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Abstract

With the advent of high-intensity linacs, space-charge
forces are now well known as a major issue, causing unde-
sirable effects on particle beam qualities like emittance
growth or sudden losses. They should be stronger when
there are more particles or when the latter are contained in
a smaller volume. But a detailed examination of the beam
along an accelerator show that space charge effects are
weaker where the beam size is smaller. This article clarifies
this paradox and revisits the recommendations on beam
sizes in view of mitigating space charge effects.

INTRODUCTION

For high-intensity proton linacs, space charge is known
as a major issue to be carefully addressed, at least in the
sub-GeV energy range, as it contributes to distort the beam
density profile, increasing the halo in the external parts of
the beam, causing emittance growth and particle losses.

Space-charge forces are the integrated Coulomb forces
of the whole beam on every witness particle within the
beam. These forces are thus expected to be stronger when
there are more charges or when they are closer to each
other, i.e. the space occupied by them is smaller. However,
when examining the equation governing the beam enve-
lope along the accelerator, space charge effects appear to
be weaker at places where the beam size is smaller.

The purpose of this paper is first to clarify the apparent
paradox between space charge forces and space charge ef-
fects for a better understanding of beam behavior, and sec-
ond to revisit the recommendations for mitigating harmful
space charge effects when designing the beam, based on
precise considerations of beam halo vs beam core.

SPACE-CHARGE FORCES

Let's consider the simplified case of an infinitely long
cylinder of uniform positive charge density with a total ra-
dius R, moving at the same longitudinal speed v. Accord-
ing to Gauss' law, this produces an outward radial electric
field, which acts as a defocusing field for the beam. At a
given radius v < R, it is given by:
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where [ is the beam intensity, and &, the vacuum permit-
tivity.

According to Ampere's law, an azimuthal magnetic field
is also induced at the same position, focusing the beam:
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where [, is the vacuum permeability.
A witness charge g at this position will be submitted to
a radial force, which is called the space-charge force
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where y is the Lorentz relativistic factor. This force is lin-
ear in r inside the beam for a uniform charge distribution,
and is well stronger when the beam size R is smaller as ex-
pected.

SPACE-CHARGE EFFECTS

To see the effect of this space-charge force on an accel-
erator beam, let's look at the above charged cylinder which
is now submitted in addition to focusing forces applied by
various accelerator components surrounding the beam.
These external forces are generally linear in 7, character-
ized by the focusing coefficient k:

Fext(r) = —kr. “4)

By adopting the following notations for time derivatives
and space derivatives along the longitudinal coordinate z:
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Newton Second law for a witness charge (rest mass m) is:
ymot' = Feye + Fic. (6)
The equation of motion for this charge can be deduced:
T
'+ Kexe? — Kscﬁ =0 (7)
where
Kext = m (unit: m'z) (8)
ql .
Ksc = W (TLO unlt). (9)

K. is called the generalized perveance. For an arbitrary
charge distribution but with elliptical symmetry, it is men-
tioned in [1] that Lapostolle and Sacherer independently
shown that the equation of motion, Eq. (7) can be rewritten
as
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where x and y refer to the two transverse axes, a the rms
beam size, € the non-normalized beam emittance. These
equations are called envelope equations.
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In these equations, the third and fourth terms with the
minus sign mean they act as defocusing forces, in opposi-
tion with the second term expressing external forces that
are focusing when K., is positive.

The third term is called the emittance term. It is some-
times improperly considered as the expression of "emit-
tance forces" but these are not physical forces. Its presence
points out that due the non-zero beam emittance, the beam
size can never shrink to strictly zero, whatever applied ex-
ternal forces. The larger the emittance, the larger external
forces must be to reduce the beam size.

The fourth term is called the space-charge term. It is the
expression of space charge forces. As expected, its effect
taken separately is stronger when the beam size is smaller.
But when compared to the emittance term we can see that
its effect on the beam is relatively smaller for a smaller
beam size and become negligible for enough small beam
sizes. This may seem counter intuitive, but it is not if we
understand that the envelope Egs. (10) and (11), unlike
Eq. (3), are not the expression of space-charge forces
alone, but that of the balance between these ones and ap-
plied external forces. In other words, space charge forces
can be fought by applying focusing forces, knowing that
the larger the space charge, the larger must be focusing
forces, and as a result, the beam size is smaller.

CONSEQUENCES

From the above basic relations, several consequences
can be deduced.

(1) A little like K,,; in Eq. (8) that is the external force
characteristic which is independent of any beam parame-
ters (except its energy), K, in Eq. (9) is the space-charge
characteristic which is independent of beam geometrical
parameters like particle coordinates or beam size. There-
fore, K, is the parameter to be used to compare between
different accelerators when the importance of space charge
is in question. When K, is larger, be prepared to have more
emittance growth, more halo, more beam losses, be pre-
pared to be forced to employ larger K,,;, i.e. more focusing
means.

(ii) According to Eq. (9), K, is large when the beam in-
tensity is large, which is often the case for modern linacs.
Equations (1-3) indicate that K, can be huge at low energy
while it is negligible at high energy when the beam reaches
relativistic velocities, as focusing magnetic effects from
space charge overwhelm defocusing electric effects. Space
charge is really an issue only in first acceleration stages.
There, acceleration alone is not possible because of the
very strong defocalization induced by space charge forces.
As a result, separate accelerating cavities and focusing
electromagnets cannot be used in the very first part of lin-
acs. They must be replaced by a special component allow-
ing to accelerate and focalize particles almost simultane-
ously, the RFQ (Radio Frequency Quadrupole), which was
invented for that. The larger the beam intensity and the
longer should be the RFQ to accelerate particles up to an
energy where space charge effects become manageable.
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We can observe that in most linacs, the RFQ generally ends
when K, is decreased to well less than 107,

(iii) For a given (low energy) linac, the combined effect
of external forces and space charge forces will dictate the
beam behavior, especially its emittance and density profile.
The envelope equations (10) and (11) are very good indi-
cators of these. Figures 1 and 2 (from [2-4]) illustrate well
the outcome of the competition between the two forces.
Whenever the space charge term is larger than the emit-
tance term, in the x or/and y plane, we are in the space-
charge dominated regime, and the emittance grows in the
corresponding plane (Fig. 1). This is known as the fastest
emittance growth mechanism, during which charges redis-
tribute so as to shield the beam against external fields [1].
An equilibrium state is then reached when the density pro-
file becomes more compact, with a large and almost flat
core surrounded by a thin halo ring (bottom graphs of Fig.
2). When the emittance term is larger than the space charge
term, we are in the emittance-dominated regime, the emit-
tance and density profile remain unchanged. The most typ-
ical example of such a regime is given by the RFQ with its
strong focalization by design. When the RFQ is long
enough, the output density profile has a perfect Gaussian
shape, exhibiting the smallest RMS size, and an indefi-
nitely extending halo ring (top-right graph in Fig.2). Space
charge effects are indeed totally 'killed' by the RFQ that has
perfectly fulfilled its mission.
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Figure 1: Evolution of the space charge term (black), the
emittance term, and the beam emittance (red, blue: horiz.,
vert.) along the IFMIF prototype accelerator LIPAc [2].
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Figure 2: Density distribution with projected profiles in x
and y, at the LEBT exit (top left), RFQ exit (top right),
SRF-Linac exit (bottom left), and HEBT exit (bottom,
right), for the IFMIF prototype accelerator LIPAc [3, 4].

CORE-HALO ANALYSIS

The above analysis based on the RMS emittance is nev-
ertheless not so meaningful because the beam shape radi-
cally changes in the meantime. A more relevant analysis
should be done accordingly to the relative importance be-
tween the beam halo and the beam core.

A method to precisely determine the core-halo limit was
proposed in [5] and was proven in [6] to be consistent with
the internal dynamics of a beam submitted to space charge
forces. According to that, Fig. 3 [4] can be produced, show-
ing the evolution along the linac of (i) the core size and the
halo size, (ii) PHP, the percentage of particles in the halo
relative to the total number of particles, and (iii) PHS, the
percentage of the halo size relative to the beam total size.

We can see that the core size is the smallest in the RFQ.
Then it increases downstream, in two steps, in the SRF-
Linac then in the HEBT, according to the external focusing
strength applied (At the linac end, the beam power reached
1.1 MW CW, and the beam size is intentionally enlarged to
be spread on a beam dump). The halo evolution is not sta-
ble in the RFQ nor right at the RFQ exit, as beam losses are
still substantial during and after the bunching process.
Downstream the RFQ, similarly to the core, the halo in-
creases in two steps too, for PHP and for PHS as well, but
the gap in PHP is much more pronounced. Note that for this
linac structure, a lot of effort has been dedicated in focus-
ing tuning to minimize the beam halo, so as to maintain
beam losses well less than the 107 range in the cryogenic
SRF-Linac.

CONCLUSION

Space charge forces are very strong at low energy and
are well stronger when the beam size is smaller. However,
it can be efficiently fought by external focusing forces. The
more these come out victorious from this competition, and
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the smaller the beam size. The RFQ is the strongest focus-
ing structure allowing to defeat space charge forces, capa-
ble of completely canceling their effects. When passing
from a strong focusing section to a less strong focusing
one, like at the RFQ exit for example, the beam emittance
will inevitably increase. But this emittance growth is not
really harmful, it comes from the beam density reorganiza-
tion leading to a change in its shape. A fine analysis of the
halo is more meaningful, and there also, applying a rele-
vant focusing structure allows to mitigate the halo.

(Simulations and results shown in this article have been
made with the TraceWin code [7])
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Figure 3: Evolution along the IFMIF prototype accelerator
LIPAc of the core and halo external limits (top), PHP (mid-

dle), and PHS (bottom) [4].
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