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Abstract

Solenoid magnets can provide strong transverse focusing
to electrons and ions with relatively small energies. For the
ECR heavy-ion source, the ions are extracted at the central
area of the solenoid, the beam is coupled at the exit of the
source. The coupling caused by the solenoids can lead to the
growth of projected transverse emittance, which has been
widely studied with great interest. It is important to study the
transfer matrix of a half solenoid to study the beam optics in

an ECR souce, thus the property of the beam can be given.

Based on the transfer matrix calculation, the summary of the
linear transfer matrix of a half solenoid can be given. The
beam optics in a half solenoid is studied.

INTRODUCTION

Solenoid magnets can provide strong transverse focusing
to electrons and ions with relatively small energies. They
have been used in the electron guns and the heavy ion sources
[1-3]. the solenoids are also used to introduce transverse
coupling [4]. The coupling caused by the solenoids can lead
to the growth of projected transverse emittance, which has
been widely studied with great interest.

In accelerator physics, the most commonly used solution
in the form of transfer matrix for the calculation of the beam

optics in solenoids can be found in [5] with hard-edge model.

It is also reformed in [6]. To study the influence of the fringe
field of the solenoids, delta fringe and linear fringe cases are
considered [7,8]. Also, an analytic approach for nonlinear
beam dynamics in solenoids has been performed in [9].

For the ECR heavy-ion source, the ions are extracted at
the central area of the solenoid, the beam is coupled at the
exit of the source [3]. It is important to study the transfer
matrix of a half solenoid to study the beam optics in an ECR
souce, thus the property of the beam can be given.

In this paper, the summary of the linear transfer matrix of
a half solenoid is given. The beam optics in a half solenoid
is studied.
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BASIC DEFINITIONS

The beam matrix is used to describe the beam. The beam
matrix is symmetric with ten independent variables,
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The four-dimensional RMS emittance is g4p =
projected rms emittances in x plane is £, = ‘[det(a”), and

projected rms emittance in y plane is ¢, = ‘}det(ayy).
The beam matrix at s, can be calculated by transfer matrix

R from s, to s, and the beam matrix at sy,

¥ (s,) = RZ(s)RT. 2)

If R obeys the symplecticity condition [10, 11], g4p is
conserved. The transfer matrices of most linear elements
obey the symplecticity condition. It is important to study
the trans-fer matrix for the beam dynmaics study.

APPROACH TO TRANSFER MATRIX
OF A HALF SOLENOID

To study the beam optics in the ion source, the transfer
matrix of a half exiting solenoid is needed.
Traditional Formulation

The transfer matrix for a hard-edge solenoid can be solved
as [9]

M(L*107) =
cosZ ® ﬁ sin20 % sin20® % sin> @
-ksin20 cosZ ® —ksin?® Llsin20 ©)
—5sin20 —% sin?®  cos?2® 57 5in20 ’
ksin® © —% sin20 —% sin20 cosZ ®

where ® = kL, k = B,y/2[Bp], [Bp] = mcBy/q, and
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The transfer matrix can be resolved as

M(L+|0_) = KoulMsKin’ (5)
where
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Thus, the transfer matrix of a half exiting solenoid can be
solved as

M(L*IL/2) = KouMhpas - %)

Besides, the transfer matrix of a half exiting solenoid
can ce solved from the half entering solenoid. The transfer
matrix of the half entering solenoid is

cos? (; ﬁ sin ® % sin ® }( sin? g)
ksin® cos ©® kcos ® sin ®
M(L/2(07)= fsin 0 -Lsin?2 022 Lsin®
2 % 2 2 2k
—kcos® —sin® —%sin@ cos® )
3

As the magnetic field is symmetric, we can immediately
write out the transfer matrix of the half exiting solenoid
using the property of T-symmetry [9]:

M(L*IL/2) = IM(L/2/07)J., (%)
100 0
0 10 0

=10 01 of )
0 0 0 -1

thus the transfer matrix of the half exiting solenoid can be
obtained,

1 ﬁ sin ® 0 % sm2 %

0 cos2@ -k 1sin®
M(L+|L/2) = 1 .20 % B (10)

0 -z sin” 5 1 ne®

k —% sin ® 0 cos @

which is same as Eq. (7).

Reformulation

The formula in [5,6] is used to claculate the transfer matrix
from z; to z; in the solenoid:

M (z1120) = Ry "Ly-Rg' = M,(21120)-ML (21120)-M; ' (2ol20)

(1D
R; = M, is the transform between the laboratory and Larmor
frames at coordinate z;, and L; = M, is the Larmor-frame

transfer matrix from z;_; to z;, Az = z; — z;_1. The expres-
sions are
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(P -0 _(Fi O
Ri_(Qi Pi)’Li_<0 Fi)’ (12

where

P - cos @, 0 0, = sin 0, 0
7\ -0/;sin0,; cosd, ) <" \0/ cosh,; sinb,)

Fo— cosOp; sin @y ;/ky;
_kLi sin HLi COS GLZ' ’

0, = - fz dzB.(2) /2[Bp],
0', = —k,; = -B.(z;)/2[Bp],

1
kLi = 2[Bp J‘ dZBz(Z)

HLi = kLiAZ'
(13)

Thus the transfer matrix from z; to z,, in the solenoid can
be obtained based on slicing model:

M (z,lz0) = l_[R LR\ =R, ]"[L Ry

i (PnnFl-Po 0 TIFQ0 PuT1FiQ0 - QnHF,-Po)
QnHFiPO_PnHFiQO QnHFiQO+PnHFiPO,

(14)

To solve the transfer matrix of the exiting half solenoid,
B, (L) = 0. it can be calculated that

M(L*IL/2) =Ry - L-Rg}, ,

1 0 0 0
_ 0 1 k.(L/2) O
Rep = 0 0 1 0f
—k.(L/2) O 0 1
cos 8,, 0 —siné,, 0
R, = —kysing,, cos#,, —krcos6,, -—sinf,,
L=1 sing,, 0 cos 6,, 0 ’
krcos@,, sin@,, —kysinf,, cos@,,
cosfr sin 0 /kr 0 0
I —k;sinf;  cosf; 0 0
B 0 0 cosf;  sinf;/k;
0 0 —k;sinf;  cosé,
s)
where

k,(L/2) = B,(L/2)/2(Bp).kr = B,(L/2)/6[Bp],

kL = [—JL/Z fL/Z dZB (), HL = kLL/Z’ (16)
L
Opn =~ [, dzB.(2)/2[Bp].
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The length of the solenoid can be calculated using linear
fringe field (see Fig. 1):
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Figure 1: Real fringe field and linear fringe field of a half
solenoid.

PROPERTY OF THE TRANSFER MATRIX

Traditional Formulation

It can be calculated that the transfer matrix of
the whole solenoid obeys the symplecticity condition:
M(L*07)TSM(L*|07) = S.

With the traditional formulation, we can calculate that

0 1 =2k 0

-1 0 0 0
M(LYIL/2)TSM(L*|L/2) = % 0 0 1]° (18)

0 0 -1 0

which implies that the transfer matrix of the half exiting
solenoid is non-symplectic. £4p is no longer conserved.

BEAM PROPERTY

Traditional Formulation

Assume the beam matrix at the center of the solenoid

B -a O 0

_ -a vy 0 0
Sn=els 0 p | 19)

0 0 -a vy

where a,  and y are Twiss parameters and By — a2 = 1.

The beam matrix at the exit of the half solenoid can be
obtained using the traditional formulation:

Zou = M(LFIL/2)Z,M (L*IL/2)T, (20)
thus
— z"xx ny
Zout =& (Zzy Zyy s (21)
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where

_ _(r1 T2 _( 0 Bk
Zxx_zyy_( rzz)’zxy_(_ﬁk 0)7

T2
ry = ] (2Bk? = 2aksin® + y — ¥ cos ®)
11 =575 - - 5 )
2k2 2 (22)
1
rip = ﬁ((?’ sin® — 2a cos O),
2y = Bk? + aksin ® + y cos? %
&, and &, at the exit of the half solenoid are 1 + p2k2.

It can be calculated that g4, is conserved if the beam is
decoupled with same parameters in x —x” and y —y’ planes at
the center of the solenoid. It suggests that the projected rms
emittancs will be increased at the exit of the half solenoid.
The beam is transversely-coupled.

Comparison

We consider the simulation of the phase spaces at the exit
of an exiting half solenoid. The real field is used (see Fig. 1).
The input beam is 103+ with kinetic energy of 75 keV. The
normalized rms emittance is 0.1 7 mm-mrad with a = 0,
B = 0.4 mm/mrad. The comparison of the traditional for-
mulation, reformulation and the real field results is given in
Fig. 2.

20
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Real field
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o = 0 5 10
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Figure 2: Comparison of the phase spaces at the exit of the
exiting half solenoid.

CONCLUSION

This paper presents a summary of the linear transfer ma-
trix of a half solenoid. Also, beam optics study of a half
solenoid is given, reveals the emittance growth and beam
coupling due to the half solenoid. The result of reformula-
tion is closer to the one of real field.
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