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T. Introduction

In recent years, the development of
ion sourcesl has led to a substantial
increase in the currents accelerated in
proton linacs. Accelerated currents in
excess of 100 mA have been obtained at
CERN,2 and similar currents are expected
for the 200 MeV linac which is to be
part of the AGS improvement program. The
purpose of this note 1s to investlgate
the effects of high space charge on both
the longitudinal and transverse motions
in order to see whether these effects
will be serious for the particular para-
meters of the planned linac.

The effect of space charge on the
longitudinal oscillations has been con-
sidered previously.3-> Morton3 has in-
vestigated the change in phase accept-
ance at injection due to the space
charge forces and finds a substantial
reduction of the longitudinal admittance
for high currents. He does not, however,
consider further effects as the beam is
accelerated and damped longitudinally,
thus increasing the relative importance
of the space charge force to the focus-
ing force. We shall include this effect
here. Nishikawa® points out the approxi-
mate spherical geometry of the beam bunch
and evaluates the change in the focusing
potential and acceptance at injection,
using a spherical bunch shape. Lapos-
tolleb assumes a uniform beam bunch of
ellipsoidal shape and presents formulas
for the space charge forces, including
image effects, which allow incorporating
the space charge forces into both the
transverse and longitudinal motion com-
putational programs. We shall try to
obtain rough analytical guides for the
corresponding computational program under
way at BNL.

II. Effect of Space Charge on Longitu-

dinal Motion

The (uncoupled) equation for the
longitudinal motion, in the absence of
space charge forces, is
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We shall approximate thls by expanding
trigonometric functions up to and in-
cluding 2nd order in thelr arguments,
and by consldering only non-relativistic
motion, to obtain
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The stability limits can easily be
obtained in the approximation of con-
stant 8 by integrating Eag. (2) with res-
pect to x:
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The "potential" corresponding to Eq. (3)

i1s shown in Fig. 1 and indicates a phase
stable region of "width"
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Individual particles move 1in the
potential of Fig. 1. The collection of
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these particles then produces space
charge forces which must also be included
in Eg. (1). We shall assume that the
particles move symmetrically about x = 0.
(This is only approximate for particles
near the stability limit.) 1In addition,
we shall assume with Lapostolle5 that

the physical beam bunch 1s an ellipsoid
of uniform density for whlch we can wrilte
the interior flelds in the absence of
image effects. Specifically we have an
interior potential whilch is

s.c. 3(Q/¢e )

1 ~ 7
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) (x° + y2)]
(6)

where b, a, a' are the seml-longitudinal
and transverse axes of the ellipsoid

and @ is the total charge 1in the bunch
The function f, of the parameter b/va

is given by-
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If one includes the longitudinal space
charge force, Eq. (2) becomes
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where
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and where I 1s the beam current.

Equation (8) obviocusly can be ob-~
tained from Egq. (2) by the replacements

k, > kz/T"— u (10)
logl > logl (1 - ), (11)
where Eq. (10) 1s consistent with merely

changing |¢g| in the definition of k,

according to Egq. (11). The new stabi-
lity limits, in the presence of space
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charge, are therefore
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These, however, are expected to be only

approximate, since the description as
an ellipsoid is not accurate for par-
ticles oscillating near the stability
limit.

The importance of Egs. (12) and

(13) arises from the fact that u can be
expected to 1ncrease during accelera-
tion. Specifically, if phase damp&ng
occurs, Xxmax Will decrease as g=3

and b willl therefore increase as Bl/”.
Assuming constant a and a', one finds
from Eq. (9), using the fact that

k, v 873/2, that

B B3/M . (14)

One therefore expects to lose phase
stability at some intermediate value
of B, with the resultant longitudinal
loss of the beam.

The situation is somewhat improved
if one realizes that, when space charge
forces become important, the longitu-
dinal dgmping of xmax no longer proceeds
as 873 In fact xmax approaches the
"equilibrium" value for which u = 1.
Nevertheless, the phase stable region
continues to decrease in width while
the bunch is no longer damped, and
longitudinal stability 1s eventually
lost. We shall now try to estimate at
what energy thls takes place.

One can treat the self-consistent
problem involving the damping by looking
at the linearized version of Eq. (8).
The standard JWKB solution leads to a
phase oscillation amplitude given by
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where the subscript o refers to the value
at the start of acceleration. From
Eq. (9) one also has
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Setting £ = Xx /x ., one obtalins from
Eq. (18) max’ %o
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which describes the damping of the longi-
tudinal osclllation as a function of 8.

The width of phase stable region 1is
glven by
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If one sets x, = |¢S| and Ax° = §|¢S},

p.s.r. 2
the width of the phase stable region is

equal to Xmax where
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This occurs at the corresponding value
of 8/8o given by Eg. (18).

Filgure 2 shows the dependence of
the energy at which particles start to
be lost longitudinally as a functlon of
the single parameter uy. It 1s clear
from the figure that the energy 1is a very
sensitive function of wug.

III. Numerical Estimates for Existing
and Planned Linacs

According to Eq. (9) and the de-
finition of ky, the value of ugy 1s glven
by

]/ '5
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where we have taken 2b_ = BOA(3|¢SI/2W).

The numerical estlmates are made
difficult primarily by the uncertainty
in aa'. Nevertheless we have used ap-
proximate values appropriate to adver-
tised emittances to obtain values of
Ug. The parameters used and the results
obtalned are given 1n Table I.

The result obtained for the pre-
sent AGS inJector indicates that the
effect i1s relatively unimportant. How-
ever, the higher current, smaller emit-
tance, and higher gradlent of the CERN
linac suggest that particles should
start being lost at about 3 MeV. The
second of the CERN entries is for a
beam cross sectlion 3 times larger,
corresponding to the observation? of an
increase in beam emittance by a factor
of 3 near the start of acceleration.
Only a slight increase in gradient 1is
necessary to raise the 35 MeV start of
longitudinal loss to well beyond 50 MeV,
so 1%t 1s not surprising that such an ef-
fect has not been observed.

It also appears that the LASL linac
will not exhibit difficulty in the
200 Mc sections, since the proposed cur-
rent is only 20 mA. A proper relativis-
tic treatment will be necessary to de-
termine the seriousness of this effect
in the 800 Mc section.

The results for the new BNL 200 MeV
linac are somewhat disturbing however,
and methods by reducing the seriousness
of the effect are discussed in the next
section.

IV. Methods to Reduce Effect of Space
Charge on the Longitudinal Motion

The most obvious method of reducing
the seriousness of the effect of space
charge on the longitudinal motion is to
relax the restrictlion on the transverse
beam dimensions. This may take place
to some extent naturally: Coupling of
the longitudinal and transverse oscil-
lations can cause an appreciable increase
in the transverse beam emittance.2,8
Magnet misalignments also lead to large
transverse oscillation amplitudes, al-
though only the incoherent part9 will
be effective in reducing space charge
forces. One can further encourage the
increase of transverse dimensions (with-
out further increase of beam emittance)
by designing the transverse focusing
system to have increasingly larger Bpax
(smaller k) during the course of ac-
celeration. However, the lower value
of ki will lead to larger bore require-
ments and more serious transverse emit-
tance growths due to longitudinal-
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transverse coupling,8 although thils lat-

ter effect is less serious after the first

few MeV of acceleration.

> It may also be possible to increase
Ky during acceleration. Thils can be ac-
complished by "tilting" the accelerating
field gradient so as to make |é¢g| in-
crease with 8. One possible solution
is to keep

2WeE T 90 ohms el fa

2
kKO(1-u) = ol -
2 AB3 m02 aa'bB2
(22)
constant by arranging for [¢4]| to in-
crease according to

mc

lo | = 14.°1

+ u|¢sol . (23)
This choice of |¢g| keeps the width of
the phase stable region constant and
provides for continuous damping of the
phase oEc1llation amplitude according
to 83 However, u then l1ncreases
with 8 and the increased phase angle
indicated by Eq. (23) rapidly becomes
excessive. Moreover, larger values of
|6g| require additional transverse
focusing.

It therefore appears that some
provision will have to be made for in-
creasing the transverse amplitude (but
not the transverse emittance) for ac-
celeration of high currents well above
50 MeV.

These conclusions are present&y
being explored numerically at BNL.
A possible design to accomplish this
is one in which Bpyzx varies as 8
leading to a transverse dimension glven
by

8
W “max 1/4
T v 8 s (24)

where W 1s the constant normalized emit-
tance. With this variation of a and a',
and a damping of x,.x as 8-3/%, one
finds from Eq. (9) that

~ sl/u (25)

rather than proportlonal to 8. The
energy at which longltudinal spill out
will occur will therefore increase
greatly, since u will only vary by a
factor of order 2 durlng acceleration.
The extent to which longitudinal space
charge can be controlled by proper de-
slgn of the transverse focusing system,
and whether or not field tilting 1s
helpful, 1s being explored numerically
at BNL.6
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V. Effect of Space Charge on Transverse
Motion

The equation for the transverse
motion, 1ncluding space charge effects,
is obtained from Egq. (6) in an analogous
way to that for the longitudinal motion.
Specifically one finds

st LI vkl -y =0, (26)
where
m ki - 45 ogms el (1 - £)a ) (27)

me aa'bs2

Since the usual designs for constant
transverse amplltude have ky decreasing
with 8~1, the value of u is approxi-
mately constant.

If ¥ < 1 at injection, no insta-
bility 1is expected to set in as it does
for the longitudinal oscillation.

A convenient way of taking into
account the transverse space charge is
in terms of a Ag,c. equivalent to the

Aps defocusing term at the gap. If one
defines & rf SO that

! —_
A(BXY y') = bp ¥ (28)

applied at a gap, one has for AS
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compared with
neEOTA

Arf = - e sin ¢ . (30)
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The contribution Ay . 1s approximately
constant as B 1ncreases. One must there-
fore provide additional transverse focus-
ing to overcome this defocusing force,
Moreover, when matching the transverse
emittance to the acceptance of the linac,
one should use B and B8 calculated
Including space c%arge ef?ects

If one redesligns the transverse
focusing system, as discussed in Sec-
tion IV, so that the transverse beam
dimensions increase as 8Ll/ , one finds
from Eq. (27) that

2 B—l/u

Wokp v (31)
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3/2

However, k
therefore

i 81/“

v

now decreases as B and

Just as 1n Eg. (25) for the longitudinal
space charge parameter. It 1s obvious
that a further 1ncrease in the beam size
obtalned by arranging for kg to decrease
more rapidly will cause more serilous ef-
fects for the transverse motion. More-
over more rapid decrease of k¢ may

cause increased misalignment and coupling

effects.

VI. Summary and Conclusions

1. The effect of space charge on
both the longitudinal and transverse
motion 1s obtained nen-relativistically
on the assumption of an ellipsoldal beam
bunch of uniform charge densilty.

2. Stability limits and damping
of the longitudinal oscillatlon are de-
rived as a function of beam current for
a beam of constant transverse cross
section. The effect of space charge is
seen to increase as 8 increases, imply-
ing beam loss when the phase stable re-
gion becomes smaller than the damped
beam. The energy at whlch this occurs
is estimated for existing and planned
linacs.

3. Redesign of the transverse fo-
cusing system to allow the transverse
beam dimension to increase slowly with B8
i1s tentatively suggested. Thls should
be further explored numerically.

4, The results obtained in this
paper depend strongly on the assumption
of an ellipscidal beam. Numerical com-
putations now in progress should give
an indication as to the extent that these
conclusions are valid for the usual out-
put beam from a conventional gap buncher.
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DISCUSSION
R. L. GLUCKSTERN, Massachusettse

VAN STEENBERGEN, BNL: Did you mean there is ac~
tually a tradeoff between the phase space pro-
Jection in x-x’ and the projection in y-y'? You
mentioned that if one becomes larger, the other
becomes emaller.

GLUCKSTERN: No. For the collection of points
we're talking about, there will be as many which
will decrease in amplitude in x—x', or in ampli-
tude of oscillation, as will increase., Each phase
space area will therefore appear to have grown,
For rectangular beams the radius can grow, but for
properly matched beams of circular cross section,
the effect of the magnets will be primarily to
rotate the beam.

BLEWETT, BNL: I have the impression that the ex-
perimental measurements on low-energy sections of
linacs indicate a blowup of emittance of some-
thing like a factor of 2 or 3. Am I correct in
understending you that we don't really have an
explanation for an effect as big as that?

GLUCKSTERN: I'm not sure that statement is cor-
rect. Rena Chasmen will talk about the numerical
magnitudes of both the formulas and the corre-
sponding calculations which are done. They in-
dicate, in some cases, on the order of 30 or 40%
changes in amplitude, which would correspond to
factors of approximately 2 in phase space ares.
Now there are undoubtedly a lot of other thinge
going on which are not really understocd. One of
these, space charge, I'll say a few words about
later on in the morning. But I think the effects
presented above are maJjor contributors to the
growth and transverse amplitude. I would agree
with you, however, that thies is not the full ex-
planation for the beam growth.
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MILLS, MURA: 1In general, for coupling resonances
of the type considered in your paper, there exist
approXimate constants of the motion which are
linear combinations of the adiabatic invariants

of each degree of freedom,

For difference reso-

nances, the sum of the adiabatic invariants is
constant; for sum resonances, the difference is

constant.

GLUCKSTERN: Yes, I agree.

This was pointed out

to me by Ernest Courant at an earlier stage.

TABLE I
’ Fn
Linac Bo EoT A I 33 bo f bo ergy
AGS 0.040 2.0 MeV | 50 mA | 0.25 em® [0.75 em [0.23 [0.12 [> 200 MeV
CERN 0.033 3.0 MeV | 125 mA | 0.06 cn” 0.6 0.1k 0.5 |~ 3 MeV
CERN 0.033 3.0 MeV | 125 mA | 0.2 em® 0.6 0.25 10,28 [~ 30 MeV
New BNL 0,040 1.5 MeV | 100 mA | 0.1 cm2 0,75 cm |0.1k }0.5 |~ 5 MeV
New LASL 0.040 1.5 MeV 20 mA | 0.1 cm® 0.75 em {0.1k |0.1 |> 200 MeV
3
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Fig. 1. "Potential" for longitudinal motion vs phase.
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Fig. 2. Energy at which particles start being lost vs space charge parameter oo
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