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Introduction

One approach to the study of the expected
verformance of proposed accelerator structures
employs & direct analysis of the fields produced
therein. For simple accelerator structures, such
as the Alvarez configuration and the iris-loaded
waveguide, analysis of the coupled fields is pos-
sible, usually with the aid of a few simglifying
approximations. The dispersion relationt and even
the transient response2 have been obtained in this
way. On the other hand, a circuit analog can per-
mit one to investigate the expected performance of
a structure without having to investigate the de-
tailed configuration of the fields. The circuit
analog is capable of giving insight to the nature
of the dispersion relﬁtion,3 the optimum tuning of
the individual cells,” the amount of degradation
in performance to be expected from tuning errors
or other errors,5 and the expected performance
under a given set of operating conditions. These
capabilities have proved very useful at Los
Alamos, where side-coupled and cloverleaf acceler-
ator structures have been under study. A number
of relations between the field approach and the
circuit analog approach have been worked out, but
with certain assumptions regarding the nature of
the coupling between the cavities.! The applica-
tion of the circuit analog to the study of reso-
nantly-coupled accelerator structures will be
discussed in this paper.

Notation

A circuit analog for a chain of N+1 cavities
or cells (which includes N/2 coupling cavities) is
shown in Fig., 1. With mutual impedance terms be-
tween inductors r and s expressed in the form

The circuit equations may be written

E = \EJaLn +

1 AN
Juc, + Ry NN(n) In

+ jo /I /\k /T .1

n-l,n "n-1

k /L I

n-1 * n,n+l n+l n+l)

* kn,n—2

. — e
e /In \kn-2,n L

n-2 In-2 Ln+2 In+2/,

n=0,1 2, *=+, ¥ (1)

The terms in the second set of parentheses repre-
sent near-neighbor coupling; the terms in the
third set, next nearest neighbor coupling. The
latter is designated direct coupling, since it is
coupling directly between accelerating cells or
between coupling cells. A factor Wy(n) is neces-
sary to account for the end cell configuration:
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An alternative notation uses quantities propor-
tional to energy brought in or stored:
2
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Qn = eaﬁnLn/Rn = quality factors.
Then the circuit equations may be written
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For the purpose of direct numerical solution,
it is convenient to represent the N+1 equations
(2) by the single matrix equation
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For the purpose of error analysis, it is
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convenient to represent the N+1 equations (2) by
the matrix equation
(e By -2 - F - 2T+ 5 27 =

/
i

* + )X, )

where % and ? are as above and where the meanings
of the other symbols are explained below:
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Metrix ¥ contains the negr-neighbor coupling
strengths desired while contains any variation
from these desired strengths plus any direct
coupling coefficients present. The frequency
ratio terms on the right side of (2) have been
split into constant and varying parts as follows:
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The diagonal elements of the diagonal matrices
£, #, and & in (4) are formed by the s, the Ap,
and the ¥, respectively. The constant Qi 1s the
average Q desired. The constant wy is the de-
sired frequency for the 7/2-mode. ~(If direct
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coupling is not present, all cells should be tuned
as closely as possible to wi.) The cell-to-cell
variations present in any actual structure are re-
presented by 4p, ep, and ¥,. The quantities 4y
represent any deliberate frequency adjustments,
while the quantities €p represent uncontrolled
variations such as tuning errors.

The need to make deliberate frequency shifts
for the different cells arises in the following
way. In order to achieve maximum mode separation
and to provide a near-optimum condition for power
transfer down a biperiodic structure operated in
the 7/2-mode, the stop band in the dispersion
characteristic should be eliminated. In order to
eliminate the stopr band for a structure with
direct coupling present, offsets in the desired
individual cell frequency uwypn are required. These
frequency offsets will be represented by the &y.
An equation specifiying the A&p will be given in
the following section.

Relation of Error Analysis
With Direct Ccupling Present to the
Analysis Without Direct Coupling

If the direct coupling coefficients, the
frequency offsets, freguency and coupling errors,
and losses (and consequently drives) are made to
approach zero in (%), what remains is

X = A%, (9)

a classical eigenvalue (M) eigenvector 6 problem
specification. It may be verified that (9) is
satisfied by the complete set of eigenvectors
K= Xgp R=0, 1,2, «er, 1,

-

where the components of XR are given by
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When investigating the effects of losses or errors
in (4),_it is advantageous to expand X as a series
in the XR’ since then the relation

~t _)\—u
L

can be used.

If the effect of tuning errors for the case
with low losses and wifthiout direct coupling is to
be investigated, then ¥, the solution for a given
mode P, may be set equal to a constant times_the
P-mode solution to (9) plus a perturbation, ©X:

X = ALK + DKL (11)

-
The resulting equation for UX, since no frequency
offsets are necessary, isd

\f - xpﬁ) B - ahBX, = AT (1)
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Similarly, if the effect of tuning errors for
the case with low losses and with direct coupling
present is to be studied, X may again be expressed

— - -
X = APXP + OX.

The resulting equation for OX is then
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In order to achieve & solution f with direct cou-
pling present that behaves like the solution Xp
obtained with no direct coupling (i.e., to achieve
a solution X with no stop band), it is required
that_(13) be satisfied in the absence of errors.
For X = 0, £ = 0, the required condition is

B X = a_fY
pXp = At p
Since F is a diagonal matrix, it is a simple

matter to solve for the necessary frequency off-
sets:

(13)
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For an infinitely long biperiodic structure with
uniform nearest-neighbor coupling operated in the
T/2-mode, for example,
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For small errors and for the values of cou-
pling characteristic of the side-coupled acceler-
ator structures which h%ve been built at Los
Alamos, the effects of M, \f, and AP are small
compared with that of M. Thus if only the most
significant terms are retained either in (12) for
the case without direct coupling or in (13) under
condition (14} for the case with direct coupling,
there results

Bx - APXPE'X‘P = xpgx .

Thus, to first order, the error analysis without
direct coupling is the same as with direct cou-
pling, and the first order results previously
derived for the former case” can be directly ap-
plied to the latter. It is to be noted, however,
that while for the case without direct coupling,
the errors ep are with respect to the intended
uniform cell frequency w;; for the case with di~-
rect coupling, (or the case with near-neighbor
coupling variations) the errors €n are with re-
spect to the adjusted cell frequencies wyy
satisfying condition (14). This similarity of
behavior with or without direct coupling for the
equivalent error conditions has been observed
many times in the digital computer "experiments",
which are further described in the sections to

follow. For tuning errors of 0.1 percent or less,
the shunt impedance calculated with direct cou-
pling differs from the shunt impedance without
direct coupling by less than different runs (with
different errors) under either condition differ
among themselves.

Circuit Analog 'Experiments"
By Digital Computer

The analog circuit equations (see (3) above)
are simple enough that they may be solved directly
on & digital computer. Thus it is possible to run
an "experiment" by computer, wherein the behavior
of the analog is investigated for a given operat-
ing condition. The effects of errors in tuning or
in other parameters are being investigated in this
manner, using a random number subroutine to gener-
ate errors within any desired limits. The equa-
tions are solved by a matrix diagonalization
process. By taking advantage of the fact that the
original matrix has at most 5 non-zero elements in
any row, and that the matrix is nearly symmetri-
cal, the required memory space for the whole set
of equation coefficients is reduced to approxi-
mately 4N complex numbers, rather than the
approximately NxN complex numbers implied at first
glance by (3). Thus very long accelerator models
may be analyzed. Direct solution of the circuit
equations is being used for investigating such
items as the effect of increasing the coupling at
the drive cell, the effect of having a temperature
gradient along a chain of cavities, or tank, and
the effect of coupling several tanks together to
form one long chain of cavities with multiple
drives.

Effect of Increasing the Coupling at the Drive

If the drive to a waveguide section is placed
in a cell bridging the quadrupole focusing and
mechanical coupling assembly between two accelera-
tor sections, the field in the bridge is not used
for acceleration, and the local configuration
of fields at the drive point has no direct inter-
action with the beam. {(See Fig. 2.) The coupling
from the drive cell into the adjacent coupling
cells may thus be adjusted tc suit the designer.
Calculations have been made for the case in which
the coupling at the drive cell is twice the
nearest-neighbor coupling at other cells. The
effect of this increase of the coupling at the
drive is to change the shape of the mode spectrum
and the drive impedance vs. frequency variation
only at the ends of the spectrum, leaving the be-
havior near the W/E mode unchanged. (See Fig, 3
and 4.) The sensitivity to tuning errors is, for
all practical purposes, unchanged. These results
appear valid whether direct coupling is present or
not.

Effect of a Temperature Gradient Along a Chain of
Cavities

An alternative to using power splitters to
feed a multi-section accelerator module from one
drive is to use resonant cavities to bridge the
gaps as in Fig. 5. This possible alternative
raises the question if one cooling system is used,
different sections may be at slightly different
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temperatures. In the operation of a chain of
cavities consisting of 4 sections and one drive,
for example, one or two sections may be above the
average temperature (and corresvondingly lower in
frequency), but if other sections are correspond-
ingly lower in temperature (higher in frequency),
the whole chain, or tank, may still appear to res=-
onate at the correct frequency at the drive point.
A series of calculations was performed to investi-
gate the extent that the performance might be
affected by such a temperature tilt in a tank con-
sisting of 4 sections with 24 main cells each.
Direct coupling between riain cells or between cou-
oling cells was not considered here. It was
assumed that bridge cavities with increased cou-
pling to the adjacent coupling cavities were used
to join the sections. The assembly was assumed to
be driven in the center bridge cavity, as in Fig.
5 (o).

When the temperature shifts of the sections
were symmetrical around the drive (e.g., sections
1 and b4 set 20 kiHz below sections 2 and 3), no
significant change in effective shunt impedance
from the case without temperature shifts was ob-
served. In another calculation, the sections 1 to
L were assumed to be 30 kdz low, 10 kHz low, 10
kHz high, and 30 kHz high, respectively, corres-
ponding to running the cooling water in only one
direction along the chain of cavities with a water
temperature rise of approximately 5°C. This tem-
perature tilt lowered the shunt impedance by about
2 percent or less from the no-tilt case. (Cooling
vater is normally run in both directions along a
chain, thus producing a much smaller temperature
tilt.) The main cell tuning errors were 100 kHz
or less and the coupling cell tuning errors, 200
kHz or less for the above calculations. Some
typical results for larger error limits are listed
in Table I.

It appears that temperature control toler-
ances may be relaxed considerably, perhaps a fac~
tor of 10, if the sections of a drive module are
thus coupled together and operated and cooled as
one unit,

Table T

Example of Calculated Shunt Impedance
of a Module With Four Sections Relative to
the Case With No Tuning Errors and No
Temperature Shifts

Error Limits Relative Shunt Impedance

Rl R2 Case A Case B Case C
100 kHz 200 kHz 0.9941 0.9947 0.9807
200 Loo 0,987k 0.9883 0.9729
300 600 0.9792 0.9816 0.9634
K = error limit for main cell tuning errors

(errors may be plus or minus)
Rg = error limit for coupling cell tuning errors

Case A: No temperature tilts.

Case B: Cections 1 and 4 shifted 20 kHz lower than
sections 2 and 3.

Case C: Sections shifted as follows: +30, +10,
-10, =30 kHz.

For all the above cases: near neighbor cou-
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pling, b.2%, direct coupling, O; near neighbor
coupling at ends of bridge cavities, 8.4%; main
cell Q, 24,000; coupling cell Q, 12,000; operating
freguency, 805 MHz; syncronous phase, 26 .

Effect of Coupling Chains Together to Form a Long

Chain With Multiple Drives

If the many chains of cavities in a long
linear accelerator could be electrically coupled
together to make one long chain, the problem of
controlling the phase of the drives to produce the
correct phase for acceleration throughout the
structure would be made simpler. Some new prob-
lems would be introduced however., One such
question that arises is: How much more sensitive
to tuning errors is a long structure with multiple
drives as compared to an equivalent structure with
the sections operated independently? The circuit
analog is presently being used to investigate this
question.

Witk a given set of tuning errors, the imped-
ances seen at the several drives will not in
general be all at the resonance point. Conse-
quently, the calculation assumes that the section
of cells being fed by each drive is raised or
lowered together in frequency as a plock until the
impedance is entirely resistive at each drive.
This corresponds to changing the cooling water
temperature of the various sections so as to match
the impedance at the various drives simultaneous-
ly. This is done in the circuit analog calcula-
tion by using a Gaussian least squares procedure
to estimate the frequency changes to be applied to
each section to simultaneocusly reduce the reactive
components of all drive impedances to zero.
Examples of the variation of the cell response
amplitude and phase along such a long chain of
resonators are shown in Fig. 6 and 7. 1In the
case shown, main and coupling cell tuning error
limits were 100 and 200 kHz respectively, and no
direct coupling was assumed. The section lengths
correspond to those of modules 29 to 36 of the
Los Alamos tentative 800 MHz accelerator layout of
Nov. 1, 1965. The shunt impedance for the parti-
cular set of tuning errors for this case was not
found to be significantly different whether the 8
sections were operated independently or as one
chain.

It can be seen from Fig. 7 that while the
phases of the responses of the main cells are very
near to O degrees or 180 degrees (as they should
be for acceleration), the phases of the coupling
cells may fall anywhere in the range O to 360
degrees, depending upon the nearby main cell
tuning errors. As predicted by the perturbation
theory,” the observed behavior of the circuit
model is affected little by tuning errors in the
coupling cells until such errors become enormously
large.

Further investigation of the long tank with
multiple drives is necessary to determine whether
it is truly feasible from the electrical view-
point. It is hoped to extend the current calcula-
tion methods to treat tanks with more than 8
drives and to determine the effects of variations
along the structure of other parameters, such as
coupling constants and Q.
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General circuit analog for a chain of N+l cavities.
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Magnetic coupling between

neighboring resonators is indicated at the top of the figure; magnetic coupling
between next-nearest resonators, at the bottom.
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Sketch of resonant coupling cavity bridging the gap
between accelerator sections.
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cavities at X may be larger than at Y.
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Fig. 3.
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Sketch illustrating type of variation of
impedance at drive with frequency when
coupling is uniform.
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L, Sketch illustrating type of variation of
impedance at drive with frequency when

coupling between drive cell and adjacent

cells is doubled.
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Fig. 6. Calculated amplitude X versus cell number
for a long tank with 8 drives, 4.3 = 0.,0043
percent near neighbor coupling, no direct
coupling, main cell Q inecreasing fronm
22,300 for section 1 to 23,000 for section
8, coupling cell @ 11,000; and main and
coupling cell tuning error limits, 100 and
COUPLING CELLS 20C kHz, respectively.
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