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Abstract
In support of the Optical Stochastic Cooling (OSC) experi-

ment at IOTA, we implemented a high-fidelity model of OSC
in the elegant beam-dynamics program. The introduced
element is applicable to any OSC configurations and models
the main features of OSC including (𝑖) the longitudinal time
of flight OSC, (𝑖𝑖) the effects between the transverse motion
of particles in the beam and the transverse distribution of
undulator radiation, and (𝑖𝑖𝑖) the incoherent contributions
of neighboring particles. Together these produce a highly
accurate model of OSC and were benchmarked using the
results from the IOTA OSC experiment.

BACKGROUND
Stochastic Cooling is a beam cooling technique which

uses electromagnetic radiation produced by a beam in a stor-
age ring at a specific location (the pickup) to provide a cor-
rective kick to the beam at a point downstream (the kicker).
Radiation with bandwidth 𝛿𝜔 carries information on tempo-
ral slices with duration 𝜏 ∼ 1/𝛿𝜔 so that the kick corrects the
mean properties of these slices. When applied over millions
of turns, this corrective kick reduces the momentum spread
of the stored beam. The ability for this method to correct
a single particle is limited by the number of other particles
in the sample slice which act as random fluctuations on the
single-particle cooling force. Optical Stochastic Cooling
(OSC) extends this principle to the optical range using un-
dulator magnets for the pickup and kicker [1]. The use of
optical radiation increases the bandwidth of the signal com-
pared to conventional microwave stochastic cooling. This
increased bandwidth ultimately results in a faster cooling.

An exact simulation of OSC would require use of a finite
difference time-domain software to calculate the production
and interaction of the undulator radiation with the beam.
This would be too computationally prohibitive considering
the stochastic nature and the number of turns required to cool
the beam. Instead we have implemented a semi-analytical
model of OSC in elegant, a particle tracking software used
to simulate storage rings and beam lines [2]. The model in-
cludes three main components: (i) the so-called transit-time
OSC, (ii) effects of transverse beam size, and (iii) incoherent
contributions of other particles in the sample slice.

MODEL
The model we have implemented considers two planar

undulator elements as the pickup and kicker elements. The

kicker element changes each particle’s momentum depend-
ing on (𝑖) the arrival time of each particle relative to its own
radiation, (𝑖𝑖) the transverse motion of each particle from
the pickup to kicker, and (𝑖𝑖𝑖) any incoherent kicks due to
nearby particles (as determined by the system bandwidth).

Transit-Time OSC
Transit-time OSC introduces an energy-dependent delay

between the pickup and kicker using a particle bypass [3].
Particles which deviate from the reference energy arrive
in the kicker out of phase with their radiation produced
at the pickup and receive a kick proportional to this delay.
Considering only the longitudinal motion, the momentum
kick experienced by the 𝑖-th nacroparticle is

𝛿𝑝𝑖/𝑝 = −𝜅 sin [𝜔(𝑡𝑖 − 𝑡0) + 𝜓] , (1)

where 𝜅 is the maximum kick strength, 𝜔 = 2𝜋/𝜆 (where 𝜆 is
the fundamental wavelength of the undulator radiation) is the
angular frequency, and 𝜓 is a phase offset which accounts for
optical delay. The difference 𝑡𝑖 − 𝑡0 is the difference between
the time-of-flight of the 𝑖-th macroparticle and the mean
time-of-flight of the bunch. Both 𝜅 and 𝜓 are user-controlled
parameters which can be modified on a turn-by-turn basis.

Transverse Effects
Undulator radiation produced in the pickup is emitted in

a cone with 𝜃 = 1/𝛾 and is imaged to the same point in the
kicker undulator. A particle may arrive off-axis relative to its
own radiation due to transverse motion between the pickup
and kicker especially for larger transverse beam sizes. The
far-field radiation of a single particle at the focusing lens is,

𝐸𝑥 (𝜌, 𝜙) =
𝜃
[
𝐽0 (𝜉) + (𝛾𝜃)2 cos(2𝜙)𝐽2 (𝜉)

]
(1 + (𝛾𝜃)2)4 , (2)

where 𝜉 ≡ 𝜌𝑘0𝜃/(1 + (𝛾𝜃)2), 𝐽0 and 𝐽2 are Bessel functions
of the first kind of 𝑛 = 0, 2, 𝑘0 = 2𝜋/𝜆 is the wave number,
𝛾 is the Lorentz factor, and 𝜃 is the angle of the emitted
radiation. The total field is found by integrating Eq. 2 from
0 to 𝜃𝑚, the angular acceptance of the lens. The effects of
transverse displacement at the kicker can be modeled by
taking the strength of the off-axis field relative to the on-axis
field 𝐸𝑥 (Δ𝑥,Δ𝑦)/𝐸𝑥 (0, 0) and multiplying it by the nominal
kick strength. Eq. 1 then becomes,

𝛿𝑝𝑖/𝑝 = −𝜅 sin [𝜔(𝑡𝑖 − 𝑡0) + 𝜓] × 𝐸𝑥 (Δ𝑥,Δ𝑦)
𝐸𝑥 (0, 0)

(3)
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where the quantities Δ𝑥 and Δ𝑦 are the difference in each
particle’s transverse position defined as Δ𝑥 = 𝑥𝑘 − M𝑥𝑝
(with M is the magnification of the optical line).

Incoherent Effects
So far the model neglects the effects due to other particles

in the sample slice. This choice is justified for the case of the
passive IOTA experiment as the charge is relatively low and
the bunch length is relatively long contributing to sparsely
populated sample slices. However, at high charge and low
longitudinal spread, the incoherent contributions become
significant. Any particle 𝑁𝑢𝜆 before or after the ith particle
in the kicker will contribute to the kick the ith particle ex-
periences in the kicker. This is implemented in our model
by scanning over the array of particles, sorted by longitudi-
nal position, and applying a kick to the ith particle for any
particle in the sample slice. The interaction is modeled as,

𝛿𝑝𝑖/𝑝 = −𝜅(𝜓𝑖, 𝑗 ) sin[𝜔(𝑡𝑖 − 𝑡0) + 𝜓 + 𝜓𝑖, 𝑗 ] (4)

which is the same as Eq. 1 with the phase term 𝜓𝑖, 𝑗 repre-
senting the relative phase between the ith and jth particle.
Additionally, the strength of the incoherent kick falls off
linearly with the distance between the two until Δ𝑧 = 𝑁𝑢𝜆.

BENCHMARKING
OSC was demonstrated at Fermilab’s IOTA storage

ring [4, 5] and data collected during the passive-OSC experi-
ment were instrumental in benchmarking the computational
model [6]. The primary metrics on which we evaluated the
model were (𝑖) the cooling rates of various lattice configura-
tions and (𝑖𝑖) the equilibrium bunch length and transverse
beam sizes. A complete lattice of the IOTA ring was simu-
lated in elegant using magnet settings from the experiment.
The basic lattice cools the beam only in the longitudinal
plane. However, this cooling force can be shared with the
horizontal plane powering quadrupole magnet located in
the particle bypass (with significant horizontal dispersion).
The cooling force can further be shared with the vertical
plane by placing a skew-quadrupole magnet in the lattice to
couple the 𝑥 and 𝑦 planes. These two quadrupole magnets
were the only lattice elements that were changed during the
benchmarking process to investigate the cooling dynamics
in all three coupling modes.

Before simulating the OSC elements, we produced a lat-
tice file of the IOTA ring in elegant to match experimental
observations of the rf-system, synchrotron damping, and gas
scattering. This lattice was taken directly from the IOTA
experiment and Table 1 shows a comparison between some
key parameters.

Synchrotron Damping Rates
The rate of synchrotron radiation (SR) damping was also

measured in elegant simulations before implementing the
OSC elements. This confirmed both the lattice configuration
and cooling rate analysis worked as expected. The SR damp-
ing rates, listed in Table 2, were measured to be 𝜆𝑥 = 1.0 𝑠−1,

Table 1: Comparison of Basic Lattice Parameters Between
IOTA Experiment and elegant Simulations

Parameter IOTA Design elegant

E loss per turn, eV 13.2 13.82
Betatron tune 𝜈𝑥/𝜈𝑦 5.42 2.42 5.42 2.42
Chromaticity 𝜉𝑥/𝜉𝑦 -10.2 -8.1 -13.2 -6.15
Mom. Compaction 0.00493 0.004905
Synchrotron Freq. (Hz) 426.5 426.1

Table 2: Simulated Damping Rates for Synchrotron Radia-
tion (SR) and Various Configurations of OSC

Coupling Mode 𝝀𝒔 (𝒔−1) 𝝀𝒙 (𝒔−1) 𝝀𝒚 (𝒔−1)

SR 1.0 2.0 1.9
𝑠 (1D) 27.7 2.0 -
𝑠/𝑥 ((2D) 20.0 6.5 -
𝑠/𝑥/𝑦 (3D) 19.7 4.5 3.7

𝜆𝑦 = 1.0 𝑠−1, and 𝜆𝑠 = 1.9 𝑠−1 which agree well with the
theoretical values of 𝜆𝑥 = 𝜆𝑦 = 1.0 𝑠−1 and 𝜆𝑠 = 2.0 𝑠−1.

OSC Cooling Rates
The cooling rates and equilibrium values were measured

for all three coupling modes (s, s/x, s/x/y). Figure 1 shows
each simulation beginning with a bunch near SR damping
equilibrium which comprises 256 nacroparticles. In the
IOTA experiment, residual gas effects increased the trans-
verse SR-determined equilibrium by a factor of 2. The im-
pact of residual gas was modeled by the scatter element
which applies a Gaussian-distributed kick at each turn. The
kick strength was altered until the simulation matched the
experimentally-measured equilibrium emittances. The cool-
ing rate can be measured directly by fitting an exponential
decay function 𝜀(𝑡) = (𝜀0 − 𝜀𝑒𝑞)𝑒−𝑟𝑡 + 𝜀𝑒𝑞 to the emittance
curve.

The cooling force is shared between the degrees of free-
dom in the various coupling modes as depicted in Fig. 2.
In the longitudinal only (1D) configuration, the horizontal
emittance remains unaffected at the SR equilibrium point
whereas in the 𝑠-𝑥 (2D) coupling configuration, the horizon-
tal emittance decreases while the bunch length is cooled at
a lower pace than for the 1D configuration.

OSC Heating & Higher-Order Attractors
Additionally, the OSC scheme can be used to heat the

beam by tuning the optical delay so that the beam and radia-
tion arrive 𝜋 out of phase. In the case of longitudinal-only
(1D) OSC heating, each particle is pushed toward a fixed
point in high amplitude synchrotron motion; see Fig. 3. The
point, determined by the radiation wavelength is approxi-
mately 200 mm.

The cooling range of OSC is limited by the wavelength
of the undulator radiation. Particles with high synchrotron
amplitudes will find themselves, on average, beyond the first
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Figure 1: Horizontal emittance (a) and r.m.s. bunch length
(b) of a beam undergoing OSC in the longitudinal-only (blue
trace) and 𝑠 − 𝑥 coupling (orange trace) configurations.
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Figure 2: Waterfall plot of the longitudinal (top), horizontal
(middle), and vertical (bottom) beam distributions for each
of the three coupling modes.

order cooling effects and will be pushed toward higher-order
attractors. This behavior can also be seen in the computa-
tional model by heating then cooling a beam. We introduce
a beam near equilibrium then sweep the delay phase slowly
alternating between heating and cooling, as shown in Fig. 4.
As a result the bunch length alternatively lengthen (heating)
and shorten (cooling) as the optical delay phase is varied. In
the cooling regions, the beam consists of a bright core with
low synchrotron amplitude and low energy spread. However,
a small number of particles find themselves trapped in the
first cooling attractor; see Fig. 4 for times 𝑡 ∈ [16, 28] ms.
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Figure 3: Waterfall plot of the longitudinal beam distribution
showcasing the dynamics associated with the heating mode.
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Figure 4: Waterfall plot of the longitudinal distribution (top)
and resulting bunch length (bottom) as the optical delay be-
tween the radiation field and the beam in the kicker undulator
is varied from 𝜋/2 to 5𝜋/2 showing the heating and cooling
modes as well as higher order attractors.

CONCLUSION
We have developed a high-fidelity computational model

of OSC in elegant which correctly simulates the cooling
and heating dynamics experimentally observed at IOTA. The
model will provide guidance to design the planned active-
OSC experiment, in which the undulator radiation will be
amplified before being reintroduced in the kicker, and for
understanding possible applications of OSC beyond beam
cooling and preservation. Likewise, the developed tool will
support the exploration of beam manipulation based on the
interaction of the beam with its own fields [7].
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