scalar potential axy is no longer a 
solution of the Laplace equation. In 
fact one writesl a series in powers of 
x and y: 

~ = a(s)xy - a"(s)(x 3y + xy3)/12 + 

and obtains 

H a(s)y a"(s)(3x 2y + y3)/12 
x 

H a(s)x a"(s)(x 3 + 3xy2)/12 (4) y 

H a'(s)xy - a"' (s)(x 3y + xy3)/12 z 

The main effect of the additional terms 
in Eq. (4) on the x or y motion comes 
from the first term in Hz and the second 
term in Hx and Hy ' Specifically, one 
obtains an additIonal force 

2 3 
liF eV[a'xy y' + "(3x ,z + x ) ] (5 ) x c a 12 

2 3 
liF _ eV[a'xy x' + "(3x ,z + y ) ] . (6 ) 

y c ex 12 

The corresponding impulse in the x di­
rection at the entrance to a magnet can 
then be obtained from Eq. (5) by writing 

fix' = ___ 1_ fdt fiF ~ 
mcfly x 

hl 3 2 3 
-----;- fds[a'xy y' + a"( x,z12+ x )]. 
mc fly 

We shall assume that the fringing field 
is confined to a narrow axial region. 
As a consequence x, x', y, y' will not 
vary appreciably in the region of the 
fringing field and a' and a" can be 
taken to be proportional to the Dirac 
delta function and its derivative. Writ­
ing 

a' (s) a"(s) 

(8) 

where ex is the (constant) central value 
of the magnetic field gradient, one has, 
from the properties of 6(s - s ) and 
6'(S-se)' e 

s + EO e 
f dsG(s)a'(s) aGes ), e 
se - EO 

(9 ) 

s + EO e 
f dsG(s)a"(s) -aG'(se) 

s - EO e 

from which 

AX' ~ eex ~ x'y2 x'x
2 

o ---2--- [ 2 - ~ - ~J . (10) 
mc By se 

Setting 

K = eex ---2---
mc By 

one has 

fix' + K[x y y' 
2 

fiy' +" K[x y x' 
2 

(11 ) 

x'y2 x'x 2 
~J -~- (12 ) 

¢ y'y 2 
~J (13 ) 
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at the entrance to and exit from the quad-
rupole, while the equations of motion 
within the quadrupole are 

(i3y)-l d dx) ds(i3y + Kx = 0 (14) ds 

-1 d dy) 
(i3y) ds(i3y ds - Ky 0 (15) 

III. Amvlitude Variation and Emittance 
Change 

The impulses in Equations (12) and 
(13) cause the emittance invariant in 
each direction to change. If one writes, 
in a notation similar to that of Courant 
and Snyder,2 

Wx = i3y(yx x2 + 2a x xx' + i3 x x,2) (16) 

one has, at the entrance to, and exit 
from each magnet 

'V x' ) . (17 ) f:J.W - 2i3yf:J.x' (ax x + i3 x x 

It is possible to evaluate the sum 
of the two impulses in a single magnet 
exactly by expressing all the parameters 
at the end of each magnet in terms of 
the corresponding ~alues at the center 
of the magnet. We have done this for 
the xy y' term in f:J.x' in a NSNS con­
figuration and find that the approximate 
result for the smoothed approximation is 
sufficiently accurate for our needs. For 
this reason we shall use only the smoothed 
approximation in which one writes, for 
the focusing magnet in a NSNS configura­
tion, 

f:J.W 'V 2i3y 13 x'(f:J.X' + f:J.X' ) (18) 
x - 0 0 entrance exit' 

where the subscript 0 refers to the 
center of the magnet. Using Eq. (12) one 
has 

'( 2+ 2) exit 
f:J.W 'V _ 2i3y 13 x'K[xy y' _ x x y ] 

x 0 0 2 4 entrance 

(19) 

We shall further approximate the term 
in the bracket by making use of the fact 
(consistent with the smoothed approxima­
tion) that the main variation from en­
trance to exit is in the terms x' and 
y'. Writing 
, , 

" x exit - x entrance 
'V x t - KXot 

0 

(20) , , " KYot Yexit - Yentrance 
'V Yo t , 

where t is the magnet length, one finally 
obtains 

f:J.W o 
'V 

1 , 2 [ 2 x 3] (21 ) - 2" i3Yi3oxoK t 3xoyo + x 0 

f:J.W o 1 , 2 2 + y3] (22) 'V - 2" i3yi3 1YoK t[3Y oxo y 0 

for the emittance changes at a focusing 
(in the x direction) magnet. It is im­
portant to note that the signs in Equa­
tions (21) and (22) are the same even 
though Equations (12) and (13) are op­
posite in sign. This can be traced to 
Eq. (20). 

In a similar way one can write for 
the emittance change at a defocusing 
magnet 

f:J.W l 1 , 2 2 
+ x3 ] (23) 'V - 2" i3yi3 1x l K t[3x l Yl x 1 

f:J.W l 1 , 2 2 3 (24 ) 'V - 2" i3yi3 oY1K t[3y l x l + Yl] Y 

where the subscript 1 refers to the center 
of the defocusing ~agnet. ,One can,fur­
t~er express xO ' xO ' Yo' Yo, xl' xl' Yl' 
y in terms of the amplitude and pnase 
or the transverse motion. Specifically, 
one writes 

, 
x 

o 

A ",0 x cos "'x 

So 

A sin,p° y y 

(25 ) 

(26) 

Equation (21) then becomes 

i3yK2 tA2
x
· 13 

16 {3 B~ A~[sin (2,p~ - 2,p~) + 

sin (2,p° + 2,p°)] + A2 sin 4,p° + x y x x 

2(A2 + 3 13 1 A2) sin 2,p°} (27) 
x S;;-y x 
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with similar expressions for 6WO 6Wl 
y' x 

6Wl 
Y 

Our task now is to sum E~. (27) and 
the corresponding one for 6Wx applied at 
each magnet of the linac. The accumula-
tion of these terms will depend on 
the phase advance of 2¢x' 4¢x, 2¢x ~ 2¢y 
from one magnet to the next. Since the 
coefficients will be slowly varying from 
one magnet period to the next, contribu­
tions can be expected to cancel unless 
there is some sort of resonance. But 
there is indeed, since in all linac de­
signs ~x is taken to be the same as ~y. 
One therefore expects accumulation of 
the terms where the phase 2¢x - 2¢y re­
mains constant, at its initial value 
2ax - 2ay . One therefore has approxi­
mately 

3S 1 2 
(2a - 2a ) L (---8S )SyK £ 

x y i 0 

(28) 

where the contribution from 6W~ is found 
to be equal to that of 6W~. The sum is 
now over magnet periods. 

In a similar way one finds 

3S 1 2 
(2a - 2a ) L (-8 -)SyK to 

y x i So 

(29) 

Even though we have here used the smoothed 
approximation, the sums in Eqs. (28) and 
(29) are identical for the exact strong 
focused oscillation. 

One can put Equations (28) and (29) 
into a more convenient form by writing 
e2 = K£2, where e is the "angle" of the 
transverse motion in a magnet. The sums 
can also be approximated by assuming a 
design for which e2 and the ratio of 
Sl/So remain constant as S increases. 
The summand then decreases as S-2 and 
the sum to infinity converges. One then 
obtains 

6W ~ A2 A2 sin (2a - 2a ) 
y x y x y 

3S 1 ) e4 Sinj 
(--- Sy (-) (--) 

8S
o 

£3 2M 
(30) 

The last factor contains the velocity 
at injection as well as the (constant) 
velocity change per cell, and represents 
the evaluation of the sum. All other 
factors are to be taken at injection. 

IV. Transverse Beam Changes 

If one starts with a collection of 
particles each having the same value 
of Wx and W , but differing values of 
ax and a y ' there will be particles for 
which each emittance, and therefore the 
maximum amplitude of transverse oscil­
lation in each direction, will increase. 
The order of magnitude of the amplitude 
increase is 20%, as confirmed by compu­
tations.3 It is obvious, however, that 
this situation corresponds to a beam of 
rectangular xy cross section, which is 
unrealistic. A beam of axial symmetry 
has a distribution in the four-dimen­
sional phase space which is a function 
of Wx + Wyand has approximately circular 
xy cross section. For such a beam there 
is no change of the radial coordinate, 
since 6Wx and~WY-Cancel. In fact the 
distortions represented by Eq. (30) are 
merely rotations about the axial direction. 
This phenomenon is confirmed in the nu­
merical computations. 3 

For completeness, we will obtain the 
maximum distortion represented by Eq. (30). 
Since 

S 
A2 = ~ W 

x Sy x 

one has 

6A I 
Axx max~ 

(31 ) 

(32) 

The results obtained here are approx­
imate, in the sense that we have neglec­
ted contributions from the 2¢x' 4¢x' 
2¢x + 2¢ terms in Eq. (27). Since these 
phases v~ry rapidly, the contribution 
of these terms will only be of the order 
of magnitude of the first term. In the 
unlikely event that the design is one 
for which ~x = ~y 90°, however, the 
phase advance per magnet period of 4¢x 
or 2¢x + 2¢y will be 360° and these 
terms will accumulate, as they did for 
the 2¢x - 2¢y terms. This accumulation 
will not be as large though, since the 
impulses in the focusing and defocusing 
magnets will differ in phase by 180°. 
Although this cancellation is complete 
only in the smoothed approximation, the 
"resonance" can be considered unimpor­
tant. 

V. Summary and Conclusions 

We have obtained the distortion of 
the transverse phase spaces due to fring­
ing fields in the magnets of the strong 
focusing system. For a beam with fixed 
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circular symmetry there is essentially 
no change in the radial oscillation am­
plitude. For a beam with rectangular 
cross section, there will be an increase 
in each transverse oscillation amplitude 
by of the order of 20% for typical linac 
designs. 

The foregoing analysis is subject to 
the following limitations: 

1) We have used the smoothed approxi­
mation for the transverse oscillations. 
For typical parameters used in proton 
linacs, this should be valid to of the 
order of 10%. 

2) We h~ve included only terms up to 
the order x in the magnetic scalar po­
tential and have evaluated only those 
which give large contributions at the 
magnet ends. 

3) We have approximated the fringing 
field by taking a "rectangular" model 
for the variation of quadrupole field 
with the axial coordinate. Our most 
serious error probably occurs here. It 
should be possible, however, to estimate 
this error from the numerical results 
of Regenstreifl for a variety of assump­
tions about the shape of the fringing 
field. 

4) We have retained as the dominant 
term only that one containing the phase 
2¢x - 2¢y. In addition we have assumed 
a simple variation of parameters with 
velocity. The latter effect can easily 
be corrected for an actual design, 
whereas the former should be unimportant, 
except possibly for a small resonance at 
\.I = \.I = 90°. x y 
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