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Abstract 

Xcos simulation model is analysed for the intensity of 
planar undulator radiation at the third and fifth harmonics. 
The Xcos model is designed by using the numerical ap-
proach. The results obtained from the simulation model are 
compared with the analytical method. The model can also 
be utilized for observing the effect of energy spread on ra-
diation by numerical approach.  

INTRODUCTION 

Free electron laser (FEL) is a coherent and tuneable light 
source available with high brightness up to order of 1013 

[1]. In FEL systems, a relativistic electron beam is undu-
lated in presence of periodic magnetic field i.e. undulator, 
to bring out a coherent electromagnetic radiation. The 
spectral properties of out-coming coherent electromagnetic 
radiation and the transfer of energy from electron beam to 
radiation and vice versa depends on the trajectory of elec-
trons in an undulator [2-4].  Various simulation software 
like Genesis, EURA, SPECTRA are used for realization of 
FEL systems. SCILAB is an open-source numerical com-
putation software [5] and tool boxes available with 
SCILAB, are used for model-based simulation of FEL sys-
tems [6-7].  

The present work corresponds to develop model based 
SCILAB Xcos simulation model for numerical solutions of 
electron trajectory equations and radiation intensity equa-
tion in Harmonic undulator. The intensity at third and fifth 
harmonics of harmonic undulator radiation has been com-
puted by varying the contributions of additional harmonic 
field component. In this analysis, the results are compared 
with the reported analytical results obtained from the 
method of generalized Bessel Functions. The present work 
will be helpful to find the intensity and small signal gain of 
harmonics in novel scheme by numerical method. 

HARMONIC UNDULATOR FIELD AND 
TRAJECTOTRY  

Harmonic undulator magnetic field considered for simu-
lation is ܤு⃗⃗⃗⃗  ⃗ = [Ͳ, ,௬ܤ Ͳ]    (1) 

Where,  ܤ௬ =ܣܤ sinሺ�௨�ሻ +  sinሺ�ℎ�ሻܤଵܣ

With �௨ = ʹ� �௨⁄  and �ℎ = ʹ� �ℎ⁄  are wave number and 
harmonic wave number respectively, �௨ and �ℎ = ℎ�௨ are 
undulator wave length and harmonic undulator wave 
length respectively. The value of ℎ can be 3,5,7…. 

corresponding to odd harmonics. ܣ and ܣଵ are the ampli-
tudes of main undulator field and additional harmonic field 
respectively and also the ratio of additional harmonic field 
to main undulator field is represented as ‘∆’. 

The acceleration along ’x’ and ‘z’ directions are deduced 
by using Lorentz force on electron [2-4] 

         �̈=
0��0 � v௭[sinሺΩ௨ݐሻ + ∆ sinሺℎΩ௨ݐሻ]         (2) 

         �̈=− 0��0 � v௫[sinሺΩ௨ݐሻ + ∆ sinሺℎΩ௨ݐሻ]        (3) 

The velocity and trajectories of relativistic free electrons 
along ‘x’ and ‘z’ direction can be evaluated by integrating 
Eq. 2 and 3 and read as,         ߚ௫ = − �� [cosሺΩ௨ݐሻ + ∆ℎ cosሺℎΩ௨ݐሻ]           (4) ߚ௭ = ∗ߚ    − �ଶ4ߛଶ ሻݐሺʹΩ௨ݏܿ − ∆ଶ�ଶ4ℎଶߛଶ cosሺʹℎΩ௨ݐሻ− ∆�ଶʹߛଶℎ cosሺሺͳ + ℎሻΩ௨ݐሻ− ∆�ଶʹߛଶℎ cosሺሺͳ − ℎሻΩ௨ݐሻ 

(5)   � = − ��Ω� [sinሺΩ௨ݐሻ + ∆ℎ sinሺℎΩ௨ݐሻ]        (6) � = ݐ∗ߚ    − �మ8�మΩ� sinሺʹΩ௨ݐሻ − ∆మ�మ8ℎయ�మΩ� sinሺʹℎΩ௨ݐሻ −∆�మଶ�మℎΩ�ሺଵ+ℎሻ sinሺሺͳ + ℎሻΩ௨ݐሻ − ∆�మଶ�మℎΩ�ሺଵ−ℎሻ sinሺሺͳ −ℎሻΩ௨ݐሻ     (7) 

Where, Ω௨ = �௨ܿ  is undulator frequency, � = 0��0 Ω� is 

undulator parameter and    ߚ∗ = ͳ − ଵଶ�మ (ͳ + �మ+�మ∆మℎమଶ ) 

Initial values of the velocity and trajectories are � ௧= = Ͳ , � ௧=  = Ͳ   ߚ௫ ,௧= = − �� ቀͳ + ∆ℎቁ and   ߚ௭ ,௧= = ∗ߚ    − �ଶ4ߛଶ − ∆ଶ�ଶ4ℎଶߛଶ − ∆�ଶߛଶℎ  

For numerical calculation of trajectories, with  � =  ݐ∗ߚ   
Eq. 2 and 3 and rewritten as, 

         �̈=
�� Ω௨v௭[sinሺΩ௨ ݐ∗ߚሻ + ∆ sinሺℎΩ௨ ݐ∗ߚሻ]        (8) 

 �̈=− �� Ω௨v௫[sinሺΩ௨ ݐ∗ߚሻ + ∆ sinሺℎΩ௨ ݐ∗ߚሻ]      (9) 

The Intensity of radiation ‘I’ of electromagnetic radia-
tion per unit solid angle '݀�' per unit frequency range '݀�' 
of frequency '�' from accelerating electron of charge 'e' 
given by Lienard - Wiechart integral and read as [8], 

 

Xcos
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Figure 1: Xcos model for harmonic undulator radiation based on numerical approach.

 

 

Figure 2: Intensity at third harmonics (h=3) 

 

Figure 3: Intensity at fifth harmonics (h=5) 

 

(a) 

 

(b) 

Figure 4: Trajectory of electron in ‘x’ direction in (a) third 
harmonic undulator and (b) fifth harmonic undulator 
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ௗమூௗ�ௗ� = మ�మ4�మ |∫ {݊̂ × ሺ݊̂ × �݁{ߚ̂ [��ሺݐ − ௭ሻ] ∞−∞ݐ݀ |ଶ (10) 

Where, ݊̂ is the unit vector in the direction of the line 
joining the retarded position and the point of observation. 
For determining the intensity of the on-axis radiation, Eq. 
10 can be rewritten as: ௗమூௗ�ௗ� = మ�మ4�మ |∫ �݁{௫̂ߚ} [��ሺݐ − ௭ሻ] �ݐ݀ |ଶ (11)  

SIMULATION MODEL FOR HARMONICS  
The present  developed model for simulation is shown in 

Fig. 1 using the various blocks included in the Xcos 
toolboxes is an extension of work reported for intensity 
calculations of plannar undulator radiation by H. jeevakhan 
et al [7]. This model also consists  three sections; the 
primary parameters along with harmonic integrer’h’ and ′∆′ , that is the contribution of additional harmonic field  
are described in section one , section two realizes the 
electron's trajectory and velocity in the 'x' and 'z' directions 
in harmonic undulator with modified intial values as per 
Eq. 4 and 5, and section three integrates the output of 
section two, to compute the intensity of harmonic 
undulator radiation at third and fifth harmonics.  

For present simulation, the undulator wavelength is 
taken as 5 cm, a short undulator is considered with number 
of periods (N)= 10 and relativistic parameter ߛ is taken as 
20. The values of the velocity of electromagnetic radiation 
in free space is taken in the CGS unit. The total time for 
traversing the electron in the undulator is T decides the fi-
nal integration time and steps of integration of simulation. 
The values of harmonic integer ‘h’ is selected as 3 or 5 for 
determining the intensity of radiation at third and fifth har-
monics respectively. The value of ′∆′  in present simulation 
model has been changed from 0 to 0.3 with an interval of 
0.1, to analyses the effect of additional harmonic field com-
ponent on intensities of odd harmonics. 

In section two, interdependent Eq. 8 and 9 are realised 
and executed.  The initial values of trajectories along the 'x' 
and 'z' directions is taken as (0,0), which gives the intensity 
of on- axis radiation. The blocks for the initial value veloc-
ity along ‘x’ direction and ‘z’ as per Eq. 4 and 5 are added. 
The blocks for   ߚ∗ is modified as per Eq. 5.    

Section three, finally executes Eq. 11 and represent the 
numerical model for on axis harmonic undulator radiation. 
In numerical calculations, the values of ߚ௫  and ‘z’ is cal-
culated at each instant of time and inserted in blocks real-
izing Eq. 11. The intensity of radiation for a particular 
value of ''" is being computed in each simulation. The val-
ues of ''" is modified by changing the value of ‘h’, and 
hence calculate the intensity at particular harmonics. 

RESULTS 

The simulation model described in previous section is 
simulated with final integration time ‘T’ (decided by the 
total number of periods) for various values of ''". The data 

of intensity for different values of ''" is stored in work-

space. The Intensity v/s normalized frequency 
(/) graph is plotted though plot command on console. 

In the present analyses, for h=3, the range of ''(/)" is 

kept nearby 3, to observe the effect of additional harmonic 

field at third harmonics and similarly kept as 5 in case of   

h=5 for fifth harmonic. 

Planar undulator radiation is observed at odd harmonics 

i.e.1,3,5,7.. and the intensity is decreased as we move from 

fundamental to higher harmonics. In harmonic undulators, 

the intensity at odd harmonics is altered with addition of 

harmonic component. In the present model based on nu-

merical approach by selecting the value of   h=3 , the effect 

at third harmonic intensity is observed. The contribution of 

additional harmonic field is changed by the changing the 

value of ′∆′. Fig. 2 demonstrates the intensity variation at 

third harmonics. The value of ∆ is varied from 0 to 0.3 with 

an interval of 0.1. It is indicated from Fig. 2 that with the 

additional with harmonic component the intensity at third 

harmonic (calculated from numerical approach), is de-

creased, which is contradiction with the analytical results 

based on use of generalised Bessel function [2-4].  

By selecting the h=5 and varying the value of  ∆ from 0 

to 0.3, the intensity of radiation at fifth harmonic is af-

fected. Fig. 3 demonstrates that at fifth harmonic with in-

crease in contribution of harmonic component, the inten-

sity, at fifth harmonic is increased, which is correspond-

ence with the analytical results based on use of generalised 

Bessel function. The intensity at fifth harmonic increases 

up to 55 % by changing the contribution of additional har-

monic component by 30 % i.e. ∆  equal to 0.3. 

  The effect of additional harmonic field on the intensities 

at third and fifth harmonics is further analysed with pattern 

of the trajectories. Fig. 4 (a) and (b) gives the trajectories 

in ‘x’ direction, when the additional harmonic component 
is 3 and 5 respectively. In planar undulator field the trajec-

tory along ‘x’ direction is sinusoidal. With the addition of 
harmonic field, the trajectory deviates from sinusoidal na-

ture. To demonstrate the effect, the value of additional 

component ∆ is kept as 1.5. The effect on the trajectories is 

due to the superposition of main undulator field with har-

monic field. The peak of the trajectory decreases, when the 

main undulator field superposes with the third harmonic 

field and its visible in Fig. 4 (a), that there is a dip at the 

peak (red line) in third harmonic undulator.  In fifth har-

monic undulator, the trajectory also deviates from sinusoi-

dal form, but due to superposition of fifth harmonic com-

ponent with main undulator field, there is sharp increase in 

the peak of trajectories (green line) as shown in Fig. 4 (b). 

These increases and decrease in trajectories, over all alters 

the peak of intensities at corresponding harmonics.  

CONCLUSIONS 

SCILAB Xcos simulation model is used to calculate the 
intensities of harmonic undulator radiation. The results of 
numerical method are compared with the analytical meth-
ods. The reason for this deviation also explained in the pa-
per. The model described in the paper will be helpful for 
higher harmonic analysis of novel undulator schemes. This 
model can also be utilised for effect of energy spread using 
numerical approach by changing the relativistic parameter 
as per the energy distribution of electron beam. 
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