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Abstract
The beamline design of recirculating linacs requires spe-

cial attention to avoid beam instabilities due to RF wakefields.
A proposed high-energy, multi-pass energy recovery demon-
stration at CEBAF uses a low beam current. Stronger focus-
ing at lower energies is necessary to avoid beam breakup
(BBU) instabilities, even with this small beam current. The
CEBAF linac optics optimization balances over-focusing at
higher energies and beta excursions at lower energies. Using
proper mathematical expressions, linac optics optimization
can be achieved with evolutionary algorithms. Here, we
present the optimization process of North Linac optics using
multi-objective optimization.

INTRODUCTION
A multi-pass energy recovery (ER) experiment proposed

at Jefferson Lab’s CEBAF accelerator uses a high-energy
electron beam. This aims to explore a new regime in ER his-
tory, an efficient energy recovery of electrons in the presence
of substantial incoherent synchrotron radiation (ISR) [1].

Two superconducting linacs, connected by five vertically
stacked arcs at both sides, make up the racetrack shape of
CEBAF. Electron bunches accelerate on RF crest through
eleven linac passes up to 12 GeV; these bunches are used
and dumped at any or all of four experimental halls at inter-
mediate energies.

Reuse of the RF energy of the accelerated beam increases
the overall efficiency of the RF system. ER capability can
be incorporated into CEBAF with the addition of a new path
length chicane, adding a path length of 𝜆𝑟𝑓/2 after the fifth
accelerating pass. This would shift bunches into the RF-
minima, and would allow the transfer of their energy back
to RF during deceleration. After five decelerating passes,
bunches would be dumped at a low energy dump at the
end of the South Linac (SL). A schematic of the proposed
modifications is shown in Figure 1. The additional chicane
and dump will not affect routine CEBAF operations.

MULTIPASS LINAC OPTICS
ERLs with racetrack topology require that both accelerat-

ing and decelerating beams share the same arcs correspond-
ing to their energy. This requirement imposes a specific
constraint in Twiss functions at the linac ends. Linac-end
∗ This material is based upon work supported by the U.S. Department of
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Figure 1: CEBAF accelerator, with arrows indicating new
hardware installation sites.

Twiss values must be identical for both accelerating/deceler-
ating passes that share an arc. The work presented here will
focus on North Linac (NL) studies, where ten total passes
(five accelerating and five decelerating) will pass through
the linac. For these simulations, the accelerating beam uses
the beamline elements as they are normally arranged. De-
celerating bunches pass through the elements in reversed
order. Graphically, the accelerating and decelerating passes
are alternately connected at places of equal energy with a
special matrix, M, to match with arc-end optics as illustrated
in Figure 2. Here, blue arrows denote accelerating linac
optics and red arrows denote decelerating linac optics. At
the locations of matrix M, the energies of the accelerating
and decelerating passes are equal.

M1
A1 A2 A3 A4 A5D5 D4 D3 D2 D1

M2 M3 M4 M5 M6 M7 M8 M9

Acceleration/Deceleration

Figure 2: 10 pass beamline arrangement [2].

For this study, the 13-FODO-cell CEBAF NL lattice is
considered. A previous, manual optimization is shown in
Figure 3, for a symmetric FODO-like layout with 60∘ phase
advance per cell.

In recirculating linacs, beam break-up (BBU) instabilities
limit the threshold beam current, 𝐼𝑡ℎ [3]. For a single pill
box cavity in TM00 mode, 𝐼𝑡ℎ is given as,

𝐼𝑡ℎ = 2𝑝𝑐
𝑒𝜔𝑄 𝑅

𝑄

1
|𝑇12| sin 𝜔𝑇𝑡𝑟

. (1)

Here, 𝑄 is the cavity quality factor, 𝑝
𝑒 is beam rigidity, 𝜔 is

the HOM angular frequency, and |𝑇𝑡𝑟| is the transfer matrix
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Figure 3: Multipass optics for 60 degree FODO-like linac.

element that measures the beam centroid displacement at
the second pass from an initial kick. Equation 1 can be
reduced to the following, where minimizing the average
value suppresses BBU in recirculating linacs. [4]:

⟨𝛽
𝐸 ⟩ = ∫ (𝛽

𝐸 ) 𝑑𝑠 (2)

According to Equation 2, the 𝛽 values at lower energies
need to be much smaller than the 𝛽 values at higher energies.
The optimized solution given in Figure 3 has smaller, tighter
𝛽 variations at the first pass. Mirror symmetric 𝛽 variation
is not clearly visible here, but it is a requirement for the
design due to arc sharing. Higher pass 𝛽 variations need to
be controlled by minimizing the differences at the linac end
𝛽 values.

At the end of the beamline, 𝛽 function values should be
closer to the length of the linac. For the NL, this value needs
to be less than 300 m.

The optics requirements are met by adjusting the
quadrupole focusing in the linac. Performing this action
manually takes a considerable amount of time, as there are
multiple objectives to consider. Hence, this study focuses on
multi-objective optimization with evolutionary algorithms.

EVOLUTIONARY ALGORITHMS
Evolutionary algorithms (EAs) are used to capture an

optimum solution or a set of solutions for single or multi-
objective search problems and no gradient information is
required in the problem definition. Genetic algorithms (GA)
are a powerful metaheuristic class of EAs, with three main
operators; selection, crossover and mutation [5]. Solutions
are a set of vectors referred to as chromosomes made out
of genes. GAs represent them as an evolving population of
individuals following the survival of the fittest.

In this work, to handle multiobjectives, we consider Non-
dominated Sorting Genetic Algorithm (NSGA II) [6] in the
problem implementation within a python framework [7].

Definition of the Multi-Objective Optimization
Problem

The optimization of the 10-pass NL optics involves mini-
mization of multiple conflicting objectives [8]. Without loss
of generality, the multi-objective minimization problem is

defined as, [9]:

Minimize𝑥 𝐹(𝑥) = [𝐹1(𝑥), 𝐹2(𝑥), ..., 𝐹𝑘(𝑥)]𝑇

subject to 𝑔𝑗(𝑥) ≤ 0, 𝑗 = 1, 2, ..., 𝑚
ℎ𝑙(𝑥) = 0, 𝑙 = 1, 2, ..., 𝑒

(3)

Here, 𝑘, 𝑚, and 𝑒 refer to the number of objective functions,
inequality constraints, and equality constraints, respectively.
Generally, optimization of all objectives cannot be done
simultaneously, hence a set of solutions is obtained that fit
a predetermined definition for an optimality [9]. The set of
Pareto optimal solutions is called the Pareto optimal set, for
which the corresponding objective functions in the objective
space form the Pareto front. Our goal here is to define a
multi-objective optimization algorithm to compute the best
known Pareto front, that is ideally be close to the true front.

OBJECTIVE DEFINITION
Multipass linac optics optimization involve two main ob-

jectives: minimization of lower energy 𝛽 fluctuation, and
controlling the 𝛽 peaks with mirror-symmetric variation.

Here, there are 30 variables in the problem; 26 quadrupole
fields, and 4 initial Twiss values. Carrying out a 30-variable
search is complex without recognizing the appropriate search
space. Therefore, the problem was set up as a study with
increasing variables. Initial tests for this search were car-
ried out with two-objectives up to 10 variables [10]. It was
observed that increasing the search space lowered the effec-
tiveness of the objectives defined, necessitating the definition
of a new set of objectives to complete 30-dimensional search
problem.

This study includes three objectives. The first one focuses
on minimization of the differences in 𝛽 values at each ele-
ment in x and y planes. For this, moving averages (MA) of
𝛽𝑥 and 𝛽𝑦 are calculated. The window size for this calcu-
lation was obtained by analyzing the outcomes of the MA.
Then, taking the mean squared error (MSE) of these MAs,
the first objective function is defined as following.

Function 1 (F1) = 𝑀𝑆𝐸[𝑀𝐴(𝛽𝑥), 𝑀𝐴(𝛽𝑦)] (4)

In the second objective, minimization of peak 𝛽 values
in each pass is done by calculating the average of the peak
values in 10-passes. To couple x and y planes, the geometric
mean of these values are used as follows:

Function 2 (F2) = ⎛⎜
⎝

∏
𝑖=𝑥,𝑦

[1
𝑛

𝑛
∑
𝑖=1

𝛽𝑖−max]⎞⎟
⎠

1
2

(5)

The third objective is to control the differences in the
peak 𝛽 values for each pass. Prior experiences suggested
that these peak differences need to be controlled with an
additional objective function. Otherwise, suppression of
peak beta values tends to make linac end 𝛽 be at a minima,
destroying the symmetry of this lattice optics. Only the
2𝑛𝑑, 3𝑟𝑑, 4𝑡ℎ, and 5𝑡ℎ passes tend to show this abnormal
behaviour. To ensure the 𝛽 peaks (𝛽𝑖−max) at the end of
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each pass, the third objective function is defined coupling x
and y planes as before.

Function 3 (F3) = ∏
𝑖=𝑥,𝑦

(
5

∑
𝑖=2

∣𝛽𝑖−max − 𝛽𝑖+1−max∣)
1
2

(6)

Along with these objectives, two constraints are required
to control the first pass peak 𝛽 values:

𝐶1,2 = 𝛽1𝑠𝑡pass
(x,y), max − 60 m (7)

RESULTS AND DISCUSSION
Optimization of 10-pass NL lattice optics involves adjust-

ing 26 quadrupole fields (L02-L27), along with initial Twiss 
values. Reduction of the required computational time is a 
challenge in this optimization study.

Magnetic Field Variations
Solutions for the 30-variables were obtained by systemat-

ically increasing the variable numbers, population size, and 
generation number. Outputs of the Pareto front solutions 
were analyzed, and according to the outcomes, adjustments 
were made to the population size and number of genera-
tions. One difficulty with this approach proved to  be  the 
large computational time required.

The individual lattice settings obtained in the 30-variable 
search Pareto front were used in this study. Analysis of 
the quadrupole field variation of the Pareto optimal set is 
represented with box plots, and is shown in Fig. 4.
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Figure 4: Magnetic field variations in Pareto front individu-
als for N=500, gen. no=200.

Figure 4 shows the variations of the 26 quadrupole fields.
Most of the quadrupoles do not have a large variation, and
the upper and lower bounds for these magnets used to re-
duce the search space. This reduction allowed for use of a
smaller population, which lowered the generation number,
and decreased the computational time.

30-Variable Search Results
With the redefined parameters, a 30-variable search was

performed for different numbers of generation with a popu-
lation size of 500. The Pareto fronts obtained for different
generations are given in Figure 5. This shows that the Pareto
front converges as the generation number increases. The 225
generation search concluded with 42 individuals, whereas

Figure 5: Resulted Pareto fronts for N=500 with generations
225 and 250.

the 250 generation search ended with 51 solutions. Improve-
ment of the optics is observed with the comparison of optics
of Pareto front individuals. Figure 6 illustrates the optics
of the “best” individual from these 2 searches. At the first

0 500 1000 1500 2000 2500
0

50

100

150

200

250

0 500 1000 1500 2000 2500
0

50

100

150

200

y
x

(s
) [

m
]

s [m]

Figure 6: Optics of two best solutions from different
searches.

glance, both the solutions look similar, but there are some
slight differences in between them. Mirror symmetry in the
higher passes is preserved in the 225 generation case (top),
whereas the end values at the 2𝑛𝑑 pass goes to a minima there.
The 250 generation case (bottom) shows lower peak values
at the 2𝑛𝑑 pass. Determining the “best” solution without
compromising both requirements is non-trivial. Both of the
solutions for lattice settings obtained with these MOO-EA
search are acceptable.

CONCLUSIONS AND FUTURE WORK
Optics comparison of the Pareto front individuals of

search with 225 generations and 250 generations show the
proper mirror-symmetry 𝛽 variation for higher passes. The
first pass 𝛽 values vary with a maximum of 60 m, within the
constraints. The required population size can be reduced by
limiting the search space, leading to a reduction of computa-
tional time.

This optimized solution will be used for both the North
Linac and South Linac lattices. Using the optics from these
optimized lattices, the recirculating arcs can be re-scaled to
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match. Ultimately, a 10-pass beamline for ER@CEBAF can
be designed.
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