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Abstract 
The radiation field of a particle which suddenly appears 

in an ideal waveguide and moves on a helical trajectory 
under the influence of external magnetic fields is 
calculated. The shape and character of the front of the 
propagating wave is determined.  

INTRODUCTION 
A combination of a waveguide and a helical undulator 

transforms the helical undulator radiation spectrum from 
continuous to discrete and thus improves the characteristics 
of its radiation significantly [1]. Usually, the stationary 
motion of a particle in an infinite rectangular [2-4] or 
circular [1, 5-9] waveguide is considered, which ignores 
the injection phenomenon, i.e. the instantaneous 
appearance of a particle at a certain point in the waveguide 
(some aspects of this problem are considered in [10-11]). 
In the present work, the problem of the stationary motion 
of a point particle with a charge varying with time and 
performing a helical motion in an infinite ideal cylindrical 
waveguide is considered. On this basis, the problem of a 
particle that suddenly appears at a certain moment of time 
and moves along a helical trajectory in the same waveguide 
is solved. In conclusion, a formula is derived that describes 
the gradual appearance of a bunch of charged particles, 
which simulates the process of its injection. 

CHARGE VARYING IN TIME 
Consider a relativistic point charge with longitudinal 

velocity V and charge 𝑄ሺ𝑡ሻ , with an arbitrary time 
dependence, moving in a homogeneous waveguide along a 
helical trajectory, with a revolution frequency 𝜔௕ . The 
waveguide is assumed to be circular with a radius b and has 
perfectly conducting walls. The charge density 𝜌  and 
current 𝚥 are given in the forms:  𝜌(𝑟,𝜑, 𝑧, 𝑡) = 𝑞𝑄(𝑡) 𝛿(𝑟 − 𝑎)√𝑟𝑎 𝛿(𝜑 − 𝜔௕𝑡)𝛿(𝑧 − 𝑉𝑡) 𝚥(𝑟,𝜑, 𝑧, 𝑡) = (𝜔௕𝑎𝑒ఝ + 𝑉𝑒௭)𝜌(𝑟,𝜑, 𝑧, 𝑡)  (1) 

where 𝑒ఝ, 𝑒௭ are unit vectors in cylindrical coordinates and 𝑎  is the radius of the particle orbit. q is the elementary 
charge. The radiation field is determined from the wave 
equations:  ቄ∆ − ଵ௖మ డడ௧మቅ 𝐸ሬ⃗ = 𝜇଴ ቄడఫ⃗డ௧ + 𝑐ଶ∇𝜌ቅ

ቄ∆ − ଵ௖మ డడ௧మቅ𝐻ሬሬ⃗ = −𝑟𝑜𝑡𝚥 (2) 

with the magnetic permeability of vacuum 𝜇଴. 
In the time-frequency domain the electrical and 

magnetic fields are sought in the form of cylindrical mode 
compositions, which combine TM and TE harmonics: 𝐸ሬ⃗ = ∑ ൛𝐸ሬ⃗ ௡௠்ெ + 𝐸ሬ⃗ ௡௠்ா ൟஶ௡,௠ୀଵ     (3) 

The longitudinal and transverse components of electric 
and magnetic harmonics are written in the form of 
expansion terms in Bessel functions of the first kind: 𝐸෨௡௠೥்ெ = 𝑈௡௠𝜓௡௠்ெ, 𝜓௡௠்ெ = 𝐽௡ ቀ𝑗௡௠ ௥௕ቁ 𝑒௝௡(ఝିఠబ௧)𝑒௝௞(௭ି௏௧),𝐻෩௡௠೥்ா = 𝑐𝜀଴𝑊௡௠𝜓௡௠்ா ,  𝜓௡௠்ா = 𝐽௡ ቀ𝜈௡௠ ௥௕ቁ 𝑒௝௡(ఝିఠబ௧)𝑒௝௞(௭ି௏௧)ℇሬሬ⃗ ௡௠்ெ = {ℇ௡௠ೝ்ெ ,ℇ௡௠ക்ெ , 0},    ℋሬሬ⃗ ௡௠்ா = {ℋ௡௠ೝ்ா ,ℋ௡௠ക்ா , 0}𝐸෨ሬ⃗ ௡௠೟்ெ = 𝐴௡௠ℇሬሬ⃗ ௡௠்ெ , 𝐻෩ሬሬ⃗ ௧் ா = 𝐷௡௠ ℋሬሬ⃗ ௡௠்ா𝐻෩ሬሬ⃗ ௡௠೟்ெ = 𝐶௡௠𝑐𝜀଴ൣ𝑒௭ × ℇሬሬ⃗ ௡௠்ெ൧𝐸෨ሬ⃗ ௧் ா = −𝐵௡௠(𝑐𝜀଴)ିଵ[𝑒௭ × ℋሬሬ⃗ ௡௠்ா ]ℋሬሬ⃗ ௡௠்ா = {ℋ௡௠ೝ்ா ,ℋ௡௠ക்ா , 0}𝐻෩ሬሬ⃗ ௧் ா = 𝐷௡௠ ℋሬሬ⃗ ௡௠்ாℇ௡௠ೝ்ெ = 𝜕 𝜓௡௠்ெ𝜕𝑟 ,     ℇ௡௠ക்ெ = 𝑗 𝑛𝑟 𝜓௡௠்ெ ℋ௡௠ೝ்ா = డ ట೙೘೅ಶడ௥ ,       ℋ௡௠ക்ா = 𝑗 ௡௥  𝜓௡௠்ா      (4) 

where 𝑗௡௠ and 𝜈௡௠ are the roots of the Bessel function and 
its derivative, respectively. The result of substituting (4) 
into (2) are second-order differential equations for the 
time-dependent amplitudes U, A, B, W, C and D: 𝑓(𝑔௑)𝑋௡௠ + 𝑏ଶ(2𝑗𝜔𝑋௡௠ᇱ − 𝑋௡௠ᇱᇱ ) = Ϝ௑൫𝑗𝐾௑𝑄(𝑡) + 𝑅௑𝑄ᇱ(𝑡)൯,   𝑋 = 𝑈,  𝐴,  𝐵,  𝑊,  𝐶,  𝐷      (5) 
with 𝑓(𝑔௑) = 𝑐ଶ(𝑔௑ଶ + 𝑏ଶ𝑘ଶ) − 𝑏ଶ𝜔ଶ = 𝑏ଶ(𝜔෥ேଶ − 𝜔ଶ),  𝜔෥ே = ඥ𝑐ଶ 𝑔௑ଶ 𝑏ଶ⁄ + 𝑘ଶ,    (6) 𝑔௑ = 𝑗௡௠ for TM modes and 𝑔௑ = 𝜈௡௠ for TE modes. 

 ___________________________________________  
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Further in (5): Ϝ௎ = −𝑞𝜇଴ 𝑐ଶ2𝜋ଶ 𝐽௡ ቀ𝑗௡௠ 𝑎𝑏ቁ𝐽௡ାଵଶ (𝑗௡௠),     
Ϝ஺ = −𝑗𝑞𝜇଴ 𝑐ଶ2𝜋ଶ 𝐽௡(𝑗௡௠ 𝑎 𝑏⁄ )𝑗௡௠ଶ 𝐽௡ାଵଶ (𝑗௡௠), 
Ϝ஻ = −𝑞𝜇଴ 𝑏𝑎𝑐ଶ𝜔௕2𝜋ଶ 𝜈௡௠𝜈௡௠ଶ − 𝑛ଶ 𝐽௡ᇱ (𝜈௡௠ 𝑎 𝑏⁄ )𝐽௡ଶ(𝜈௡௠)𝐾௎ = 𝑐ଶ𝑘 − 𝑉𝜔,            𝑅௎ = 𝑉 𝐾஺ = 𝑐ଶ𝑗௡௠ଶ − 𝑏ଶ𝑛𝜔௕𝜔,         𝑅஺ = 𝑏ଶ𝑛𝜔௕ 𝐾஻ = 𝜔,           𝑅஻ = −1 Ϝௐ = 𝑗 𝑞 2𝑎𝑐𝜔௕𝑏𝜀଴ 𝜈௡௠ଷ𝜈௡௠ଶ − 𝑛ଶ 𝐽௡ᇱ (𝜈௡௠ 𝑎 𝑏⁄ )𝐽௡ଶ(𝜈௡௠) ,  𝐾௪ = 1,        𝑅ௐ = 0, Ϝ஼ = 𝑗𝑞 2𝑐𝜀଴ 𝑗௡௠ଶ 𝑉 − 𝑏ଶ𝑘𝑛𝜔௕𝐽௡ାଵଶ (𝑗௡௠) 𝐽௡(𝑗௡௠ 𝑎 𝑏⁄ )𝑗௡௠ଶ ,  𝐾஼ = 1,         𝑅஼ = 0, Ϝ஽ = −𝑞 2𝑎𝑏𝑐𝑘𝜔௕𝜀଴ 𝜈௡௠𝜈௡௠ଶ − 𝑛ଶ 𝐽௡ᇱ (𝜈௡௠ 𝑎 𝑏⁄ )𝐽௡ଶ(𝜈௡௠) ,  𝐾஽ = 1,       𝑅஽ = 0  (7) 

Equation (5) is a second order differential equation. Its 
complete solution can be composed of a particular solution 
of an inhomogeneous equation and a general solution of a 
homogeneous equation (with zero right-hand side). The 
solution of the inhomogeneous equation (5) can be 
obtained by representing the amplitudes 𝑋௡௠ and function 
Q(t) through the images 𝑋෨௡௠  and 𝑄෨௡௠   of the Laplace 
transform in time: 𝑋௡௠ = ׬ 𝑋෨௡௠𝑒ିఈ௧𝑑𝛼ஶ଴ ,   𝑄(𝑡) = ׬ 𝑄෨𝑒ିఈ௧𝑑𝛼ஶ଴     (8) 

After substitution one obtains: 𝑋෨௡௠(𝛼) = Ϝ௑𝑄෨(𝛼)𝑃௑(𝛼),  𝑃௑(𝛼) = 𝑗𝐾௑ − 𝛼𝑅௑ 𝑓(𝑔௑) − 𝑏ଶ(2𝑗𝜔𝛼 + 𝛼ଶ)⁄     (9) 

The time dependence of the amplitude is determined 
using the inverse Laplace transform from the coordinate α 
to the time domain. For all six components, the solution 
has an identical form: 𝑋(𝑡) = Ϝ௑ℒ௧ି ଵ൛𝑄෨(𝛼)𝑃௑(𝛼)ൟ, 𝑋 = 𝑈,  𝐴,  𝐵,  𝑊,  𝐶,  𝐷  (10) 

An explicit solution can be obtained from (10) by 
substitution of the Laplace image 𝑄෨(𝛼)  by a specific 
function 𝑄(𝑡) of the time dependent function of a charge 
variation. 

RADIATION OF INSERTED PARTICLE 
Now consider the process of injection of a single point 

particle emerging at the time instant 𝑡 = 0 at the point 𝑟 =𝑎, 𝑧 = 0,𝜑 = 0 inside the waveguide and being drawn into 
motion along a helical trajectory by external magnetic 

fields. The phenomenon of the instantaneous appearance of 
a charged point particle is described by the introduction of 
a step function into the expressions (1) for the charges and 
currents instead of a function 𝑄(𝑡): 𝑄(𝑡) = 𝜒(𝑡), where 𝜒(𝑡) = 0  at 𝑡 < 0  and 𝜒(𝑡) = 1  at 𝑡 ≥ 0 . The Laplace 
image of a step function is: 𝜒෤(𝛼) = ℒఈ{𝜒(𝑡)} = 𝛼ିଵ  (11) 

and the derivative of the step function at 𝑡 > 0 is zero, just 
as 𝑅௑ = 0 in (9). Therefore, from (10) we have: 𝑋ே(𝑡) = 𝑗 Ϝಿ௄ಿ௙(௚ಿ) ቊ1 − 𝑒ି௝ఠ௧ ቆ𝑐𝑜𝑠(𝜔෥ே𝑡) + 𝑗 ఠఠ෥ಿ 𝑠𝑖𝑛(𝜔෥ே𝑡)ቇቋ  (12) 

The first term in (12) coincides with the expression for 
the stationary solution in an infinite waveguide.  

The factor 𝑢଴ = 𝑏ଶ 𝑓(𝑔ே)⁄  can be represented as a sum 
of two terms:  𝑢଴ = ଵ(௞భି௞మ)(௞ି௞భ) − ଵ(௞భି௞మ)(௞ି௞మ).   (13) 

On the other hand, 𝑢଴ = 𝑢ଵ + 𝑢ଶ with 𝑢ଵ = ௞௞భ(௞భି௞మ)(௞ି௞భ) − ௞௞మ(௞భି௞మ)(௞ି௞మ)𝑢ଶ = ଵ௞మ(௞భି௞మ) − ଵ௞భ(௞భି௞మ) = ଵ௞భ௞మ   (14) 

where  𝑘ଵ,ଶ = ௕௏௡ఠబ±௖ට௕మ௡మఠబమି௚మಿ (௖మି௏మ)௕(௖మି௏మ)   (15) 

are the roots of equation 𝑓(𝑔ே) = 0 with respect to 𝑘. 
Now (12) can be rewritten as:  𝑋ே(𝑡) = 𝑗Ϝே𝐾ே𝑢଴ − 𝑒ି௝ఠ௧𝑍(𝑘)𝑢ଵ  −𝑒ି௝ఠ௧𝑍(𝑘)𝑢ଶ + 𝑒ି௝ఠ௧𝑍଴(𝑘)  (16)  

with 𝑍(𝑘) = 𝑗Ϝே𝐾ே ቄcos(𝜔෥ே𝑡) + 𝑗 ఠఠ෥ಿ sin(𝜔෥ே𝑡)ቅ  
and 𝑍଴(𝑘) = 𝐴଴(𝑘) cos(𝜔෥ே𝑡) + 𝐵଴(𝑘) sin(𝜔෥ே𝑡)  (17)  
where (17) is a general solution of the homogeneous 
equation for the amplitudes (with zero right-hand side), 
which is given by 𝐺௑ = 𝑓(𝑔௑)𝑋௡௠ + 𝑏ଶ(2𝑗𝜔𝑋௡௠ᇱ − 𝑋௡௠ᇱᇱ ) = 0  (18) 

with the so far undefined coefficients 𝐴଴(𝑘) and 𝐵଴(𝑘). 
The transition to the space-time domain is accomplished 

using the inverse Fourier transform versus 𝑘: 𝑋ே(𝑡) = 𝑋ே(଴)(𝑡) + 𝑋ே(ଵ)(𝑡) + 𝑋ே(ଶ)(𝑡) + 𝑋ே(ଷ)(𝑡)  (19) 𝑋ே(଴)(𝑡) = 𝑗Ϝே ׬ 𝐾ே𝑢଴𝑒௝(ఠ௧ି௞௭)𝑑𝑘ஶିஶ ,   𝑋ே(ଵ)(𝑡) = ׬ 𝑍(𝑘)𝑢ଵ𝑒ି௝௞௭𝑑𝑘ஶିஶ   𝑋ே(ଶ)(𝑡) = ׬ 𝑍(𝑘)𝑢ଶ𝑒ି௝௞௭𝑑𝑘ஶିஶ ,   𝑋ே(ଷ)(𝑡) = ׬ 𝑍଴(𝑘)𝑒ି௝௞௭𝑑𝑘ஶିஶ  (20)
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The integrand of 𝑋ே(଴)(𝑡) is an analytic function on the 
entire complex plane 𝑘  and, with the exception of the 
points 𝑘 = 𝑘ଵ  and 𝑘 = 𝑘ଶ , corresponding to two simple 
poles lying on the real axis. Its value (in the sense of the 
principal value) is determined by the residues of these 
poles in the usual way [5]. The integrand of 𝑋ே(ଵ)(𝑡) has the 
same poles, but it is not an analytic function. The result of 
the integration along the edges of the cuts emanating from 
the branch points 𝑘 = ±𝑗 𝑔ே 𝑏⁄  should also be added to its 
value as the contributions from the poles. Asymptotically 
this contribution can be calculated by the saddle point or 
stationary phase method [12]. It is easy to see, that the 
contribution from the poles to the integral 𝑋ே(ଵ)(𝑡) 
completely compensates the integral 𝑋ே(଴)(𝑡), and that the 
additional contribution of the integral 𝑋ே(ଵ)(𝑡) (calculated, 
for example, by the stationary phase method), are 
compensated by the appropriate selection of the amplitudes 𝐴଴(𝑘) and 𝐵଴(𝑘) in the integral 𝑋ே(ଷ)(𝑡) . Only the third 
term 𝑋ே(ଶ)(𝑡) in (20) remains nonzero. It does not contain 
poles, but its integrand is not an analytic function either. 
This integral  𝑋ே(ଶ)(𝑡) = ௝Ϝೆ௞భ௞మ ׬ 𝐾௎{cos(𝜔෥ே𝑡) +ஶିஶ                 𝑗 ఠఠ෥ಿ sin(𝜔෥ே𝑡)} 𝑒ି௝௞௭𝑑𝑘       (21) 

can be calculated explicitly. In particular, for the 
longitudinal electric component 𝐸௭ we have: 𝐸௭ = 𝑗𝑞 గଶ௖మ ிೆ௞భ௞మ 𝐽௡ ቀ𝑓 ௥௖ቁ 𝑒௝௡ఝ𝑆(𝑦, 𝑡)     (22) 

Here 𝑆(𝑦, 𝑡) = 𝐴𝐽ଵ(𝑓𝑢) − 𝑗[𝐵𝐽ଶ(𝑓𝑢) − 𝐶𝐽଴(𝑓𝑢)], 𝐴 = ௙௡ఠ್௨ (𝑉𝑐𝑡 + 𝑐ଶ𝑦 − 2𝑉ଶ𝑦), 𝐵 = ௙మ൫௖మି௏మ൯൫௏௧మାଶ௬௖௧ା௏௬మ൯ଶ௖௨మ , 𝐶 = ௏൫௙మ൫௖మି௏మ൯ାଶ௖మ௡మఠమ್൯ଶ௖ , 𝑢 = ඥ𝑡ଶ − 𝑦ଶ,𝑦 = 𝑧 𝑐⁄ , 𝑓 = 𝑗௡௠𝑐 𝑏⁄     (23) 

and 𝐽𝑙(𝑥) (𝑙 = 0,  1,  2,  𝑛) are Bessel functions of the first 
kind. 

For the calculation the following relation [13] was used ׬ ௦௜௡ቂ௧ඥ௙మା௫మቃඥ௙మା௫మஶ଴ cos(𝑥𝑦) 𝑑𝑥 = గଶ ቊ𝐽଴ൣ𝑓ඥ𝑡ଶ − 𝑦ଶ൧,   0 < 𝑦 < 𝑏               0,           𝑏 < 𝑦 < ∞   (24) 

In contrast to the case of the homogeneous motion in an 
infinite waveguide, the waveguide is filled with energy as 
the particle travels into the waveguide in the case under 
consideration here. The front of the propagated wave is 
determined by the equality 𝑐𝑡 = 𝑧 . Note that the field 
component (22) tends to a finite limit at 𝑐𝑡 → 𝑧 . 

For the presence of radiation at a certain observation 
point 𝑟,𝜑, 𝑧  inside the waveguide, the principle of 
causality must be observed, which requires the following 
relations to be satisfied: 

௟భ௏ + ௟మ௖ = 𝑡,       𝑙ଵ + 𝑙ଶ cos𝛼 = 𝑧   (25) 
Here 𝑙ଵ is the distance along the z axis, indicating the 

position of the particle at a certain moment of time 𝑡ᇱ < 𝑡, 
where t is the time at which its radiation reaches the point 
of observation 𝑟,𝜑, 𝑧. 𝑙ଶ denotes the distance between the 
particle and the point of observation, 𝛼  is the angle 
between the line connecting the particle and the 
observation point and the axis of the waveguide. 
From (25) it follows: 𝑙ଵ = ௏(௖௧ ୡ୭ୱఈି௭)௖ ୡ୭ୱఈି௏ ,     𝑙ଶ = ௖(௭ି௧௏)௖ ୡ୭ୱఈି௏ .  (26) 

In turn, from (26) it follows: If 𝑙ଵ,ଶ > 0  
i) the forward radiation is concentrated in the region 𝑐𝑡 > 𝑧 > 𝑡𝑉,  
ii) the radiation is concentrated near the axis of the 

waveguide within the conical angle  𝛼 ≤ 𝑚𝑖𝑛 ቄඥ2 (1 − 𝑉ଶ 𝑐ଶ⁄ )⁄ ,ඥ1 −  (𝑧 𝑐𝑡⁄ )ଶቅ  (27) 

The frequency characteristics of the radiation can be 
determined by analysing the integrand in formula (21). For 
an arbitrary value of the function 𝑓(𝑗௡௠), it is a rapidly 
oscillating function, while with 𝑓(𝑗௡௠) = 0  the 
oscillations remain only in the phase and its modulus 
slowly varies with frequency. For this reason, its frequency 
distribution is characterized by sharp peaks at frequencies 
determined by equation 𝑓(𝑗௡௠) = 0 . Thus, the resonant 
frequencies remain the same as in the stationary motion of 
a particle in an infinite waveguide [7]. 

The derived formula (23) describes a strongly directed 
and narrow-band radiation. 

The process of the emergence and subsequent 
propagation of an arbitrary bunch of length 𝑡଴  can be 
described by a convolution of the expression for the field 
of a point particle (23) with the longitudinal distribution 
function 𝑓௭(𝑡) in the bunch: 𝐸௭௕(𝑡) = ׬ 𝑓௭(𝑡 − 𝑡ᇱ)𝐸௭(𝑡ᇱ)𝑑𝑡ᇱ௧ೠ଴   (28) 
Here 𝑡௨ = 𝑡 for 𝑡 ≤ 𝑡଴ and 𝑡௨ = 𝑡଴ at 𝑡 > 𝑡଴. 

For brevity, we derived an explicit expression only for 
the longitudinal electrical component (23).  The rest of the 
components can be calculated similarly using equations (7). 

CONCLUSION 
The results of this work make it possible to study the 

processes of emission of bunches in a helical undulator 
combined with a waveguide in all details, as they occur 
during injection, subsequent propagation, and after leaving 
the open end of the waveguide. They will contribute to the 
creation of mathematical models of the operation of an 
undulator-waveguide structure close to reality. 

The results related to the time-varying charge can also 
find application in case of particle loss due to scattering on 
the walls of the waveguide and scattering on molecules of 
the residual gas.  
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