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Abstract Table 1: Parameters of Lattice

There were both theoretical studies and simulations on the Parameters Value Units
effects of RF modulation on bunch lengthening in electron
storage rings. Nevertheless, the increase of bunch energy Circumference 454.0665 m
spread would happen in the meantime, which may limit Energy 6 GeV
the potential applications of the RF modulation technique. Total RF Voltage 8 MV
We believe that the comprehensive studies of the paramet- Momentum Compaction
ric resonance induced by RF modulation are necessary for Factor 3.6803e-3 -
understanding the physics picture better and seeking new ap- Synchronous Phase Angle 149.8359 degree
plications of this technique. The studies on the third-integer Radiation Damping Time
RF phase modulation would be presented here. We derived To Ty Tz 4.52,4.52,2.26 ms
the longitudinal modulated Hamiltonian and various param- Primary RF Frequency 499.8 MHz

Harmonic Number 757 -

eters, such as the fixed points, island tune, which could be
confirmed by simulations. Furthermore, the dependence
of the bunch parameters, such as energy spread and bunch
length, on the modulation settings was also discussed in this

paper.

INTRODUCTION

Obtaining higher density bunches with smaller emittances
has been one of the goals pursued with the ongoing develop-
ment of synchrotron radiation light sources. Lengthening the
bunch length is an effective method to reach the goal [1,2].
And there are studies to prove that the RF modulation is a
valid way to lengthen the bunch theoretically and verified by
simulations [3—8]. To date, there were some experimental
studies carried out to research the influence of RF modu-
lation on the beam in a number of synchrotron facilities,
such as LNLS [9, 10], KEK-PF [4, 5], SRRC [11, 12] and
PLS [13].

Diffraction-limited storage rings (DLSRs), as the frontier
of the synchrotron light source, has meet many challenges,
one of which is the pursuit of small emittances, which results
from stronger focusing. However, stronger focusing usually
corresponds to stronger nonlinearity in the lattice, which can
make dynamic aperture (DA) optimization very challeng-
ing [14]. The on-axis swap-out injection scheme [15, 16]
is considered to meet the constraint of DA in HEPS [17].
When injecting the full-charge bunches, the injection effi-
ciency will reduce due to the injection transient instabil-
ity [18, 19]. There is paper suggesting that applying RF
modulation to booster was useful to suppress the instabil-
ity [1,2,17]. Although the injection efficiency increased with
second-integer modulation, the improvement of efficiency
was unstable. The third-integer RF modulation is valuable
to further study.
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The paper mainly focused on the beam dynamics while
applying the third-integer RF phase modulation. The used
lattice parameters were shown in Table 1. The paper was or-
ganized as follows. In Section 2, the modulated synchrotron
Hamiltonian was derived. In Section 3, the expressions of
fixed points and island tune were given analytically. In Sec-
tion 4 the parameters were obtained based on the expressions
in Section 3 and verified with simulation results. And the
dependence of bunch length on modulation parameters was
also studied. The conclusion was given in Section 5.

LONGITUDINAL HAMILTONIAN

According to the knowledge in “Accelerator Physics” writ-
ten by S. Y. Lee [20], the longitudinal equations of motion
were given by

¢5=a) —38%,

STl 8* = w,(sing —sin ¢,),

ey
where v, and w, were the synchronous tune and angular fre-
quency, and n was the phase-slip factor, and §* = Al P=bo)

Vs  Po
and & was the harmonic number, and ¢ was the synchronous

phase angle.

When applying RF phase modulation, the perturbed syn-
chrotron equations of motion with 7 > 0 could be written
as

¢ = w8%, 8* = wy[sin(¢ + A,, sin w,,t) — sin ¢].

2
And the modulated Hamiltonian is

Hy = %6*2 +w,[cos(p+A,, sinw,t)+(p—¢,) sing,].

3
By using the action-angle variables (J, y) defined as
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—V2Jsing,  Ap=¢-¢,=

the perturbed Hamiltonian is given by

\/Z_Jcos v,

H(J,y) = wJsin’ y
+ w[cos ¢, cos(\/Z—Jcos v+ A, sinw,t)
—sin ¢y sin(\/Z_Jcos v +A,sinw,,!) @
+ \/Z_Jcos W sin ¢ ].

With the help of the Bessel expansion , under the assump-
tion of ¢ = o, the H(J, y) can be expanded to

H(J,y) = wJsin’> y

— w,[Jo(V2]) + i(—
k=1
_Am i(_

D g1 (V2J) sin(@,,t + (2k + Dy)].
k=0
)

DA (V2J) cos (2ky)

Considering the third-integer resonance (k=1), and using

approximate expression JO(\/ZI) ~ 1-J/2+J?%/16, the
modulated Hamiltonian became

2
H(J,y) = wSJsinzy/ - ws(1- % + ‘{_6)
+ g Y (DR (V2D cos(2ky)  (6)
k=1

— w,A,J3(N2J) sin(w,,t — 3y).

Then a new canonical transformation was obtained by the

generating function [7] F, (J, ) = (y — 22 t Z)J, where
J=J,y= l//—w’"t—%.
So the time-averaged Hamiltonian was
7 72
(2J)% @
- WA, —o— a3 cos(3y) —
PHYSICAL PARAMETERS ANALYSES
Fixed Points

The fixed points can be obtained by following conditions:
dl 0K, _

@ ay _
dt ~ 0y B

’ dt

K,

p ®)
aJ

K . . .
(;j’ = 0, by solving a quadratic equation

with respect to \/Z—f we can get

= A,cosBy) A, 64
JZ_J——Ti > J1+A2(1

Omy (9

Wy

7~ = 0, we can get sin(3y) = 0, ¢ =
nir /3, wheren = 0, 1, 2, ---. Because K, goes to infinitesimal
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as \/Z_jgoes to infinity, y = /3, 71,55 /3, whencos(3y) =
—1 to make K, have a maximum. So we can get that

Am Am
74‘7\114‘

64 W,
A_%,L(l_w_s)’

[\
S
Il

10)

where A,,, > 0. Finally, the three stable fixed points are (for
W =um/3,m,57/3)

A
5*=7m(1+R), ¢ =0,
5*:—%(1+R>, ¢:—‘/§f”’(1+R), an
* Am _ ﬁAm
S __T(1+R)’ ¢_ 4 (1+R)9
wherethe R = 4|1 + %( w'”) and A,,, is the modulation

amplitude. The unstable fixed points can also be calculated
in the same method.

The comparison between the predictions of the theoretical
model and simulation results would be discussed in section 4.

Island Tune

The island tune is defined by f;;,,4/f0, Which is a im-
portant property for a rotate system. Here the f; ., is the
frequency that a particle revolves around a SFP in the res-
onant precessing frame. In order to get the island tune, we
need to expand the phase space coordinates around a fixed
point of the Hamiltonian. That’s

6, = \/Z—jCOSlf/ - ‘IZjSFPCOS lpSFP’ (12)
¢, = —\/Z_jsin l[~/ + \ 2‘7SFP sin IPSFP'
Substituting Eq.(12) into K,(J, ), the new Hamiltonian

becomes
K, (8, ¢") = —6 + 2¢'2 + High-order terms,  (13)
where
3J.
A=w- % - ;FP wsCOSZVNISFP
. V2T,
—=E QY. SIHZV/SFP SFPAmws COS W sp
8 o 8 (14)
1) »
B=w- Tm - %FP C‘)SSIHZV/SFP
J V2Jsrp _
Sé:P&) COS l//SFP+ 3 Am&)SCOS YSFp-
So the small amplitude island tune was Q;/una = a’fﬂf.

SIMULATIONS

In this section we present a comparison between the pre-
dictions of the theoretical model and simulation results. In
order to get a better insight of the behavior of the bunches
under phase modulation, a longitudinal dynamics simulation
code was developed.
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Cross Check with SFP and Q

Using the pelegant [21] simulation code, in the condi-
tion of Table 1, Under the condition that the modulation
amplitude is 40°, modulation frequency 2.75 wy, the phase-
space distribution of the particles in a single bunch of 10000
macroparticles is shown in Fig. 1, which is in good agree-
ment with the ones calculated using the Hamiltonian K.

In particular, the positions of the resonant island centers
are corresponded to the stable fixed points, and the confor-
mity can be reflected in the Fig. 1.

island

5(normalized energy spread)

2 B o
,(normalized bunch length)

Figure 1: Comparison between particles distribution and
K-constant contours. The blue points represent particles
in normalized phase space, and the rad curves are the K-
constant contours in different Hamiltonian, and the asterisks
represent the results of SFPs calculated by theoretical model.

Under the condition that the modulation amplitude
is 35°, modulation frequency 2.75 wy, the island tune

Qistana = 0.09127Q;.
Based on the parameters in Table 1, the synchrotron tune

_ |HaeVcosp, s
= ‘, o pE S 0.02261. That’s to say

Oisiana = 0.09127Q = 2.0634 x 1073, (15)

]

After analyzing the simulation results obtained by Elegant
program with naff program, the undisturbed synchrotron
tune Q; is equal to 0.02256. Under the modulation above,
the disturbed synchrotron tune Q ;;su.,-peq is €qual to 0.02069.
So the difference between Q; and Q y;s1urbed 1S

AQy = Qs — Quisturpea = 1.8706 x 1073, (16)
The relative difference between Q4,4 and AQ; is 9.344%.

Dependence of Bunch Length on Modulation Con-
ditions

We also simulate the dependence of the beam length and
energy spread to the modulation frequency in different mod-
ulation amplitude while sweeping the modulation frequency
slowly.

Figure 2 shows how the bunch length changes with modu-
lation frequency in different modulation amplitude. The
figure indicates that the beam length increases first and
then decreases, as the modulation frequency increases. Fur-
thermore, When the modulation amplitude was raising, the
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modulation frequency corresponding to the maximum beam
length decreases gradually. For example, when the modula-
tion amplitude are 24 deg, 28 deg and 36 deg, the modulation
frequency for maximum beam length are 2.86 wg, 2.82 wy
and 2.72 wy.

Figure 2: Bunch length vs. the modulation frequency. The
difference color curves represent the different modulation
amplitude.

As for the energy spread, it has the similar change rules
with bunch length, which shown in Fig. 3.

Modulation frequence (u,)

Figure 3: Energy spread vs. the modulation frequency. The
difference color curves represent the different modulation
amplitude.

CONCLUSION

In the paper, we have shown theoretical and simulation
results, when the RF phase modulation on the third harmonic
of the synchrotron frequency is used. And simulations indi-
cate that the phase modulation can lengthen the bunch length
successfully. However, the energy spread is also increased,
which will result in the strong beam collective effects.
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