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Abstract 
We present the results of modifying our coherent optical 

transition radiation interferometry (COTRI) model's treat-
ment of the perpendicular polarization of OTR, Iperp. Our 
previous analytic approximation for Iperp was for beam di-
vergences, 𝜎௬ᇱ<< 1/γ where γ is the Lorentz factor and 𝜎௬ᇱ  
is the rms y-component of the beam divergence. We have 
replaced our analytical form with a Gaussian quadrature 
for the convolution of Iperp with the divergence in theta-y. 
This extends the range of divergences we reliably model to 𝜎௬ᇱ  > 1/ γ. Ipar, the parallel polarization in the model, is 
unchanged. Iperp is polarized along the y-axis and is pro-
portional to the square of the y-component of the beam's 
velocity distribution. We illustrate our results with two 
cases: 1) beam energy E=1 GeV, OTR wavelength 
633 nm, Q=235 pC, microbunching fraction, bf=1%, rms 
divergences 𝜎௬ᇱ  of 0.1-0.7 mrad, and rms beam sizes 2, 10, 
and 30 µm; 2) E=375 MeV, wavelength 266 nm, 
Q=300 pC, bf=10%, rms divergences of 0.1-0,7 mrad, and 
rms beam sizes of 10, 25, 50, and 100 µm. We will present 
two cases which would be of interest for the diagnostics of 
laser plasma accelerator beams and pre-bunched FELs, re-
spectively. 

INTRODUCTION 
The model for COTR interferometry (COTRI) was first 

developed for the SASE-FEL-induced microbunching case 
[1, 2]. In one classic case, microbunching fractions reached 
20% at saturation of a self-amplified spontaneous emission 
(SASE) FEL resulting in gains of 106 at 530 nm [2]. In that 
experiment the concomitant z-dependent gain of coherent 
optical transition radiation (COTR) was also measured at 
the >105 level. Microbunching at visible wavelengths in 
laser-driven plasma accelerators (LPAs) had been reported 
previously [3, 4], but it has only recently been measured in 
near-field and far-field OTR images on a single shot [5, 6] 
with significant COTR enhancements > 105. Extensive far 
field COTRI fringes out to 30 mrad in angle space were 
produced by the micron sized LPA beams.  

For application to LPAs, the diagnostic model was im-
proved by adding the capability of incorporating into the 
coherence function two different beam transverse profiles 
at the two interferometer foils in order to evaluate COTRI 
from the micron sized LPA beams [6]. These very small  
 
 

 

sizes necessitated that we include the relatively significant 
change in size due to divergence as the beam transits the 
interferometer. In the present paper we show how we 
enhanced the treatment of the perpendicular polarization 𝐼  
by replacing an approximate expression for 𝐼ୄ, valid for 
beam divergences much less than 1/γ, by an exact 
numerical evaluation of the convolution of the beam 
divergence distribution functions into the OTR expressions 
for 𝐼  .   

COTRI MODEL 
The COTRI diagnostic technique employs the Wartski 

interferometer to generate OTR interference patterns 
which are sensitive to beam divergence and energy, as well 
as to the radial and longitudinal beam distributions, in 
particular for the microbunched beams producing the 
coherent OTR of interest here. 

Figure 1: a) Wartski interferometer [7, 8]. b) schematic of 
the far field OTR interference pattern defining the  I∥ and Iୄ polarizations for a scan of the image along θx, noting that θଶ ൌ  θ୶ଶ ൅  θ୷ଶ. 

Figure 1a) shows the two foil Wartski OTR 
interferometer having foils at 45º to the beam axis and with 
spacing L. The forward directed OTR from the first foil is 
reflected off the back of the second foil and interferes in 
the far field as depicted in Fig. 1b) which defines the 
parallel and perpendicular polarizations for a scan along 
the 𝜃௫ axis.  

To proceed we specialize the COTRI model to the 
discussion of the treatment for perpendicular polarization. 
The number 𝑊ଵୄof perpendicularly polarized OTR 
photons that a single electron generates per unit frequency 
ω per unit solid angle Ω from a single foil is ௗమௐభ఼൫ఏೣ,ఏ೤൯ௗఠௗఆ ൌ  ௘మħ௖  ଵగమఠ  𝛽ୄ ଶ |𝑟 |ଶ ଵ൫ఊషమା ఏమೣା ఏ೤మ൯మ  ,       (1) 

where |𝑟 |ଶis the reflection coefficient for perpendicularly 
polarized OTR reflected from the second foil. 
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The COTRI model, incorporating Eq. (1) for 
perpendicular polarization becomes, ௗమௐ఼ௗఠௗఆ ൌ  ௗమௐభ఼ௗఠௗఆ  ሾ𝑁𝑰ሺ𝒌ሻ ൅  𝑁௕ ሺ𝑁௕ െ 1ሻ𝑱ሺ𝒌ሻሿ ,    (2) 

where NB of the total number N are microbunched, i.e. the 
bunching fraction, bf = NB /N. I(k) is the expression for the 
interference of the OTR from the first and second foils of 
the interferometer, given by 

              𝑰ሺ𝒌ሻ ൌ 4 sinଶሾ௞௅ସ ൫𝛾ିଶ ൅  𝜃௫ଶ ൅  𝜃௬ଶ൯ ሿ ,       (3) 

where  𝑘 ൌ |𝒌| ൌ 2𝜋 𝜆⁄ . Peaks of I(k) occur at angles 𝜃௫ଶ ൅ 𝜃௫ଶ ൌ  ଶఒ௅ ሺ𝑝 െ 𝑝଴ሻ, where 𝑝 ൌ 1 2,  3 2⁄⁄ … and 𝑝଴ ൌ  𝐿/ሺ2𝜆𝛾ଶ ሻ. For good sensitivity to divergence p0 
should be of the order of unity. The coherence function J(k) 
in Eq. (2) can be defined as 

      𝑱ሺ𝒌ሻ ൌ  ൫𝐻ଵሺ𝒌ሻ െ 𝐻ଶሺ𝒌ሻ൯ଶ ൅  𝐻ଵሺ𝒌ሻ𝐻ଶሺ𝒌ሻ𝑰ሺ𝒌ሻ , 
where 𝐻௝ሺ𝒌ሻ ൌ 𝜌௝ሺ𝒌ሻ 𝑄⁄ ൌ 𝑔௝ሺ𝑘௫ሻ 𝑔௝൫𝑘௬൯ 𝐹௭ሺ𝑘௭ሻ,  for a 
microbunch of charge distribution ρj(x) and total charge Q, 
with j = 1, 2. Here we have introduced two microbunch 
form factors, H1 and H2 , to account for the increase in 
bunch radius from the first to the second interferometer foil 
due to beam divergence. Each 𝐻௝ሺ𝒌ሻ is a product of Fourier 
transforms gj(ki)=exp(-σi

2ki
2/2) of transverse (i=x,y) charge 

form factors (with 𝑘௜ ൎ 𝑘𝜃௜), and of longitudinal form 
factor Fz(kz) = exp(-σz

2kz
2/2), with kz ~ k since θ << 1.  

If J(k) <<1 or NB→0, only the incoherent OTR term (∝ 𝑁) 
remains in Eq. (2). 

Now we will discuss the origin of Eq. (1) above for 
single particle OTR. The square of the perpendicularly 
polarized amplitudes for forward OTR from the first foil 𝑿෡ୄand the backward OTR from the second foil 𝑨෡ୄ are 
given by [8] ห𝑿෡ୄหଶ ൎ 𝛽ୄ ଶ ቈ 4ሺ𝛾ିଶ ൅ 𝜃ଶሻଶ ൅ 4𝑅𝑒ሺ𝑟ᇱ ሻሺ𝛾ିଶ ൅ 𝜃ଶሻሺ1 െ 𝛽 𝜃ሻ ൅ |𝑟ᇱ |ଶሺ1 െ 𝛽 𝜃ሻଶ቉ ห𝑨෡ୄหଶ ൎ 𝛽ୄ ଶ ቈ 4|𝑟 |ଶሺ𝛾ିଶ ൅ 𝜃ଶሻଶ ൅ 4𝑅𝑒ሺ𝑟 ሻሺ𝛾ିଶ ൅ 𝜃ଶሻሺ1 െ 𝛽 𝜃ሻ ൅ 1ሺ1 െ 𝛽 𝜃ሻଶ቉ 
where the reflectivity of the first and second foils are given by |𝑟ᇱ |ଶ and |𝑟 |ଶ, respectively and 𝛽ୄ is the perpendicular 
component of the beam velocity 𝑣⊥/𝑐 .  The first terms in 
the equations above are of order γ4  and the second term is 
of order γ2, so we keep only the first term since γ>>1. 
Noting that the OTR from the first foil is reflected by the 
second foil we see that |𝑟 |ଶห𝑿෡ୄหଶ ൌ ห𝑨෡ୄหଶ, to highest order, 
so we obtain the result which is Eq. (1) above, 

   ௗమௐభ఼ሺఏሻௗఠௗఆ ൌ  ௘మħ௖  ଵସగమఠ  ห𝑨෡ୄหଶ ൎ ௘మħ௖  ଵగమఠ  𝛽ୄ ଶ |௥఼ |మ൫ఊషమାఏమೣାఏ೤మ൯మ . 
Thus, the amplitudes for OTR from the first and second 

foils in this approximation factor out of the interference 
expression I(k) in Eq. (3). 

The formal convolution of Eq, (1) with the angular 
distributions of β modeled as normalized Gaussian 
distributions in x-angles x and y-angles y is expressed as 

〈𝑑ଶ𝑊ଵୄ൫𝜃௫,𝜃௬ ൌ 0൯𝑑𝜔𝑑𝛺 〉 ൌ   𝑒ଶħ𝑐  1𝜋ଶ𝜔𝛽ଶ|𝑟 |ଶ 12𝜋𝜎௫ ᇱ 𝜎௬ᇱ   ൈඵ𝑑𝛼௫𝑑𝛼௬ 𝑒ିఈೣమ ଶఙೣ ᇲ൘  𝑒ିఈ೤మ ଶఙ೤ ᇲ൘  𝛼௬ ଶ ൣ𝛾ିଶ ൅  ሺ𝜃௫ െ 𝛼௫ሻଶ ൅  𝛼௬ଶ൧ଶ  . 
 

where we replaced 𝛽ଶୄ by 𝛽ଶ𝛼௬ଶ in Eq. (1). This 
convolution is now done numerically. Our previous 
approximate expression for the convolution over y  valid 
for 𝜎𝒚ᇱ<< 1/γ involved replacing the fraction in the integral 
above by ൫𝛼௬൯ଶሾ𝛾ିଶ ൅  ሺ𝜃௫ െ 𝛼௫ሻଶሿଶ → ൫𝜎௬ ᇱ ൯ଶሾ𝛾ିଶ ൅  ሺ𝜃௫ െ 𝛼௫ሻଶሿଶ  , 
where the r.h.s. above shows the result of the y  integral. 

APPLICATION OF NEW COTRI VERSION 
Here we will compare the results of the numerical 

convolution for 𝐼  with the previous approximation valid 
for 𝜎𝒚ᇱ<< 1/γ. First we will show a beam parameter set 
relevant to LPAs [6]. 

 

Figure 2: Comparison of a) numerical and b) approximate Iୄ for a case relevant to LPA diagnostics with parameters 
E=1 GeV, 1/γ=0.5 mrad, L=50.8 mm, λ=633 nm, beam 
divergence σ’x,y=0.7 mrad, rms beam radii at 
foils #1 and #2 of 10 µm and 36.9 µm, total 
charge=235 pC, and bunching fraction=1% . Note  σ’y>1/γ. 

We see that the approximate treatment  exaggerates the 
contribution of  𝐼  as compared to the numerical approach, 
which exhibits a two peaked  𝐼  for this divergence value. 
Also, there are strange oscillations at the peak of  𝐼  
coming from the use of the approximate integrand for the 
x convolution. Note that 𝐼∥ is unchanged in 
Figs. 2a) and b) as one would expect. In practice the 
numerical convolutions in x and y are applied to the 
entire COTRI model, Eq. (2). 
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Next, in Fig. 3, we show 𝐼௧௢௧௔௟ ൌ 𝐼∥  ൅ 𝐼  for the same 
beam parameters as in Fig. 2, except that the beam 
divergences range from 0.1 to 0.7 mrad, as compared to 
1/γ=0.5 mrad. The valley around θ=0 is considerably more 
filled-in for the case of the approximate 𝐼  in Fig. 3b), 
especially for the larger divergences. The lowest two 
divergences are similar in Figs. 3a) and b). 

 
Figure 3: Plots of  I୲୭୲ୟ୪ ൌ I∥  ൅ Iୄ using a) the new 
numerical Iୄ and b) the approximate Iୄ , having beam 
parameters as in the previous slide, except divergence 
σ’

y=0.1, 0.3, 0.5, and 0.7 mrad, and  the beam radius at foil 
#1 is 30 µm. The beam radius at foil #2 varies with 
divergence. Note the different θ-scale in b). 

Figure 4 illustrates the application of COTRI to cases of 
potential interest for pre-bunched FELs, where 
microbunching diagnostics of modulator output with very 
high bunching fractions could be employed, consequently 
yielding large gains in the coherent OTR. Figure 4a) shows  𝐼௧௢௧௔௟ for two beam sizes, σx,,y =10 µm and 100 µm. The 
divergence 𝜎௫,௬ᇱ =0.1 mrad was the same in both cases. The 
smaller beam radius produces coherent OTR radiation out 
to relatively larger angles because the coherence factor is 
large there and several interference fringes are seen.  In the 
larger beam radius case coherent radiation is suppressed, 
except at very small angles near θ=0. Note that the two 
examples in Fig. 4a) are normalized to unity here so the 
actual coherent intensities in these two plots can’t be 
compared directly. For example the relative level of COTR 
in the valley of the 100 µm is distorted by the 
normalization as compared to the 10 µm case. The COTR 
gains for these parameters were ~106. Figure 4b) shows a 
set of COTRI plots, all for a beam size of σx,y =10 µm. 
The effect of divergence on the far field interference 
pattern is clearly demonstrated there.  

CONCLUSIONS 
Optical transition radiation based diagnostic techniques 

provide valuable information on beam properties. Near 
field imaging gives beam size even to the order of microns, 

while the far field COTRI technique measures the beam 
divergence in both x- and y- angles using polarized OTR. 
Thus, beam emittances can be determined when at a beam 
waist. The far field gives information on the angular 
trajectory of the beam. Both near- and far-field imaging 
give information about the bunching fraction of 

Figure 4: Plots of I୲୭୲ୟ୪ ൌ I∥  ൅ Iୄ for a) two beams with 
sizes σx,y=10 µm and 100 µm, both with divergence 
σ’x,y= 0.1 mrad, and b) beams all with size σx,y=10 µm  
and divergences σ’x,y= 0,1, 0,3, 0,5 and 0.7 mrad. The 
common parameters used in a) and b) are E=375 MeV, 
1/γ=1.36 mrad, L=63 mm, λ=266 nm, total 
charge=300 pC, and bunching fraction=10%. 

microbunched beams from the coherent OTR gain. These 
techniques have been successfully used for FEL and laser 
plasma accelerator beam diagnostics. The examples shown 
here indicate that COTRI would be of interest for pre-
bunched FEL diagnostics also.  The new numerical 
treatment for the perpendicular polarization of OTR 
enlarges the range of beam divergences that can be 
accurately modeled to σ’x,y > γ-1. 
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