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Abstract 
This paper is concerned with finding operations con-

sistent with the absolute minimum emittance growth. The 
system is an RF bucket containing a bunch of hadrons in a 
synchrotron; and the operation performed is to sweep the 
RF phase. As a result, the bunch centroid moves from one 
value of position and momentum to another. For given start 
and end points, we shall find the ideal RF phase-slip time-
variation that minimizes emittance growth of the bunch.  

INTRODUCTION 
Customarily, emittance is the phase space area, at one 

moment in time, occupied by an ensemble. Single-particle 
“emittance” is the area swept out during an oscillation cy-
cle. Both are conserved quantities in Hamiltonian dynam-
ics. The bounding single-particle emittance can be identi-
fied as surrogate for the ensemble (bounding) emittance. 
Typically the ensemble is contained by longitudinal phase-
focusing and a transverse focusing channel. In nonlinear 
systems, some processes may introduce voids into the 
phase space, such that the bounding emittance effectively 
increases, even though the detailed occupied area is pre-
served. This phenomenon, known as “emittance growth”, 
has been studied extensively – particularly for the case of 
variation of the strength of focusing parameters [1], but 
much less so for the case that the centre of focusing moves 
(as occurs during an RF phase sweep). 

The area swept out during a cycle is a surrogate for oc-
cupied area; and the former is proportional to the Hamilto-
nian, H, for that phase space orbit. Thus we can use 
changes of the bounding value of H to predict emittance 
growth. In general, an RF sweep changes H of both the 
centroid and a general particle trajectory. Thus to minimize 
emittance growth, we must minimize the differential 
change of Hamiltonian between general particle and cen-
troid: (∆H - ∆Hc). Subscript c denotes centroid. The mini-
mization is performed with respect to variation (choice) of 
the RF-phase-sweep time law for given end points (final 
and initial) of the centroid coordinates. There is a minor 
complication: an arbitrary sweep may either increase or de-
crease the oscillation amplitude (i.e. Hamiltonian) depend-
ing on the oscillation phase at the moments the particle en-
countered the perturbation. So we must select those bound-
ing trajectories for which ∆H>0, and oscillation amplitude 
increases. 

In general, the bunch centroid does not follow an arbi-
trary RF phase sweep. The choice of sweep is strongly con-
strained by the condition that the centroid be in equilibrium 
at the centre of the RF bucket at start and end of the sweep. 
If not satisfied, the bunch centroid circulates within the 
bucket and there is growth of the area swept out by the 

bunch; and eventually the area is filled due to “filamenta-
tion”. The primary constraint is that the sweep be com-
pleted in an integer number, n, of synchrotron oscillations 
of the centroid. Nevertheless there is typically a small re-
sidual oscillation because the momentum offset caused by 
the RF sweep does not accrue enough phase slip of the 
bunch to catch up to the RF phase. The residual (which 
scales as 1/n2) may either be accepted, or zeroed by making 
a “fast” RF-phase jump at start or end of the sweep. “Fast” 
means completed in a small fraction of a synchrotron os-
cillation. A phase jump is the cause of a jump in H, but 
jump values are cancelled out when the difference (∆H - 
∆Hc) is formed.  

Ideally, the difference (∆H - ∆Hc) would be minimized 
with respect to the choice of the RF phase sweep, f(t), ac-
cording to the calculus of variations, in the manner of the 
brachistochrone problem. However, we have not found a 
suitable variational principle; and so have resorted to trial 
and error in the choice of f(t). The trial functions are: (1) 
linear ramp, (2) ½-sinusoid, (3) bi-quadratic, (4) dual-si-
nusoid; and (5) cubic – all ramped between t=0 and t=T. 

The steps in the procedure are: first, compute matching 
conditions for the centroid; second compute (∆H - ∆Hc) for 
the trajectories as perturbed by the sweep f(t). The result is 
parametrized by the initial amplitude and number of syn-
chrotron oscillations for the sweep. In one case alone, lin-
ear f(t), all quantities may be calculated exactly in terms of 
the Jacobi elliptic functions; and these results used to 
benchmark other methods. For other sweeps, we may in-
troduce a simplified (and artificial) Hamiltonian that facil-
itates computation of (∆H - ∆Hc) and retains the frequency 
dispersion of the pendulum oscillator, but adopts a har-
monic potential well. Results from these analytic methods 
will be compared to those from particle tracking. 

ANALYSIS 
The equation of motion is that of a pendulum oscillator 

with a moving pivot point f(t): 𝑥ᇱሺ𝑡ሻ = 𝑝 (𝑡)  and  𝑝ᇱ(𝑡) = −𝜔ଶsin (𝑓 (𝑡) + 𝑥 (𝑡)).  (1) 
The change of Hamiltonian is: ΔH = 𝜔ଶ ׬ 𝑓ᇱ(𝑡)sin (𝑓 (𝑡) + 𝑥 (𝑡))𝑑𝑡଴் .       (2) 
The system is simplified by the transformations: 𝑥(𝑡) = x2 (𝑡) − 𝑓 (𝑡) & 𝑝(𝑡) = p2 (𝑡) − 𝑔 (𝑡).    (3) 
Here g(t)=df/dt is the momentum offset that will generate 
precisely the phase slip f(t). The motion equations become: x2ᇱ(𝑡) = p2 (𝑡) and p2ᇱ(𝑡) = 𝑓ᇱᇱ(𝑡) − 𝜔ଶsin (x2 (𝑡)) (4) 

and  ΔH = 𝜔ଶ ׬ 𝑔 (𝑡)sin (x2 (𝑡))𝑑𝑡଴் .          (5) 
The centroid matching conditions [2] are: 𝛥x2௖ = ׬ p2௖ 𝑑𝑡଴் = 0  &  𝛥p2௖ = −𝜔ଶ ׬ x2௖ 𝑑𝑡଴் = 0;  
and cannot be satisfied unless T is an integer number of 
synchrotron oscillation periods.  ____________________________________________  
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Linear RF-phase Sweep 
When g is a constant, as in the linear ramp f(t)=(t/T)∆f, 

the equations (4-5) are solved in terms of Jacobi elliptic 
functions (sn, cn ,dn) or (cd, sd, nd) with Jacobi amplitude 
parameter m=k2. The Hamiltonian value is H=2ω2m.  Let sin(x 2(𝑢)/2) = 𝑘sn (𝑢 + u0;𝑚) and the change [3] 
∆cn= cn(U+u0;m) - cn(u0;m). U=ωT is the accrued phase. 
∆cn describes a dipole oscillation. The normalized frac-
tional change of Hamiltonian for the general trajectory is: 

(∆H/H) (2π/∆f) = -∆cn/(n k).                 (6) 
The initial phase u0 and amplitude k are correlated by the 
disturbance f, and depend weakly on ∆f; but we take them 
as independent. ∆H of the bunch is minimized when we set 
duration U=2π n. u0(m) is chosen to find the largest ∆H on 
the bounding trajectory.  Note: for the linear ramp and short 
bunches, ∆H does not fall as 1/n because the de-phasing 
(between different oscillation amplitudes) and ∆cn is also 
proportional to n. Equation (6) may be used to benchmark 
particle tracking simulations and a simplified analysis that 
adopts a harmonic oscillator with an artificial amplitude-
dependent frequency spread. 

Simplified Equations 
The equation of motion is that of a harmonic oscillator 

with an artificial frequency spread: 𝑥ᇱ(𝑡) = 𝑝 (𝑡)  and  𝑝ᇱ(𝑡) = −𝜔 (𝑎)ଶ(𝑓 (𝑡) + 𝑥 (𝑡)).  (7) 
Parameter a is the initial amplitude. ω(a) is the frequency 
dispersion of the pendulum. We adopt the same transfor-
mations as above. The initial Hamiltonian and change are: 𝐻଴ = ଵଶ 𝑎ଶ 𝜔(0)𝜔(𝑎),  ΔH = 𝜔 (𝑎)ଶ ׬ 𝑔 (𝑡)x2 (𝑡)𝑑𝑡଴் . (8) 
Equations (7) can be solved for x2 and p2 as particular in-
tegral and complementary function for arbitrary f(t); and 
∆H calculated analytically. We do this for general particle 
and centroid, and form the difference (∆H - ∆Hc).  

The centroid matching conditions depend on f(t). For the 
cases of (a) linear ramp & arbitrary n, and (b) bi-quadratic 
ramp and even n, no phase jump is needed. For the ½-si-
nusoid ramp, an initial jump Δf/(4𝑛ଶ − 1) is required. Fig-
ure 1 shows matched centroid trajectories for the bi-quad-
ratic ramp when ∆f =1 radian and for n=2. 

 
Figure 1: Response to bi-quadratic ramp. Curves are: green 
is –f(t); red is 2×g(t); blue is x(t); and gold is 2×p(t). 

Benchmarking 
We compare the normalized fractional change of Hamil-

tonian (∆H/H)(2π/∆f) versus maximum oscillation ampli-
tude X for the linear RF-phase ramp as calculated by three 
methods for a variety of sweep durations ωT=2nπ. Colour 

coding: n=1, blue; n=2, gold; n=3, olive; n=4 coral. See 
Figs. 2 through 4. For small amplitudes, the bounding tra-
jectories are those emanating from the position axis (p=0); 
while for large amplitudes they emanate from the momen-
tum axis (x=0). 

 
Figure 2: Theoretical ∆H from Jacobi functions (p=0). 

 
Figure 3: Simulated ∆H from particle tracking (p=0). 

 
Figure 4: Predicted ∆H from simplified equations (p=0). 

Figures 2 and 3 are in quantitative agreement, and Fig.4 in 
qualitative agreement. All plotted curves have zeros, and 
these are due to co-periodicity. E.g. the gold curve: one cy-
cle of amplitude X=2 equals two cycles of the centroid. 

Figure 5 shows the particle trajectories (emanating from 
p=0) used to compute ∆H for linear ramp with n=1 and 
∆f=1. The centroid motion is shown in red. 

 
Figure 5: Particle trajectories for linear RF-phase sweep. 
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Predictions & Confirmations 
Figures 6-9 show the predicted normalized fractional 

change of Hamiltonian (for the bounding trajectory) for 
phase ramps completed in n= 1, 2, 3, 4 synchrotron periods. 
Figures 10-13 show corresponding results from particle 
tracking. The colour indicates the type of ramp f(t). Blue = 
linear ramp; orange = dual-sinusoid; magenta = ½-sinus-
oid; green = bi–quadratic; and red = cubic ramp. 

 
Figure 6: RF-phase ramps in 1 synchrotron oscillation. 

 
Figure 7: RF-phase ramps in 2 synchrotron oscillations. 

 
Figure 8: RF-phase ramps in 3 synchrotron oscillations. 

 
Figure 9: RF-phase ramps in 4 synchrotron oscillations. 
Conclusions: (1) "linear" is best for n = 1. Also: if linear 
ramp is used and amplitudes <0.5 radian, then no point us- 
ing n>1. (2) "Bi-quadratic" is best for n = 2 and amplitudes 
< 2 radian. (3) "½-sine" is best for n = 3. (4) “Bi-quadratic” 
is best for n = 4 unless amplitudes < 1.5 radian. 

 
Figure 10: RF-phase ramps in 1 synchrotron oscillation. 

 
Figure 11: RF-phase ramps in 2 synchrotron oscillations. 

 
Figure 12: RF-phase ramps in 3 synchrotron oscillations. 

 
Figure 13: RF-phase ramps in 4 synchrotron oscillations. 

CONCLUSION 
We have introduced a method to determine conditions 

for minimum emittance growth. Predictions are in good 
agreement with particle tracking, particularly the ordering 
of the best ramp versus number of synchrotron oscillations.  
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