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CONTRIBUTION

The MACH-B (Multipole Accelerator Codes for
Hadron Beams) project is developing a highly-
scalable Fast Multipole Method [1, 2, 6] (FMM)-
based tool for higher fidelity modeling of particle ac-
celerators for high energy physics within the next
generation of FermilLab’s Synergia [3] software sys-
tem on heterogeneous architectures. By incorporat-
ing advanced, highly-scalable, high-performance and
generally-applicable FMM-based algorithms [6] for
accurately modeling space-charge effects in high in-
tensity hadron beams as well as handling singular ef-
fects near the beam pipe using advanced quadratures
with boundary integral approaches 7|, MACH-B en-
ables researchers to more accurately predict beam
loss. Further, by introducing an abstraction layer
to hide the complexities associated with the imple-
mentation and parallelization of FMM algorithms,
adding MACH-B implementations into Synergia re-
moves one of the key impediments to the adoption
of FMMs for the accelerator community.

CLASSIC PARTICLE SIMULATIONS

The majority of numerical approaches for accelera-
tor multiparticle tracking solve the macro-scale prob-
lem by employing Particle-In-Cell (PIC) (or Particle-
Mesh) methods [3, 4, 5].
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PIC methods are seen in simulations of particles that
are advected through some domain: it is a sensible
initial choice for the accelerator community. Other
common examples for these approaches include vor-
tex methods for simulating fluids and simulating
electrostatic fields for the summation of potentials
from charge distributions. These methods incorpo-
rate an Eulerian method for solving the necessary
equations and Lagrangian techniques to advect par-
ticles through the domain. The specific differences
in PIC methods are in how mesh values and particle
values are mapped back and forth.

NEEDS OF ADVANCED TOOLS

Space-charge modeling in high intensity hadron
beams for the accelerator community requires
scalable and high-fidelity algorithmic approaches,
possessing the following qualities:

e Inherently multiscale, handling a variety of particle,
field, and material distributions.

e Exploit locality to provide scientists with greater control
over near-field interactions.

e Reduce the expense of non-locality by decreasing the
computational expense of far-field interactions while in-
creasing efficiency and maintaining accuracy.

e Guarantee high accuracy where needed when smoothing,
macroparticles, or self-interactions are introduced.

e Handle a variety of complex geometries such that meth-
ods are extensible to complex geometries for solving
boundary-dependent problems.

FMMs possess all of these qualities and are

well-suited for computational particle acceler-
ator simulations.

FAST MULTIPOLE METHOD (FMM)

FMM computes the total field at target domain B
as the sum of (a) the field due to the sources con-
tained in its near field NP and (b) its far field
FB. The contributions from N? are computed di-
rectly using a dense summation, while the contri-
butions from FP are obtained by evaluating ap-
proximating expansion coefficients. These coeffi-
cients are constructed to achieve far-field low-rank
approximations at pre-specified levels of accuracy
for computationally-efficient and provably-accurate

methods: Q Q

FMM uses upward and downward passes on a hier-
archical tree structure, employing multiple operators
for converting various expansion (multipole and lo-
cal) coefficients to achieve optimal linear complexity.
Example from (2| for 2D data flow:

FMM RESULTS IN SYNERGIA

Using 32768 particles per grid cell (M) with p = 8
digits of requested accuracy in the FMM expansions,
we compare Synergia’s Hockney-based PIC solver as
interpolated from the grid to particle locations versus
MACH-B’s FMM tools incorporated into Synergia.

Parameter (M /p) | Relative error (PIC/FMM)
32/8 0.14089 / 2.65552 - 10~ "
64 /8 0.12279 / 2.65552 - 10~ "
128/8 0.0991695 / 2.65552 - 10~ "
256 /8 0.0656299 / 2.65552 - 10~ "

Comparing 3D STKFMM, 3D Hockney (Synergia)
and naive force computations on arbitrary point
clouds, the FMM preserves its accuracy regardless
of the particle distribution, whereas the PIC-based
methods, when macroparticles are absent, suffer
from significant numerical errors associated with in-
terpolation and finite differences.

BOUNDARY INTEGRAL SOLVER
MACH-B incorporates FMM-based boundary inte-

gral solvers based on the hedgehog software pack-
age |7], studying relative accuracy when evaluating
potential and gradient solutions to Laplace’s equa-
tion with Dirichlet boundary conditions (7op: po-
tential; Bottom: gradient):
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We studied the behavior of the boundary solver for
a cylinder with radius 0.5 and length 10. For a fixed

distance 0 and a point y on the discretized boundary,
we have the interior point s(y), s(y) = y—odn(y). We
considered an FMM accuracy of 1e—8 and increasing
levels of surface discretization (Number of patches).

Reservolir Laps

Number of patches
Kernel ) 168 672 2688
0.05 | 6.27 x 10" | 468 x 107° | 8.87 x 10"
Potential | 0.1 1.70 x 107° | 3.56 x 107°% | 6.54 x 107"
0.2 | 9.07x107°% | 1.79x107°% | 3.20x 10"
0.05 | 843 x 107 | 3.17x 107" | 5.84 x 10~ °
sradient 0.1 8.49 x 107° | 1.96 x 107° | 3.86 x 10°
0.2 | 553 x107° | 1.20x107° | 2.25 x107°
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EMBEDDED BOUNDARY SOLVERS

FMM tools allow us to solve advanced problems
in complex domains and shapes by combining two
problems they can handle well: (1) free-space
PDEs with inhomogeneous force distributions and
(2) homogeneous PDEs with complex geometries:
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In MACH-B, we model the potential of a single-
bunch, Gaussian distribution of charges within a
cylindrical conducting pipe. Approximated open
boundary conditions at the ends (when a source dis-
tribution is concentrated locally) are achieved by ex-
tending the length of the pipe. Results for the x-y
and x-z planes exhibit expected decay.
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