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Abstract
We present a simple empirical method for deriving an

ABCD matrix for studying the transverse dynamics of the ra-
diation field in seeded, high-gain free-electron lasers before
saturation. In spite of the inherently nonlinear nature of FEL
optical guiding, the ABCD matrix we find is able to predict
the evolution of the FEL mode size and centroid to a high
degree of accuracy across a large range of input mode char-
acteristics. This scheme enables extremely fast simulation of
transverse dynamics, which in turn greatly simplifies numer-
ical studies of seeded FEL systems. Of particular interest in
that regard is the x-ray regenerative amplifier free-electron
laser, in which the x-ray beam propagates through an optical
cavity many hundreds of times, thereby making traditional
simulation methods cumbersome and time consuming.

INTRODUCTION
Free-electron lasers owe their exceptional transverse co-

herence to the phenomenon of optical guiding by which the
electron beam focuses the radiation by both gain and refrac-
tive guiding [1]. This process ensures that the FEL output is
dominated by a well-focused, roughly gaussian transverse
mode with a size comparable to that of the electron beam
itself [2, 3]. Since the electron beam transverse distribution
is typically well-approximated as gaussian or parabolic, the
transverse dynamics of the system can be modeled with high
accuracy by treating the electron beam as an optical fiber
with a complex quadratic refractive index [1, 4–6] which
actively changes with the radiation beam [7]. This simple
model for FEL dynamics greatly enhances the speed at which
an FEL’s properties can be simulated, and provides an in-
tuitive picture of the guiding process. This analogy can be
taken one step further, as it is well-known that quadratic gra-
dient index media may be treated using the ABCD matrix
formalism for even faster tracking. The analogy between
the FEL gain medium and a quadratic optical fiber implies
that the FEL dynamics may also be well-approximated by an
effective ABCD matrix, which would even further enhance
the speed of simulation studies.

In this paper we present an empirical model for deriving
the effective ABCD matrix describing the transverse dynam-
ics of an FEL. We will do so using the refractive index model
presented in Ref. [7], which means that we inherit the as-
sumptions of that approach. In particular, we will consider
a single-frequency, seeded FEL with a radiation beam mod-
elled as a perfect gaussian, and the analysis does not capture
the effects of saturation.
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These restrictions, although notable, still enable the ap-
proach to find a very natural use case in the x-ray regener-
ative amplifier (XRAFEL) [8, 9], in which the radiation is
circulated around an optical cavity many times while it gets
re-amplified with high gain by fresh electron bunches. Study-
ing the dynamics of XRAFELs is extremely time consuming
as a result of the many FEL simulations required to properly
characterize it, so the ability to perform these studies using
a matrix formalism is highly attractive. To highlight the
particular utility of this method in understanding the impact
of FEL guiding on XRAFEL alignment tolerances, we show
that the ABCD matrix can be used to track both the radiation
mode size as well as the radiation centroid in the case that
the seed radiation has been perturbed off-axis by some error
in the larger system.

EMPIRICAL METHOD
We will use the same formalism as was employed in

Ref. [7]. As such, the radiation field is modelled as an ideal
gaussian beam of the form

𝐸(𝑥, 𝑦, 𝑧) = 𝑓 (𝑧) exp [− 𝑖
2 (𝑄𝑥(𝑧)(𝑥 − 𝑥0(𝑧))2 + 𝑄𝑦(𝑧)𝑦2)] .

(1)
where the parameters 𝑓 (𝑧), 𝑄𝑥/𝑦(𝑧), and 𝑥0(𝑧) are complex
and describe the field amplitude, mode size and divergence,
and centroid offset and angle, respectively. As we will at-
tempt to treat the FEL as an ABCD matrix element, we
must expand this formalism to understand how a gaussian
field transforms through an ABCD matrix. This can be
done straightforwardly using the Huygens integral (see, for
example, [10])

𝐸(𝑥𝑓, 𝑦𝑓) ∝ ∫ 𝐾𝑥(𝑥𝑖, 𝑥𝑓)𝐾𝑦(𝑦𝑖, 𝑦𝑓)𝐸(𝑥𝑖, 𝑦𝑖)𝑑𝑥𝑖𝑑𝑦𝑖, (2)

where the integral kernels have the form

𝐾𝑥(𝑥𝑖, 𝑥𝑓) = √ 𝑖
𝐵𝜆𝑟

exp [− 𝑖𝜋
𝐵𝜆𝑟

(𝐴𝑥2
𝑖 − 2𝑥𝑖𝑥𝑓 + 𝐷𝑥2

𝑓 )] ,

(3)
with a similar expression in y. For our purposes the ma-
trix values are complex. As our primary goal is to model
the transverse FEL dynamics, we will not worry about the
change in the field amplitude. For the gaussian beam these
integrals result in another gaussian with mode parameters
transformed according to

𝑄𝑥,𝑦 → 𝑘𝑟
𝑘𝑟𝐶 + 𝐷𝑄𝑥,𝑦
𝑘𝑟𝐴 + 𝐵𝑄𝑥,𝑦

,

𝑥0 → 𝑄𝑥𝑥0
𝑘𝑟𝐶 + 𝐷𝑄𝑥

.
(4)
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In principle, one can always simply define matrix elements
such that the FEL behaves in this way, however in general
the elements 𝐴, 𝐵, 𝐶, and 𝐷 will vary with the input 𝑄 and
𝑥0. This is to be expected - the FEL electron beam thought
of as a focusing medium is naturally a highly non-linear
one, since it only obtains these focusing properties through
its interaction with the radiation beam. Nonetheless, we
may make two approximations which we have justified via
numerical studies. The first of these is that the fundamental
focusing properties of the FEL do not change when the
radiation beam is initialized off-axis, at least to lowest-order.
An example of the impact of the input seed offset on the
output radiation size is shown in Fig. 1 which makes use of
the parameter set studied in the next section. It is clear from
this figure that the seed offset has a second-order impact on
the focusing properties, and that this is enhanced when the
offset is comparable to the initial fwhm. As a result, as long
as the initial radiation offset is not too large relative to its
transverse size, we may assume that the ABCD elements
do not depend on the initial value of 𝑥0. This assumption
implies that we may find the desired ABCD matrix for some
particular initial value of 𝑥0 and extrapolate this matrix to
other initial values of 𝑥0.

Figure 1: The dependence of the output fwhm of the radi-
ation on the input transverse offset is shown, with labels
indicating the input fwhm.

The second approximation, justified retroactively in the
next section, is that the matrix values may be approximately
taken as not varying with the input mode parameter 𝑄. This
is fundamentally enabled by the fact that these matrix values
vary relatively slowly with the input beam parameters within
certain qualitatively defined regions of the parameter space,
as we will discuss in more detail in the next section. Quanti-
tatively, we may take advantage of these approximations by
first noting that

𝑘𝑟𝐴emp + 𝑄𝑖𝐵emp = 𝑘𝑟
𝑄𝑓

𝑄𝑖𝑥0,𝑖
𝑥0,𝑓

𝑘𝑟𝐶emp + 𝑄𝑖𝐷emp =
𝑄𝑖𝑥0,𝑖
𝑥0,𝑓

(5)

By performing a linear fit to the right-hand side of these ex-
pressions, as obtained by a large sample of simulations with
different input values of 𝑄, one may extract an empirically-
derived, 𝑄- and 𝑥0-independent ABCD matrix for the FEL
which models the transverse dynamics with an accuracy
comparable to that achieved by the refractive index model
presented in [7].

EXAMPLE CALCULATION WITH
NUMERICAL BENCHMARKS

To both demonstrate and benchmark the empirical ABCD
approach we have used the LCLS-II-HE parameters most
relevant to the XRAFEL project at SLAC [7, 9]. These
are summarized in Table 1. For different simulations, we
vary the input transverse mode parameters: in particular the
Rayleigh length and free space waist location. The radiation
seed is initialized in every case with a 20 µm transverse
offset. Since the refractive index model operates only before
saturation, the magnitude of the input seed power does not
impact the simulation results.

Table 1: Parameters for Numerical Benchmarks

Parameter Variable Unit Value

E-Beam Energy 𝛾𝑚𝑐2 GeV 8.003
E-Beam Emittance 𝜖𝑛𝑥,𝑛𝑦 nm rad 350

Energy Spread 𝜎𝛾/𝛾 10−4 0.875
Pierce Parameter 𝜌 10−4 5.45
E-Beam rms Size 𝜎𝑥,𝑦 µm 17
Undulator Period 𝜆𝑢 cm 2.6
Seed Wavelength 𝜆𝑟𝑎𝑑 Å 1.261

Detuning Δ𝜈 10−4 -8.13
Undulator Length 𝐿𝑢 m 23.66

Following the procedure described in the previous section,
we ran a total of 600 simulations and obtained an ABCD ma-
trix empirically derived from linear fits to these simulation
outputs. In total the input Rayleigh range was scanned from
10 m to 150 m, and the free space waist from 0 m to 70 m.

We demonstrate the accuracy of the method in
Figs. 2 and 3. In the former, we show the predicted out-
put radiation centroid as produced from the refractive index
code (x-axis) and from the empirical ABCD matrix with
Eq. (4). The top plot shows a direct comparison of the two
alongside the optimal line 𝑦 = 𝑥 which would correspond
to a perfect one-to-one correspondence between the two ap-
proaches. There is some deviation, which we show in a more
quantitative way in the bottom figure. Across this range the
root-mean-square error between the two results is roughly
1%.

Figure 3 displays analogous data for the full-width at
half-maximum of the field profile. In this case, the root-
mean-square error is just 0.08%. We note in particular that,
on account of the strength of FEL guiding effects, the abso-
lute spread in final predicted fwhm values is not very large.
Even with these deviations being a relatively weak result of

12th Int. Particle Acc. Conf. IPAC2021, Campinas, SP, Brazil JACoW Publishing
ISBN: 978-3-95450-214-1 ISSN: 2673-5490 doi:10.18429/JACoW-IPAC2021-TUPAB084

TUPAB084C
on

te
nt

fr
om

th
is

w
or

k
m

ay
be

us
ed

un
de

rt
he

te
rm

s
of

th
e

C
C

B
Y

3.
0

lic
en

ce
(©

20
21

).
A

ny
di

st
ri

bu
tio

n
of

th
is

w
or

k
m

us
tm

ai
nt

ai
n

at
tr

ib
ut

io
n

to
th

e
au

th
or

(s
),

tit
le

of
th

e
w

or
k,

pu
bl

is
he

r,
an

d
D

O
I

1574

MC2: Photon Sources and Electron Accelerators

A06 Free Electron Lasers



Figure 2: The output radiation centroid from the empirical
ABCD matrix is compared to the output of the refractive in-
dex approach. The top plot shows a high degree of agreement
between the two approaches, and the bottom plot reveals a
root-mean-square error of just 1%.

differing initial conditions, the ABCD matrix approach can
capture these slight nuances with high accuracy.

The largest errors occur for smaller input Rayleigh lengths,
which is to be expected and allows us to clarify the range
of validity of this approach. As is well-known from FEL
theory, and has been reproduced in Fig. 3, the FEL always
tends to guide the radiation mode to a particular mode size
referred to as the fundamental high gain mode. In this case
we can see that this corresponds to a fwhm of roughly 37 µm,
or equivalently a Rayleigh length of 12 m. As a result of
this trend towards a roughly initial condition-independent
mode size, the fundamental properties of the guiding process
change as the input beam is brought closer to the expected
high gain fundamental mode. The initial focusing effects
are naturally reduced, as the system is already close to the
equilibrium it seeks out, so the ABCD elements change
correspondingly. Subsequently, since most of the data points
we performed our fit to were for input mode sizes which were
large relative to the guided mode, the data points which have
a size comparable to the guided mode are less accurately
represented by the fit. For these reasons, the empirically
fit ABCD values should not be extrapolated outside of the

Figure 3: The output radiation full-width at half-maximum
from the empirical ABCD matrix is compared to the output
of the refractive index approach. The top plot shows a high
degree of agreement between the two approaches, and the
bottom plot reveals a root-mean-square error of just 0.08%.

qualitative portion of the parameter space which they were
fit to.

SUMMARY
We have presented a simple method for analyzing trans-

verse dynamics in free-electron lasers using an empirically-
derived ABCD matrix. The model is naturally extremely
fast, and has a broad range of input mode parameters over
which it may be considered accurate. With it, both the ra-
diation centroid and the full-width at half-maximum of the
transverse field profile can be tracked, which makes this nat-
urally useful for XRAFEL studies including optimization
and error tolerance.
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