XX International Linac Conference, Monterey, California

THE METHOD FOR THE FIELDSDISTRIBUTION DESCRIPTION IN
PERIODICAL STRUCTURES

V.V. Paramonov, |.V. Gonin, INR, 117312, Moscow

Abstract

The variational method for numerical simulation of rf pa
rameters of periodical structures with arbitrary phase shift
per structure period is developed. At any phase shift the
field distribution is represented as a sum over trial func-
tions. As tria functions we use numerically simulated
field distribution, considering with different boundary con-
ditions only one structure period. By using standard varia-
tional technique and Floquet boundary conditions, the gen-
eralized symmetrical eigen-value problem isformed. Due
to successful choice of trial functions, which keep alot of
information about the real structure shape, the method has
fast convergence. Not so many trial functions are needed to
describe good the field distribution. The method combines
the powerful ideas of variational approach with possibili-
ties of modern computer codesfor direct simulations. A lot
of applications, both for structure parameters calculations
and for general propertiesinvestigation, are possible.

1 INTRODUCTION

Now we have a powerful codes, like MAFIA, for numer-
ical simulations of the field distributions in electromag-
netic systems with possibilities of simulations in periodi-
cal structures of arbitrary shape by using Floquet boundary
conditions. But a code output, as a role, is a number in a
mesh point. It has a practical value, but, even with power-
ful interface, sometimesit is difficult to generalize results.
Moreover, the direct numerical simulations for periodical
structuresis still consuming in computer resources.

Fifty years ago a variety of another methods were in use
(see, for example, [1]). One of them, very general, with a
well developed theory [2], is the variational technique. It
alowsto treat resultsin terms of interacting trial functions.
The main disadvantage of the variational method were in
poor choice of abasis of trial functions, which have to sat-
isfy to a set of conditions. A lot of work were needed to
obtain apractical value.

The main idea of thiswork isto combine a power of mod-
ern codes with general possibilities of variational approach
to get atool both for simulations and for clarified treatment
of results.

2 PROCEDURE

Let consider a symmetrical periodic structure. At Fig. 1
periods of the Disk and Washer (DAW) structure and the
Disk Loaded waveguide are shown together with definition
for further explanations. The mirror symmetry plane is at
z =0.
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Figure 1. A geometry and definitions for the Disk and
Washer structure (8) and Disk Loaded Waveguide (b).

The travelling wave complex amplitude E = RE — (SE
has components with different parity with respect z = 0
[3]. Suppose rea part E satisfy boundary condition of
"electric wall’ (denoted further as (€)) [v, %E] = 0a
z = 0. Than imaginary part must satisfy to condition of
"magnetic wall’ (denoted further as (m)), (v, S E) = 0.

By using a numerical code, let simulate and store for the
structure under investigation a set of 0- and 7-type modes.
In the structure with symmetry plane 0-type modes can be
calculated considering one half of the period in conditions
(ee) (e atz = 0and (e) a z = d/2) and (mm). The
m-type modes should be calculated in conditions (em) and
(me). For the DAW structure an example of such set is
showninFig. 2.

Supposing al modes are normalized 2W =
Jy €0E;E,dV = 1, let consider these four families of
modes (functions), (ee), (em), (me) and (mm) as a basis of
trial functions for variational approach. Each function sat-
isfies to the Maxwell equations and boundary conditions at
the metal surface in the real shape of the structure. Each
function is alimit for the travelling wave field distribution
when a phase shift § per structure period@ — 0 or — =«
and described the field well in the vicinity of 0 or = mode.
This basis is not ortohonal, it is not dangerous. More im-
portant this basisis complete and no potential functionsare
need for travelling wave field description.
The idea to represent field of an arbitrary 6 as a sum over
several modes is not new. It is usual for the lumped cir-
cuit method. For two limiting modes there are electrody-
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namic result in [1]. The questionis only in the precision of
description and ability to investigate quite different struc-
tures.

Let represent RE and SE as:

Nee Nem

RE = cfEee + ) cmES™, (1)

Nme Nmm

L me yme mm pmm
SE = g cn BN+ E ey MET.
n n

Thisrepresentation (2) satisfiesto parity conditionsfor RE
and SE.

In aperiodic structure the field distributions must satisfy to
the Floguet condition:

o i

Ez:d/Z = Ezzfd/2e_ (2)

In symmetrical structures the condition for electric field
tangential components:

(H(Ee*? + E*e™%)).cqj2 = 0, 3
isequivalentto (2). One can proof it directly, involving RE
and SE parities or see [3] for particular case of the T M
modes. The expression similar (3) may be obtained and
for magnetic field tangential components. Remember, only
tangential components are necessary to define the internal
€l ectrodynamic problem.

One can check directly, the expression:
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Figure 2. The basis of trial functionsfor the DAW
structure. 0 modes - (e€), (mm) and = modes (em), (Me).
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with
1 SR ,—0/2 k102 1 o 102
Is = - 7[(Ee + E*e'/?)—(rotE*e'/* +
4 Js1 Ho (5)

. 1 . .
+rotEe™"/?)]dS + Z/ H(Ee'?/? + E*e™9/2)

S2

L(rotE‘ebe/2 + rotE*eﬂe/z)]dS,

Ho
is variational one for the problem of the travelling wave
propagation in symmetrical periodic structure.
Substituting (2) in (6) and following to a standard varia-
tional technique (the Ritz technique), one come to the gen-

eralized symmetrical eigen-value problem:
AC — k’BC =0, (6)

where C' is the column of unknown coefficients ¢,, in (2),
A and B are square block-type matrixes:

A Amoo0 Ape

Aem Aem Ame 0
A= 66 Afnnel Afnnel Amm
Agm™ 0 ART ATTR

B¢ Bt 0 0

B — B¢ B 0 0
- 0 0 Bre  Bnm?
0 0 Byt B

Coefficients of these matrixes are for blocks

(Age, Aoy Ae, Amm)» @ij = dijkik;, @)
(Bte, Bem s Bme > B ), bij = 635,
R
174
(Bt b = o [ By Epeav,
1%
for block (A¢"):
. 1 .
a;; = kik;b;j +sind E{™, —rotEs°ldS, (8)
S2 Ho
for block (A7 ):
. 1 .
a;j = kikjb;; —sin@ VEM™, —rotE;*°ldS, (9)
S2 Ho
for block (A7r¢):
. 1 .
aij = —(1+ cosf) / ABm LrotErelas,  (10)
S2 Mo
for block (A7:™):
. 1 .
aij = (1 — cos ) / wErm Lrotfelas, (1)
S2 Mo

The off-diagonal blocks describe mode coupling due to
both non-ortohonal basis (like B¢!™) and surface coupling
(like A”'¢). Dimension of the A and B matrixes N =
Nee + Nem + Nipe + N 1S N0t S0 large (40 + 100)
and numerical solution is not a question by using modern
computing libraries.
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Figure 3. The Brillouin diagram for the DLW. The solid
lines - direct calculations, the dashed lines - the
decomposition.

Table 1. Therelative frequency diffferencesfor the DLW
passbands between direct simulations and decomposition
(multiplied by 10%).

0 1 2 3 4 5 6

0.0 066 | 0.33 | 0.94 | 0.03 | 4.88 | 2.81
300 | 446 | 185|066 |3.13 |941 | 816
600 | 445|312 | 061 | 11.8 | 092 | 244
90.0 | 151|415 |0.06 | 138 | 183 | 321
120.0 | 248 | 407 | 0.97 | 12.7 | 228 | 3.83
1500 | 6.13 | 250 | 1.38 | 7.79 | 1.45 | 2.30
180.0 | 941 | 0.15 | 294 | 1.70 | 0.59 | 0.65

3 APPLICATIONS

Structure parameterscalculations. At present the code
using this method of the field decompositionis realized at
the base of our 2D FEM code set [4]. For al numerical
experiments we took Nee = Newn = Nie = Ny = 8.
In general, according theory, the number of modes have to
be taken so that a highest eigenvalues for each family are
approximately equal.

In Fig. 3 the Brillouine diagram for DLW (see Fig. 1)
is shown with seven passbands of 7'M, type. As for the
computing resources, it is cheaper to get the total diagram
shown in Fig. 3 (starting with basis storage) then do two
direct numerical simulationsfor different 8 values. In num-
bers arelative differences between results of direct smula-
tions and by using decomposition are presented in Table 1
for 6 DLW T M-type passbands.

One can see a good coincidence between results of dif-
ferent methods. It isinteresting also, that the relative error
doesn’'t relate obvioudly with the passband number. Usu-
aly for numerical methods the error rises for higher order
passbands.

But DLW is a narrow-band (in the main passband) struc-
ture. For wide-band DAW structure in Fig. 4 are shown
five passband, calculated in the same way as for DLW in
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Figure 4. The Brillouin diagram for the DAW. The solid
lines - direct calculations, the dashed lines - the method
presented.

Fig. 3. Therelative errors are several timeslarger and drop
fast with the basis extension.

In genera, the problem (6) has NV eigenvalues. But phys-

ical sense has only min(Nee + Npm, Nem + Nipe) SO-
lutions, describing real passbands. And the problem (6)
in generd is not-positive defined. This problem has ’ad-
ditional’ solutions without physical sense. The main part
of ’additional’ solutions either have k2 < 0 or k> >
max(k?), so, can befiltered easily. But can be acase when
an 'additional’ passband is the frequency region under in-
vestigation (see Fig. 3). This case the correct filtering a-
gorithm is not developed jet. But real passband must start
from one of the modesin the basis. ' Additional’ passbands
depend strongly on N. It alows us to distinguish real and
"additional’ passbands.
Structureinvestigations. The equation (6) can be consid-
ered as a dispersion equation of the structure for arbitrary
passband. From direct solution (6) with large N we can,
comparing c,, valuesin (1) estimate, which kind of modes
is important for the field description in a given passband
and remove non-important modes from consideration, re-
ducing dimension of the equation (6). It allows to do ana-
lytica estimations [5]. The restricted equation (6) is also a
base for the structure equivalent scheme devel opment.
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