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Abstract

General formulae for resistive-wall induced beam dilu-
tion are presented and then applied to the final beam de-
livery system of linear colliders. Criteria for the design of
final beam delivery systems are discussed.

Equation and Solution

Recently, the beam breakup (BBU) problem due to the
resistive-wall impedance was studied for uniform single
bunch and aso point-like bunch train [1, 2]. However for
linear collider, the beam at the interaction point normally
has some microstructure. Thisis evidenced by start-to-end
simulation. Hence, in this paper, we study the resistive wall
BBU problem for the case of arbitrary beam current profile.

We denote the location along the beamline by the vari-
able s. The beam travelsin the positive s direction, and the
entrance to the beamline is located at s = 0. We assume
in this paper that the accelerator is uniform and that there
is no acceleration. Thisis not unduly restrictive [3]. Ina
continuum approximation, the transverse motion (7, s) of
abeam in amisaligned beamline under the combined influ-
ence of focusing and wake field can be modelled by [4]
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where 0 = s/L, with £ being the length of the element
where wakefield is generated; ( = wg 7, with wy being a
reference angular frequency, and 7 = t — s/v describes
the relative longitudinal position of the particle inside the
bunch, v is the particle velocity; s = k, L, is the beta-
tron phase advance with &, being the betatron focusing
strength; F(¢) = I(¢)/I, the current form factor, isthein-
stantaneous current (¢) divided by the average current I;
d¢(o) and d.(o) arethe lateral displacement of the focus-
ing elements and element where the wakefield is generated.
Theright hand side of Eq. (1) represents the effects due to
the wakefield W(r), which isintroduced via

(L2 fwo) W(T) = ew(C). @
The exact meaning of ¢ and wy will be made clear in the
following. The general solution of Eq. (1) is[3]

y(0,0)=> " [yo hn(C) ju(r,0) + 45 g (C) in(,0) ]
n=0
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where i, (k,0) * d(o) = [ dwin(k,u)d(c — u). Via
inverse Laplace transform, i,, (x, o) and j,, (k,o) are
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In the absence of focusing i,, (k, o) and j,, (k, o) reduceto

in(0,0) = 0?1 /(2n +1)!, and 5, (0,0) = o**/(2n)!.
The functions f,, (¢), g» (¢), and h,, (¢) are defined as

fn+1 (C) ¢ fn (Cl)
i (O :/ 0 () Sw(C—C) F(GQ)dGy, ()

hn+1 (C) o hn (Cl)
where
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Yo90(C) = yo(Q)= %y(a, ¢) o ) (8)
Yoho(¢) = wo(¢) =y(o=0,(). )

Resistive-Wall WWake

If thewakefield sourceistheresistive-wall of acircularly
cylindrical pipe, then the long-range wakefield is[5]

W(r) = \;1; for 7>0, (20
where
A = (4¢*1) /(063 I arpven ) V €0 /O - (11)

In the above expression, ¢ is the speed of light in vacuum,
~ isthe Lorentz factor, b isthe radius of the pipe, Iaifven =
dmegmc? /e ~ 17,045 Amp is the Alfven current, ¢y =
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8.8542 x 10712 C?/(N m?) isthe vacuum permittivity, and
o, isthe pipe conductivity. According to Eq. (2), we have

e = (£24)/ /@, (12)

so that
w(¢) = 1/V/¢.
Hence, the series solution in Eq.

quickly if e < 1.
Note that Eq. (10) isonly an approximation [6, 7] for

p2 N\ 3 Zoo b2 Zoo Ar?
Ts=| =—— | KT<min 09 , 097 =7, (14)
Zoo.c3 c c

(13)

(3) would converge

with Z, =~ 376.7 Q) being the vacuum impedance; and Ar
the thickness of thewall. In particular W(0) = 0, and
W(T — o0) = B = 2Iv/(Iaitvench?®) (15)

in the thin wall approximation [8].

Sngle Bunch

For a bunch of uniform current distribution — F'(¢) =
1— we get from Eq. (6)

L)) 5 (16)

We further assume that yo(¢) = yo and y,(¢) = ypL, O
that ¢,(¢) = h,(Q)L = fn({)L. For arbitrary current
profile F(¢), Egs. (3-9) and (13) set up the calculation
frame.

Periodic Bunch Train

For a steady-state periodic bunch train, the current form
factor F'(¢) isgiven by

F(C): Z eri(%r/worb)k(’

k=—o0

(17)

where 7, is the laboratory-frame period of the longitudinal
beam modulation, or the bunch separation in a bunch train.
The meaning of previoudly introduced wy is clear now. We
could setitto bewy = 27 /7, even though not haveto. The
corresponding general solution is
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where
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with the following recursion relation fo, = dox,

and for1k = Wk Yy, Fiyfok—k; where, o =
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w[(2m /woTy)k], and W (Z) = f_OOOO d¢w(¢)e™ ¢ is the
Fourier transform of the wake w((), i.e., theimpedance.

Now, suppose a beam is composed of bunches of con-
stant current density, separated by wg7,, of length awq7,.
The parameter o alows a continuous transition from a dc
beam (. = 1) to abeam composed of §—function bunches
separated by wy7,(ov = 0). Choosing ¢ = 0 asbeing in the
middle of a bunch, the Fourier coefficients of the current
form factor are F, = [sin(kar)/(kaw)].

For the resistive-wall wake, the impedanceis

W(Z) = ,/%e—”/‘*.

Since Z > 0, the Fourier integral contour is chosen at the
lower-right quarter in the complex (—plane. Hence,

2T wT
= | 2k = wr —1,71'/4.
e = I:WT } 2ke

(20)

(21)

Noticethat thereisasingularity at k = 0 or Z = 0. Thisis
artificial, since the wakefield in Eq. (10) is an oversimpli-
fied form. Detailed calculation shows[8]

_ B@

wo
wo = A )

where A and B are defined in Egs. (11) and (15).
dc beam: For adc beam, the general solutionis

sin |oV/K2 — ew
y(o,¢) = yo cos {0\/ K2 — f—:wo]ﬂ/{)ﬁ [ o

(22)

K2 — gwWy
For the resistive-wall wake, wq isgivenin Eq. (22).
6—function beam: In the case of a bunch train com-
prised of §—function bunches, for { = MwgT, i.€., for
bunch M, the displacement becomes

. 2 _ T
B S - ) sm{m/ K €WO}
y(o,MwoTs) =y cos|o\/ K2 —eWp |HyL—F—ce0rx—.

K2—eW,
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For the resistivewal wake, we have W, =
VworpZeta(1/2) + By /wo/A.

Transient Periodic Beam

Let us analyze a periodic bunch train that was turned on
at ¢ = 0. For the case of yo(¢) = yo and y,(¢) = 0, the
general solutionis[3]

y(U7 C):yoz % (;_Z)n\/ %Jnf(l/% (’%U)hn(C)a
n=0 "

(29)
where ho(¢) = H((), with H(C) being the Heavi-
side function. The recursion relation is h,+1(¢) =
J5 hn(COF(COw(C = 1)

dc beam: For a dc beam, in the case of resistive-wall
wake, wehaveforn =0,1,2,---

F l n .

(o) = s

r(%2+1) (26)
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This together with Eq. (25) defines completely the trans-
verse displacement at an arbitrary location o and time ¢.

d—function beam: For a bunch train comprised of
point-like bunches turned on at ¢ = 0, the displacement
of bunch M at location o is given by [3]

M
1 /eo\" |TKko
yM(O') = yOZE(%) Thn(MCU()Tb)Jn,(l/Q)(HO').
n=0

Here h,(Mwor,) is defined as h,(Mwory) =

# sz_lizn(z)dz, where h,(z) = 5 [wompw(2)]",
and w(z) = Y po,2 Fw(kwery). In the case of
the resistivewal wake, w(¢) = 1/, so tha
w(z) = PolyLog(1/2,271). Notice that, this is

only an approximation for w(z), since w(¢) = 1/y/C is
not valid for { — oo, though we have used the fact that
w(0) = 0.

Finitetrain of finite bunches: For abunch train of finite
but identical bunches turned on at ¢ = 0, the current form
factor is F(¢) = H(C) 2 Fiexp (z’wfj;b kg). The
first-order termis[3]

¢ ¢
h1<<>=[ H(G)F(Gw(C <1>d<1=/0 F(C— Cw(Ca)dé

i PELITS Oiizwkcl
ZZFk@ke w0 —Zer “’W/e “omv w(C1)d(r.(27)
k k ¢

Notice that the first term is the steady state obtained pre-
viously, while the second term is the transient that decays
when ¢ — +o0. For the resistive-wall wake, we obtain

Fy,  j2nkc k¢
wo T —¢ “o07 < FresnelC [ 24/ ——

—1 + FresnelS <2\ / ﬁ)] } .
WoTp

Application and Discussion

Now let us study the USWarm and USCold linear col-
lider design [9]. According to the design, there will be
about 300 meter long transformer with large 5—functionin
the final beam delivery system. Thereis essentially no fo-
cusing, hencetheresistive-wall effect need be studied. Typ-
ical parameters are given in Table 1. Notice that ko ~ 0,
according to Egs. (3-5), and (16), inthe case of d. = 0 and
dy =0, we have

hl(C) =

+ 1

_ - n [1"(%)}" n21 AN \/7—1-
v = Yt 5 (3) Foa D

n=0

o 1
X +ypL=— 5 ;
{yO Yo 2 n+ %}
and y'(o,¢) similarly. It is interesting to observe that

e o« 1/y/wo, while ¢ o< wp, hence in the above y(o, ()
and y'(o, ¢), the arbitrary parameter wy is gone.

(29)
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USWarm USCold

Bunch charge (nC) 12 3.2
Single bunch rms length (um) 110 300
Bunch separation 7, (ns) 14 337
Bunch number 192 2820

Pipe radius b (cm) 2 2

Pipe length £ (m) 300 300
Conductivity o (10°Q~"'m™1) 3.47 3.47
ky (m~1) /50000 1/12500
Beam energy (GeV) 250 250
Aoy /o, (Single) (%) 0.6 25
Aoy [o, (Single) (%) 19.3 7.8
Aoy /o, (Multi) (%) 13 49
Aoy o, (Multi) (%) 26.1 9.0

Table 1: Parameters for the USWarm and USCold design.

Given the parameters in Table 1, we compute the bunch
spot size increase Aoy, /o, and the angular divergence in-
crease Ao, /o,,. Thecaculation indicatesthat to maintain
arelatively small increase, we need to use Aluminum and
keep the pipe radius to be larger than 2 cm. Given these,
the increase at a single bunch tail due to the wakefield of
a single bunch, and that at the bunch train tail due to the
wakefield of the entire bunch train are given in Table 1. We
find that the mgjority contribution of Ag,/ /o,, comesfrom
the single bunch effect; while for Ag,, /o, contribution of
single bunch and multi bunch effect are almost equal.

Investigation in this paper indicates that the resistive-
wall effect in the final beam delivery system needs to be
considered in design. As we pointed out in Eq. (14), the
wake given in Eqg. (10) isonly an approximation. Suppose
that the wall thicknessis Ar = 3 mm, we have ; ~ 0.39
ms, since b >> Ar. Therefore, the wake given in Eq. (10)
fails at the bunch train tail in the USCold. The long-range
wake decays even faster [8] than that in Eq. (10). However,
since the single bunch effect dominates, especialy for the
angular divergence, the long-range wake will only intro-
duce a small correction. For the other limit, with b = 2
cm, and Aluminum pipe, 75 = 100 fs, hence a more ac-
curate calculation utilizing the short-range wake [ 7] should
be considered, whenever it is needed.
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