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MEASUREMENTS OF THE SLAC INJECTOR EMITTANCE*

Roger H. Miller
Stanford University, Stanford, California

Introduction

The six-dimensional volume in phase space
enclosing the beam from the SLAC injector has
been measured. The design of the injector and
preliminary measurements on the prototype in-
Jjector were reported at the National Particle
Accelerator Conference, March 10-12, 1965.l This
paper reports on similar measurements on the com-
pleted injector as installed on the SLAC two-mile
accelerator. The measurement methods reported
here for both transverse and longitudinal phase
volumes differ significantly from those used on
the prototype injector. The transverse phase
space measurement on the prototype used the two-
slit method described by wvan Steenbergen.2 The
method reported here used a variable aperture
plus 2 glass plate (equivalent to a photographic
film). The aperture was large, i.e., it measured
the current within a given radius, rather than
being a differential element. The two methods
and the experimental results are compared. The
bunching measurement used on the prototype uti-
lized an rf sweeper operating at the accelerator
frequency, while the measurement reported on here
was done by adjusting an accelerator section to
90° out of phase and thus introducing an energy
spread proportional to the bunch length.

The Eransverse phase volume was found to be
~5 X 1077 (myc-cm)?, the bunch length ~ 5°, and
the longitudinal momentum spread ~ 1 mec so that
the beam is contained in a six-dimensional volume
in phase space

Vg~ 7 X 10_5(moc—cm)3.

Transverse Emittance Volume

The method used to measure the transverse
phase volume (Fig. 1) begins by focusing the beam
to a minimum spot on a glass slide at beam ana-
lyzing station No. 1 (hereafter called BAS 1).
Several different collimator apertures are then
inserted at the end of the inJjector; the beam
profile was recorded on a glass slide and the
fraction of the injector current reaching the
slide was measured for each different collimator
aperture. The injector current was measured with
a toroidal current transformer (BIMO) in front of
the collimator. The current reaching the glass
slide was measured with an identical toroid at
BAS 1. The four-volume occupied by a particular
fraction of the injector beam was calculated
using the formula:
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* Work supported by the U, S. Atomic Energy
Commission.

where
& = average energy gain per wavelength in
units of rest energy
. - . 2
71 = injector energy (in units of me”)
7o = energy at BAS 1
L1 = distance which would be required to
reach injector energy 7y;, with the
field strength in the accelerator be-
tween injector and BAS 1
r] = radius of collimator aperture
rp = radius at the glass slide within which
a fraction fo of current falls

The fraction of the injector current con-
tained in this volume is:

where fj = the fraction of the injector current
which passes through the collimator
and reaches the slide.

The phase volumes containing 80960f the in-
Jector current were found to be 4.8, 5.6, and
10 x 10~° (moc—cm)2 for inJjector currents cf 13
mA, 153 mA, and 316 mA, respectively.

Theory of Transverse Emittance Measurement

The radial equation of motion for relativ-

istic particles, ignoring terms of = and higher,
is: 4
+ _/ALZ dz
X2 = X 1Y
1 g X 5_
VA

Inserting p, = %? , one obtains

Lo
Xo = X7 + pXK -/. dz
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where A i1s the wavelength of the accelerating rf
power.

By integrating, we obtain
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The same equation holds in the y plane, so one
finds that the eguation for the increment of
solid angle is

2 = 2
7, 7,
L} 1n = I, 1n 2
7 7

The admittance of two circular apertures at Ll
and Lp is (see Fig. 2):
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Since 71 = o %% , this can be written
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There are two noteworthy facts about this
formula: (1) The volume is the same if one
considers the first aperture to define the dis-
placement intercept dx, dy, and the second the
transverse monumentum dp,, dp,, or vice versa.

(2) The volume calculatéd is that of a
four-dimensional cylinder (not a four-ellipsoid);
i.e., the intercepts with the x, py plane and
¥, py plene are parallelograms. In general, the
surfaces of constant density in phase-space will
approximate a four-ellipsoid whose volume is

V1 =

-]: ﬂrlr2
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However, since for any real beam there will
be particles in the region between the four-cyl-
inder defined by the apertures and the inscribed
ellipsoid surface of constant density, the volume
of the four-cylinder is the proper one to use.

Experiment

As stated above, the beam was focused to a
minimum spot on a glass slide at BAS 1. Expo-
sures were taken for several different collimator
apertures with all other parameters unchanged.
The density of the spots were measured using a
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Joyce-Loebl MK IIT-C microdensitometer with a
spacial resolution of about 0.1 millimeters.
Figures 3, 4, and 5 are the densities measured
with the microdensitometer for injector currents
13.2 mA, 153 mA, and 316 mA, respectively, and
with a 0.2-inch collimator inserted. Two density
profiles were measured:one horizontal and one
vertical intersecting at the maximum density
point. At each current, slides were exposed
with four collimator apertures, 0.150-inch,
0.200-inch, 0.250-inch, 0.300-inch, but at 153
mA only two of the exposures were usable because
of a double exposure. The current profiles ob-
tained from the microdensitometer were analyzed
as follows: (1) the horizontal and vertical
widths Ax and Ay were measured for densities from
1% to 95% of meximum density in approximately 10%
steps; (2) a mean radius rp =/AxAy/H for each
density was calculated; (3) the current density
was multiplied by the mean radius to find

dI
E—IE = 1‘2 J(I‘g)

and this was plotted against rp; (4) the curve
4I/dr, was graphically integrated to find I(rp).
This process is illustrated in Fig. 6 for an in-
jector current of 316 mA and a collimator of
0.300-inch. The current I{rp) was multiplied by
the fraction of injector current which passed
through the collimator of radius ry and this pro-
duct was plotted against four-volume in phase
space.
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The above process was repeated for several
collimator apertures at each current, and the en-
velope Imax(rlrg) of the curves was drawn as
shown in Fig. 7. Taking the envelope of these
curves is equivalent to integrating out to sur-
faces of constant density and thereby maximizing
the population in a given volume of phase space.

The experimental results are summarized in
Fig. 8. For currents of 13.2 and 153 mA, Eo% of
the current was contained in about 5 X 10~
(moc-cm)=. At 316 mA the phase volumes are ap-
proximately twice as large as the volumes at 153
mA, which indicates that the density in phase
space remained constant as the current was in-
creased above 150 mA. This result may be an ac-
cident of the particular adjustment of the in-
Jector.

In Appendix A, it is shown that for the
cylindrically symmetrical beam having a Gaussian
distribution in x, y, px, and Py, the results of
the aperture plus glass slide method can be com-
pared to the two-slit method by taking the square
root of the normalized current and the square
root of the four-volume in phase space. Thus for
13.2 mA and 153 mA, approximately 90% of the cur-
rent would be projected into an areas of 2.2 X1072
mpc~-cm in the x-px plane. The measurement on the
test injector indicated that 90% of the current

Vi =
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was contained within 1.15 mgc-cm in the x-py
plane. The factor of 2 disagreement is not un-
derstood.

Hopefully the phase volume of beam will be
substantially conserved from the injector to the
beam switchyard, although there are a number of
effects which can increase it. Transverse
forces due to the rf fields, such as those re-
sulting from coupler asymmetries, increase the
transverse phase volume of the beem. Iens aber-
rations, while not actually increasing the vol-
ume, distort it so that for practical purposes
the volume is increased. Assuming that these
effects are not too important, the injector phase
volume determines the minimum spot achievsable in
the end station 1f the aperture of the last lens
and the distance to the focus are fixed. Thus

1
r = Lva
2 nry Y
where
rp = radius of the beam at the beam waist

ry = radius of the beam at the lens
L = distance from the lens to the beam
waist

V = transverse emittance of the accelerator

Iongitudinal Phase Space

The bunch length and momentum spread of the
beam from the injector was measured using the
momentum spectrometer shown in Fig. 1, which is
located after the fourth 3-meter accelerating
section. The bunch measurement was accomplished
by adjusting the phase of one (or more) of the
3-meter accelerating sections so that it added
no energy to the beam, i.e., was 90° out of phase
with the bunches. This introduces a known linear
correlation between energy and phase, so that a
nmeasurement of the energy spectrum is equivalent
to a measurement of bunch lengﬁh. This method
was described by Neal in 1953.

If two spectra are taken, one with the ana-
lyzing 3-meter section 90° ahead of the bunch,
and one with the analyzing section 90° behind,
it is possible to avoid errors due to any linear
correlation between energy and phase in the beam
from the injector. Thus, if ET and E~ are the
energies of the beam with the analyzing ahead 90°
and behind 90° , respectively,

E+(9)= EO(9)+ Elcos(¢l+9)+E2cos(¢2+9)

E (@) :EO(9)4—Elcos(¢l+9)+ Egcos(-db +6)
where

@ = phase of electron relative toc some ref-
erence phase, for example the middle of
the bunch

EO(G) = epergy modulation produced in the
bunching process within the in-
jector

El = maximum energy gain in the injector
J-meter accelerator section

¢1 sverage phase of bunch in injector

E2 = maximum energy gain in analyzing
section

P

phese 1n analyzing section
The differentials of the energy are

dE
6E+(0)=[ﬁ(0) -Elsin(¢l+ 6) —Eesin(¢2+ 0)] 66

4E
5E_(9)=[a—69(6) -E, sin(¢, +6)-E,sin( -¢2+9):| 58

Combining §E' and §E  one finds
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Thus the bunch width can be found by taking
the average of the spectrum widths with the ana-
lyzing section at +90° and at -90° and dividing
by the energy contribution of the analyzing sec-
tion. Averaging the two measurements removes
the effect of any linear correlation between en-
ergy and phase in the beam from the injector.
Figure 9 presents a sample of the bunching data,
with spectra for the injector alone, and for the
injector plus the analyzing section at 0°, +90°,
and -90°.

The bunch shown here is 3° full width at
half maximum, L4° wide at 1/3 maximum, and 7° wide
at l/lO maximum. This measurement technique be-
comes difficult at moderately high currents be-
cause of beam loading energy transients. ©Such a
case is shown in Fig. 10. Here the injecter and
the next 3-meter section were kept in phase and
the following two sections, which together con-
tributed 82.5 MeV, were phased to 0° (not shown),
+90° and -90°. In this case, taking spectra at
both +90° and -90° enables the experimenter to
see both halves of the bunch unobscured by the
beam loading energy transient on the high energy
side of the spectra. The structure on the high
energy side cannot be bunch structure since it
remains on the high energy side for both the +90°
and the -90° spectra, rather than having mirror
symmetry. This bunch is 5° wide at 1/2 maximum,
6° wide at 1/3 maximum, and 8° wide at 1/10 max-
imum. It is interesting to note that the beam
loading transient shows considerable fine struc-
ture not predicted by simple theory, but presum-
ably due to the dispersion effects described by
Leiss.”

The bunch widths measured range from 3° to
7°, full width at half maximum, 4° to 8° at 1/3
maximum, and 7° to 13° at 1/10 of maximum. Tt
should be pointed out that this measurement in-
cludes the effect of phase modulation (within the
pulse and pulse-to-pulse) of the rf from the in-
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Jjector Klystron relative to the rf from the klys-
tron driving the analyzing section. This ex-
plains the larger bunches reported here compared
with the measurement of bunch length of 2.7° full
width at 1/3 maximum from the prototype buncher
reported in Ref. 1. In the previous measurement
the bunching was measured using a rf sweeper
driven by the same klystron driving the proto-
type buncher. The phase modulation through each
klystron measured approximately 3°.

The momentum spread of the beam typically
measures between 0.5 and 0.6 MeV/C full width at
half maximum when the injector is run with one
other section which is phased so as to minimize
the spectrum width as in Fig. 10. This effec-
tively measures the momentum spread at a waist in
longitudinal phase space. Assuming a bunch
length of 5°, this yields a value of ®0.13
(moc-cm) for the area in longitudinal phase space.
It is not possible at present to state what frac-
tion of the total current lies within this area
because the momentum spectrometer has secondary
emission foils whose sensitivity is not known,
and beam scattering from the vacuum envelope at
about * 10% of center energy makes it impossible
to integrate under the broad spectra obtained in
the bunch measurement. The area measured is of
course the projection of the six-dimensional
phase space onto the z - p, plane. Conversely,
in the transverse measurements the six-space is
projected onto the transverse four-space. Fi-
nally, the product of the two measurements yields

Vo= T X 10_5(m0c-cm)3.
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Appendix A

Comparison of Aperture Plus Glass Plate With
Two-S1it Measurement

In this appendix, we will compare the aperture
plus glass plate technique used here with the two-
slit technique used to measure the optics of the
prototype injector.l van Steenbergen- makes simi-
lar comparisons but does not include the case of
an aperture plus glass plate.
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The technique consisted of measuring the
current through two slits, Fig. 11, as & function
of position x; and angle & = x5, - x;/L. This
yielded a density in the two-dimensional phase
space X, Py Which is a projection of the particles
in the four-dimensional phase space onto the
¥y = p, = O plane. While it is impossible to state
a pregise relationship between the results of the
two-measurement methods for any arbitrary beam, it
is useful to compare the two measurements for an
idealized beam having an analytic density distri-
bution in phase space. For example, we shall take
the Gaussian distribution

8”1 1 <X2 + y'2 p2 + pi)
X
exp |- +
Axdydpxdpy ngagb2 a2 b2
1 < r2 pi >
~—= expl - — + —
ﬂ2a2b2 a2 b2

is the transverse momentum.

(A.1)

where Py

The two-slit method measures the integral of
this over all y and py

o

X2 p2
821 exp|-\7= + b—x /‘ < y2> <P}2,>
= expl- —= d}:/exp -5 }dy
Bxbpx n2a2b2 a2 . bg

I

1 X
—_— e 4 — o)
Tab exp[( 2 + b2>} (a.2)

The data from the test injector was analyzed
by plotting contours of constant density, i.e.,

5 2 ¢

P
X
= *t 5 = (a.3)
a b ab
The area inside the contour is:
A = ﬂKE, = XD (A.k)
where x and p are the intercepts with the

px =0 and x = 0 gxes, respectively.
dA = 27K dK (a.5)

and the current inside the contour is:

(k) = Eﬁi exp(— g;) da = ;2; exp(- g;) KAK
(4.6)
0 <[l E)] - 1 - ol 22)]

So we find that we have a normaslized current
[1 - exp(K2/eb)] in a phase area nK<,

We will now analyze the same distribution
using two apertures of radii ry and rp. The first
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step in the experiment was to focus the beam onto
the glass slide which 1s equivalent to the trans-
formation

Xl = Xl

' [Fp!

P, = P, - EE?;K7E7;I) (A.7)

7191

D -
y Yy Llfn(727715

Accelerating the beam from z =1L, to 2z =1L is

equivalent to the transformation: 2
. Lifnlrp/r) \ o Iyte(y,/r)
- B T y by = y by
1 L (a.8)
o, L 2n(7,/7;) _ Lan(7,/7;)
Vo = yl _— Py i — Py
41 "1

so the distribution may be expressed in terms of
the position coordinates at the first and second
apertures as follows:

3t

Bx15y18x25y2

2,2 2.2, .2
5 xl + yl 7 (X2 + 3’2)
7~ exp|\- R e
_ o [bLlﬂn(72/7)] . (4.9)

[ﬂabLlfn(yg/yl)]g

Converting to polar coordinates and integrating
over the two azimuthal angles yields:

2 2 2
o°1 . hrlr2 - ¥ . 7ot
= ) - B RS 12/
Brlérg [abLlln(yg/yl)] a [bLan(yg/yg]
(4.10)

The ry and r, integrals are separable with
independent limits of integration since the area
element in circle ry can illuminate the full circle
Tpe This is equivalent to the statement that the
volume in phase space is a four-cylinder.

r
A72 1 r2
(r,r,) = fr expl- == ] dr
r-a 2 1 2 1
[avr, en(y, /7,174 a
T,
2 72r§

. r, exp| - (a.11)
! 2 [bLli n( 72’/71 )] 2dr2

rE 72r2
I(rl,re) =1 - exp<— —%—) 1 -exp<— ———1—-2—-——-—2>
5 (oL en(r,/7,)]
(a.12)
The volume we have seen 1s:
nr_r.y 2
v, - <__;&> (5.13)
Lan(r,/7)

For a constant volume V,, the current is maxi-
mized by letting the two exponentials in Eg.(4.12)
be equal.

L 272 _ % (A.1k)
a bLlln(yg/yl) ab
then o 5
17t
i (r.,p ) = l-exp(- : >J (4.15)
max 175 [ ab
and

v, = (Ttrlpt)g (A.16)

Thus for the Gaussian distribution chosen,
the comparison between the two-aperture meagure-
ment and the two-slit measurement is mede by tak-
ing the square root of the current Iy, (r ,p)
and the square root of the phase volume V) and
comparing them to the current I(x,p ) and the
area A = (ﬁxpx). x

DISCUSSION
R. H. MILLER, SLAC

PANOFSKY, SLAC: I suggest that Dr. Miller and the
three preceding speakers get together and form a
cormittee of the four laboratories to define the
proper unit for measuring phace spaces.

VAN STEENBERGEN, BNL: I would like to mention
that Sivkov in Leningrad and Walsh in England have
done some work relating the six-dimensional phase
space to the two-dimensional projections. Con-
sidering only transverse phase space, the four-
dimensional "volume" of a hyperellipsoid equals
actually one-half the equare of the two-dimen-
sional area. Therefore, I would expect that your
result for the six-dimensional volume would have
to be multiplied by the appropriate factor re-
lating the two-dimensional phase space projection
to the six-dimensional "volume". Also, the
longitudinal part in your expression refers to a
rectangular distribution in the longitudinal
phase-space projection rather than the more prac-
tical case of an elliptical distribution. Here,
a factor of n/h probably should be included.
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Actually, it seems that one, in practice,
often encounters two-dimengional projections of
deformed hyperellipsoidal distributions rather
than projections of a six-dimensional "square
box" distribution.

MILLER: I thoroughly agree that hyperellipsoidal
surfaces are probably the best approximation to
the equidensity surfaces of a beam in transverse
phase space. However, one should not refer to a
beam's volume in phase space without stating the
fraction of the total current which lies within
that volume. In this experiment we measured the
normalized current, lu(rl,rz) lying within the

Trir.y 2
four cylinder whose volume is /) Since

in all cases we plot normalized currents Iu(rl,rz)

less than unity, there must be current in the
regions between this hypercylinder and the in-
scrived hyperellipsoid whose volume is half as
large.

Eimilarly, when giving a rule for con-
verting from a two-dimensional phase area in the
X5P, plane to the volume in x,px,y,p space, one

y

17

ol sectoN1a]{™ 18 [ 1¢
40 Mev INJECTOR 160 MeV GLASS
ELECTRONS COLLIMATOR ELECTRON SLIDE
MAGNETIC BAS-1 MOMENTUM
LENS SPECTROMETER
Fig. 1. Experimental setup.
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Fig. 3. Injector current profile: I = 13,2 mA;

r = 0,254 cm at glass slide.
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should also state the rule for transforming the
normalized currents. For the cylindrically sym-
metrical gaussian distribution function exp

[(X2 + ye) / 2 + (Px2 + pye) / v°] the rule for

converting from the normalized current within the
equidensity ellipsees in the x,P, plane to the cur-
rent within the hypercylinder deétermined by the

apertures ry and r2 is
2
I,(ryry) = I, (0%,0p)
2
v, = A (x,px).

If instead we use the hyperellipsoid, I don't
know the transformation for the current, but it
is certainly more complicated.

With respect to the longitudinal phase
space, 1 agree that I should have included a
factor of m/k.

PANOFSKY, SLAC: This argument has been going on
for a long time and I suggest that Dr. van
Steenbergen Join the committee., I think that
actually it would be a good idea to standardize
the convention as to what different people mean
when they quote emittance figures, quite apart
from what is the most logical.

Fig. 2. Geometry of injector emittance measure-
ment,
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Fig. 4, Injector current profile at glass slide:

I =153 mA; r; = 0,254 cm,
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Injector current profile at glass slide:
I = 316 mA; r = 0.254 cm,
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