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Abstract 
New features of regenerative beam break up (BBU) in-

stability such as the typing of all high order dipole modes 
(HOMs) for each cavity by two classes one of them are 
stable and other ones are unstable, HOM effective quality 
factor depending on average beam current, and normal-
ized invariable threshold current individually characteriz-
es each HOM are investigated in this article in detail.  

INTRODUCTION 
A train of bunches passing through an accelerating 

structure can excite transverse deflecting modes through a 
longitudinal electric field which increases linearly off axis 
for such modes. For a low energy beam, the excitation 
can be strong enough to oscillate the beam significantly 
during transit through a single structure.  

Therefore, there can be closure of a feedback loop 
within a single structure: an excited cavity mode oscil-
lates a beam which in turn further excites the mode. Sta-
bility comes from the damping of the fields through wall 
losses and couplers and through transverse beam focus-
ing. This effect is known as regenerative beam 
breakup [1], and has a threshold current. Above threshold, 
there is exponential growth of the cavity excitation. 

In recent works dedicated to linacs and ERLs, e.g. [2] 
describing widely used well-known transfer matrix meth-
od, there applies simplified methods directly not taken 
into account regenerative BBU. Hereby, a linac contain-
ing different sections and periodic substructures with a 
given cavity spacing is modelled using a drift-kick ap-
proach. Point like bunches are tracked through the com-
plete linac. The particle velocity is assumed constant 
inside the cavity and the interaction between particle and 
cavity takes place in the cavity midplane [3]. We will 
show that in order to take into account regenerative BBU 
in such works the effective quality factor must be applied. 

In the article, authors widely used recent computation 
capabilities such as tracking code ASTRA [4] and EM 
field calculation code CLANS2 [5]. So, there is no need 
modelling of transverse beam momentums for each sub-
structure, so beam current independent Panofsky - Wenzel 
theorem [6] does not used there. Instead, we made BBU 
analyze in terms of transverse beam oscillations with 
using of the beam amplitude, phase, and frequency terms. 

BBU INSTABILITY KEY CONSTANT 
The BBU energy interchange is the transferring of a 

part of beam kinetic energy to stored RF mode field ener-
gy or vice-versa. Respectively, the beam is potentially 
unstable in the first case and is stable in the second case. 
Incidentally, some part of this energy is lost in the cavity 

wall and in external loads.  We recall that this energy 
transferring process is going on due to beam space-
modulations (transversal oscillations) with the HOM 
frequency. Instability comes if the power transfer from the 
beam to the cavity mode is higher than the power loss. 

To be a stable BBU process, the transferred average 
power (PBBU) from a beam to the HOM must be lower 
than the dissipated power (Ploss), i.e., РBBU ≤ Рloss. Such an 
approach has been considered by W. K. H. Panofsky and 
M. Bander in [7] and another author of works concentrat-
ed on the power balance method. 

We have to draw attention that only the average trans-
ferred power PBBU plays a role in the BBU instability. 
Each bunch arrives at a different phase of an HOM and so 
it can either gain or loss energy. If the bunch repetition 
frequency is not close to any (sub) harmonic of the HOM, 
PBBU depends on the average current only (or on the DC 
component of beam current), and not depends on the 
bunch repetition frequency. Even a DC current beam 
propagating through a cavity could be unstable [8]. 

The common BBU threshold current formula can be 
derived from the power balance in the system РBBU ≤ Рloss, 
where РBBU = -VBBU·I, and VBBU is an average energy gain 
(or loss) of beam particles in the HOM that is in units of 
Volts. I is the average beam current that is assumed al-
ways to be a positive value, Рloss = ω·U/Q, where ω is 
angular resonance frequency of the HOM, U is the stored 
dipole mode energy, and Q is the loaded quality factor of 
the HOM. By substitution we get  𝐼 ∙ 𝑄 ≤ 𝐼௧𝑄 ≡ − ఠ∙ಳಳೆ ≡ 𝐼ொ .   (1) 

We enunciate IQ is the key constant in BBU analysis 
that characterizes each HOM individually. There are 
HOMs with IQ>0 which represents the class of unstable 
HOMs. Equation (1) directly shows the way to suppress 
BBU instability via the quality factor damping Ith = IQ/Q, 
where Ith is the threshold current that is the function of Q. 
If we replace Q by Q = ω·U/Рloss in Eq. (1), we get  
IthVBBU = -Ploss, i.e., in accord with definition, the thresh-
old current is those beam current that ensures the value of 
the BBU energy interchange power to be equal to the 
losses power for potentially unstable modes (VBBU<0). 
Also, there are the class of stable HOMs (usually ignored) 
which have IQ<0.  

IQ is denoting as invariable threshold current. 

Fundamentality of Eq. (1) 
The IQ = constant assumes that averaged particle ener-

gy gain (or loss) VBBU always proportional to the stored 
energy of the RF mode or to the cavity field squared 
(U~E2). Thus, we have from Eq. (1) VBBU = -(ω/IQ)·U. 

RF longitudinal electric field of dipole modes scales 
approximately linearly on a displacement off-axis (y), i.e., 
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Ez(z,y) = y·E’z(z), where E’z(z) = ∂Ez(z,y)/∂y. It is as-
sumed the Y polarization that is independent of z. The 
averaged energy gain (or loss) VBBU could be obtained 
from Eq. (2) by integrating on all phases φ while the par-
ticle is moved along the trajectory y = y(z,φ) defined by 
the motion differential Eq. (3), where φ is the dipole field 
initial phase at the coordinate z = 0, and z = βct. 

𝑉 =   𝐸′௭ሺ𝑧ሻ ௬(௭,)ଶగ 𝑠𝑖𝑛(2𝜋𝑧 𝛽𝜆⁄ + 𝜑)𝑑𝑧 𝑑𝜑ଶగ  .    (2) 

𝑑(𝑑𝑦 𝑑𝑧⁄ ) 𝑑𝑧 = (𝑒 𝑚𝛾𝛽𝑐⁄ )⁄ 𝐵௫(𝑧)cos (2𝜋𝑧 𝛽𝜆⁄ + 𝜑),    (3) 

where β is the particle velocity normalized to the velocity 
of light c, λ = 2πc/ω, γ is the relativistic factor, Bx(z) is the 
X axis directed magnetic dipole field distribution. Without 
loss of generality, it can be assumed that γ be independent 
of z and z(t) = βct is the linear function of time t. 

A number of numerical simulations with ASTRA code 
made by authors [9, 10] have shown that it is the correct 
statement for common case where both the γ = γ(z) is 
changed due to an accelerating or decelerating main mode 
and even the polarization of oscillations is changed due to 
solenoid focusing fields. 

By definition, the rf electric field in a cavity (Ez) is pro-
portional to square root of the stored energy and the parti-
cle displacement (y) is proportional to the Bx field, i.e., y 
is proportional to square root of the stored energy. So, the 
integrating of Eq. (3) gives the proportionality to the 
stored energy or rather VBBU ~ (e/mγ)U. These results we 
have obtained without of exact solution of Eqs. (2) 
and (3). 

So, we have proved the fundamental feature of Eq. (1), 
i.e., IQ is the self-sufficing parameter individually charac-
terizing each HOM and completely describing the regen-
erative BBU instability. 

Normalized Invariable Threshold Current 
Let us define the normalized invariable threshold cur-

rent IQn that is independent of the beam particle properties 
as it is shown by the previous integration result (we as-
sume e>0): 𝐼ொ = 𝐼ொ ఊ .                               (4) 

Equation (4) is valid for γ≥2 with sufficient accuracy as 
it is numerically shown with a number of ASTRA simula-
tions, e.g., made for TESLA-type cavities by authors in 
Ref. [11]. So, the fundamentality remains valid on the 
range of all main accelerator facility applications. 

Numerical Calculations of IQ 
The numerical value of IQ in Eq. (1) can be calculated 

by a number of particle dynamic codes by tracking parti-
cles through the HOM field with low stored energy U and 
the frequency ω to obtain the energy gain (or loss) Ɛ(φ). 
Its first order approximation dependence on initial field 
phase (φ) is Ɛ(φ) = Ɛ0sin(2φ+2φ0)+VBBU [9, 10]. To obtain 
the averaged energy gain (or loss) VBBU it is sufficient to 

track particles at two different initial field phases φ0: 
φ1 = 0 and φ2 = π/2. The solution of system of equations 
Ɛ1 = Ɛ(φ1) and Ɛ2 = Ɛ(φ2):  𝑉 = (ℇଵ + ℇଶ) 2⁄  .                      (5) 

According to superposition principle, this solution is 
correct in a sum of all RF modes including the main ac-
celerating RF mode presented in the cavity. The energy 
gain (or loss) Ɛ(φ) in this case is equal to the beam energy 
adding component at the cavity exit that comes when the 
BBU analyzed HOM in the calculation to be appeared. 

EFFECTIVE QUALITY FACTOR 
To operate with polarized dipole modes let us introduce 

the new vector parameter F such that │F│≡ U1/2. F vector 
is directed along the EM force that is perpendicular to the 
magnetic RF mode field vector B and to the axis. 

Let us consider an initially displace modulated electron 
beam such that particles propagate parallel to the axis of a 
cavity with a dipole HOM. The averaged energy gain (or 
loss) VOSC could be described by Eq. (2) as this beam 
oscillation component is represented by 
y(z,φ) = A·sin(φ+θ), where θ is the phase difference be-
tween the beam displacement oscillation and B field 
phase of the dipole HOM, and A is the off axis maximal 
(or amplitude) displacement. 

Using Eq. (2) and the trigonometric identity 
sin(x+y) = sin(x)cos(y) + cos(x)sin(y), we obtain 
VOSC = V·cos(Φ)/4π, were V = (Ɛc

2+Ɛs
2)1/2 is the maximal 

energy gain of a single bunch propagating through the 
cavity. Here cos(Φ) = [1+Q2(ω/ω0-ω0/ω)2]-1/2, where Φ is 
interpreted as the oscillation phase shift relative to the on-
crest acceleration phase that appears due to a difference 
between the beam oscillation frequency and the mode 
resonance frequency ω0; Ɛc = 𝐴 𝐸′௭(𝑧) cos(2πz/βλ)dz, 
Ɛs = 𝐴 𝐸′௭(𝑧) sin(2πz/βλ)dz, were L is the cavity length. 

By definition, V = A·[2ω(RII/Q)U]1/2, where RII/Q is the 
conventional longitudinal coupling impedance of the 
dipole mode in terms of RLC circuits and in units of 
Ohm/m2. It follows that 𝑉ைௌ = −(�̅� ∙ 𝐹ത)ඥ𝜔(𝑅ூூ 𝑄⁄ ) ∙ 𝑐𝑜𝑠(Φ) 4𝜋⁄ , (6) 

where the polarization and the field direction are taken 
into account by the scalar product of vectors A and F. 

There must be a limitation on VOSC values to ensure a 
high accuracy of Eq. (5) since Eq. (1) was derived with-
out taking into account of VOSC. For the results of Eq. (5) 
to be accurate we must require |VOSC| « |VBBU|. Using 
Eqs. (1) and (6), we get 𝐴 ≪ ସగหூೂห ට ఠோ ொ⁄  .                             (7) 

On the basis of power balance, the differential equa-
tion: -VBBU·I – VOSC·I = Ploss + ΔU/Δt be the case. Insert-
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ing expressions Ploss = ωU/Q, Eqs. (1) and (6), and inte-
grating the mentioned balance equation, we get: 𝐹(𝑡) = 𝐹 ∙ 𝑒𝑥𝑝 −𝜔𝑡2𝑄 + 𝐴4𝜋 𝐼𝑄ඥ(𝑅ூூ 𝑄⁄ ) 𝜔⁄ × 

൬1 − 𝑒𝑥𝑝 ିఠ௧ଶொ൰,                      (8) 𝑄(𝐼) = 𝑄 ൫1 − 𝐼 ∙ 𝑄 𝐼ொ⁄ ൯⁄ ,                   (9) 

where Fo and Ao are the vector values of initial dipole 
mode field and initial beam oscillation respectively. 

 Here we consider Φ=0, i.e., oscillations are in reso-
nance with the mode. We have introduced here the new 
parameter Qeff presented in Eq. (9) that naturally describes 
this energy interchange process. If Qeff is diminished 
while the beam current is increasing then the mode is 
stable and if 1/Qeff is diminished then it indicates poten-
tially instable modes that become absolutely instable at 
1/Qeff<0. 

Equation (8) describes the regenerative BBU instability 
process. Without of the beam (I = 0), Eq. (8) describes 
usual process of decaying field oscillations in a cavity and 
for I≠0 it is the usual excitation process of the cavity by a 
current I. If the dipole mode is potentially instable (IQ>0) 
and the beam current is large than the threshold one 
(I>Ith = IQ/Q) then the dipole mode field growth exponen-
tially in time. 

EXPERIMENTS 
By using Eq. (8) we have obtained [12] the equation of 

effective quality factor for ERL machine cavities as 

𝑄ாோ = 𝑄 ൬1 − ூொூೂಶೃಽ − ூொூೂೃಶಸ൰ൗ ,                 (10) 

where the invariable threshold current for ERL machines 
IQ

ERL is obtained from conventional one given by [2] 𝐼ொாோ = 𝐼௧ாோ ∙ 𝑄 = ଶ್(ோ఼ ொ⁄ )∙ெ∗∙௦(ఠ்),            (11) 

where Vb is the beam voltage, k = ω/c, R┴/Q is the trans-
verse impedance in units of Ohms, M* is full 4x4 transfer 
matrix that has been used to take into account coupled 
transverse motion, T is the period of the ERL machine. 
We denote all conventional ERL values by ERL index and 
regenerative threshold in the ERL cavity by REG index. 

If Q is a constant in experiments, Eq. (10) simplifies to 

𝑄ாோ = 𝑄 ൬1 − ூூಶೃಽ − ூூೃಶಸ൰ൗ .                 (12) 

This assumption of Eq. (12) without of the last term is 
derived and proved experimentally [2]. But unfortunately, 
in these experiments the BBU effect in separate cavities 
does not taken into account (is assumed to be Ith

REG → ∞). 

CONCLUSION 
 Quality factors of all dipole HOMs identically de-

pends on a beam current. We have in mind only aver-
age beam current or its DC component. 

 This dependency includes a key constant parameter 
for each dipole HOMs individually found for each 
considered cavity and named as invariable threshold 
current IQ. 

 All dipole HOMs are divided by two classes one of 
them are stable HOMs with IQ<0 and another one is 
potentially unstable HOMs with IQ>0. 
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