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Abstract 
Focusing of both electron and positron bunches in elec-

tron-positron collider is necessary. The focusing mecha-
nism in the plasma, in which all electron bunches are fo-
cused identically, has been proposed earlier. This mecha-
nism is considered for positron bunches by using simula-
tion with LCODE. Three types of lenses with different 
trains of cosine pro-file positron bunches are considered 
depending on the bunch length, the distance between 
bunches and their charge. It has been shown that all posi-
tron bunches are focused identically at special parameters 
of the first positron bunch, wherein the middles of bunches 
are focused weaker than their fronts. 

INTRODUCTION 
Plasma wakefield is important lens for focusing bunches 

of electrons and positrons [1-7]. In [1] plasma lens under 
consideration was based on the charge compensation by the 
positive charge of plasma ions, arisen due to repulsion of 
plasma electrons by an injected electron bunch. Another 
lens using plasma wake-field has been investigated for 
identical focusing of electron bunches [7]. 

In this paper, the focusing of a sequence of positron 
bunches by the wakefield, excited by the first bunch, is 
considered. Cosine profile positron bunches focusing is 
quantitatively investigated by particle-in-cell simulation 
by 2.5D LCODE [8]. This code threats plasma as a cold 
electron fluid and bunches as ensembles of macro-parti-
cles. Cylindrical coordinate system ሺ𝑟,𝜑, 𝑥ሻ is used. Time 𝑡 and bunch longitudinal momentum 𝑃௭ are normalized on 𝜔௣௘ିଵ, 𝑚𝑐; densities of plasma electrons 𝑛௘ and of bunches 𝑛௕ are normalized on unperturbed plasma electron density 𝑛଴, radius 𝑟 and longitudinal coordinate 𝑥 - on 𝑐𝜔௣௘ିଵ ; fields 
- on 𝐸଴ = 𝑐𝑚𝜔௣௘𝑒ିଵ, 𝑚, 𝑒 are the electron mass and 
charge, 𝑐 is the light speed,  𝜔௣௘ = ሺ4𝜋𝑛଴𝑒ଶ𝑚௘ି ଵሻ଴.ହ = 1.78 ⋅ 10ଵ଴ rad/s is the 
plasma frequency. 𝐼௕ maximal bunch current normalized 
on 17 kA. Unperturbed plasma density is  𝑛଴ = 10ଵଵ cmିଷ. The purpose is to determine the condi-
tions under which the train of relativistic cosine profile 
positron bunches is focused by identical forces. The aver-
aged focusing force 𝐹௥ means the averaged over radius 
value between values at 𝑟 = 0 and 𝑟 = 𝑟௕. Averaged value 
of the wakefield 𝐸௭ means < 𝐸௭ >= 𝐸௭𝑛௕𝑟𝑑𝑟׬  .𝑛௕𝑟𝑑𝑟׬/

RESULTS OF SIMULATION 
First Type Lens  

We consider the following train of short positron cosine 
profile bunches: the charges of all bunches are in √2 times 
larger than the charge of the first bunch. The interval be-
tween the first and second bunches is 
 ሺ𝑘 + 8ିଵሻ𝜆, 𝑘 = 1,  2,  . .. Below the case 𝑘 = 1 is pre-
sented. The interval between other bunches equals excited 
wakefield wavelength 𝜆 = 10.6 cm. The length of all 
bunches is 𝐿௕ = 𝜆/2. 

 
Figure 1: Averaged focusing force 𝐹௥, magnetic field 𝐵ఝ, 
and longitudinal electric field 𝐸௭ at 𝑟 = 𝑟௕, 𝛾௕ = 5,  𝐼௕ = 0.3 ⋅ 10ିଷ (first bunch), 𝑟௕ = 0.1, 𝛾 is the relativistic 
factor of bunches, 𝐼௕ is the maximal bunch current.  

In Fig. 1 magnetic field component 𝐵ఝshows bunches 
location. One can see that the fronts of all bunches are un-
der higher focusing force than middles of the bunches. Pos-
itron bunches are located in wider focusing regions where 
plasma electron density exceeds the unperturbed density 𝑛௘ > 𝑛଴௘ compared with more narrow defocusing regions 
where 𝑛௘ < 𝑛଴௘ (Fig. 2). The bunches (except the first 
bunch) approximately do not exchange energy with wake-
field, because they are in a periodical longitudinal wake-
field (see Fig. 2). Only the first bunch excites the wakefield 
and all other bunches are focused in it.  

Second Type Lens   
We consider (Fig. 3) the spatial distribution for another 

train of positron cosine profiled bunches. The length of 
bunch 𝐿௕ (at half height) is selected to be equal to  𝐿௕ = 𝜆/2. Also, we choose charge of the 1st bunch  𝑄ଵ = 𝑄௜/2, 𝑖 = 2,3, . .. (where 𝑖 are the numbers of the 

 ___________________________________________  
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other following bunches) (Fig. 3). The distance between 
bunches equals to 2.5𝜆.  

 
Figure 2: Plasma electron density 𝑛௘ at 𝑟 = 0, longitudinal 
wakefield 𝐸௭ at 𝑟 = 0 and < 𝐸௭ > averaged 𝐸௭ for  𝛾௕ = 5 ,  𝐼௕ = 0.3 × 10ିଷ (first bunch), 𝑟௕ = 0.1. 

A positron bunch passing through the plasma violates the 
quasi-neutrality, as a result of which the plasma electrons 
move to the axis of the bunch. The focusing force for pos-
itrons appears, and its value increases. At some point, ap-
proaching the axis, the electrons, continuing to move by 
inertia, scatter away. The value of the focusing force de-
creases. At some point, the system comes to its original 
quasi-neutral state. However, the electrons continue to 
move, scattering from the axis of the bunch. A focusing 
force begins to act on the plasma electrons, due to the for-
mation of a volume ion uncompensated charge because of 
the plasma electron expansion. At a certain point, the value 
of this focusing force becomes such that it prevents further 
expansion of the electrons. The electrons begin returning 
to the axis, and the value of the focusing force for the 
plasma electrons decreases. The dynamics of the system 
becomes oscillatory. At some time, the plasma electron 
bunch reaches the axis and the process, described above, 
would have to be repeated, but this does not happen. The 
second positron bunch, injected into the plasma, prevents 
electrons from the scatter again from the axis by compen-
sating their charge. At this moment, as described earlier, 
the focusing force for positrons is maximal. When the 
bunch leaves the plasma, the electrons begin to scatter and 
the process, described at the beginning, repeats, consider-
ing the injection at the right time of the third bunch, etc. 

The middle of only first bunch (see Fig. 3) is in non-zero 
longitudinal wakefield. Hence first bunch mainly forms fo-
cusing wakefield. Middles of all bunches with the excep-
tion of the first bunch of the train are in zero average lon-
gitudinal wakefield. We see that wakefield does not change 
from one bunch to another. 

Focusing is provided by the wide areas of increased 
plasma density 𝑛௘ in regions of bunches (Fig. 4). In region 
of the 1st bunch, one can see strongly non-identical areas 
of increased plasma density of density of plasma electrons. 
That’s why nonidentical focusing of the 1st bunch should 
be developed. 

In the long regions of high plasma electron density, the 
bunches are located. The long elevations of 𝑛௘ (regions of 
bunches) are alternated by short perturbations of 𝑛௘. 

Similar wakefield distribution is formed also for seven 
Gaussian bunches with 𝐿௕ = 𝜆/2, 𝑄ଵ = 𝑄௜/2, 𝑖 = 2,3, . .. 
(Fig. 5).  

 
Figure 3: Longitudinal wakefield 𝐸௭ at 𝑟 = 𝑟௕, averaged 
focusing force 𝐹௥, and magnetic field 𝐵ఝ at 𝑟 = 𝑟௕ for  𝛾௕ = 5,  𝐼௕ = 0.3 × 10ିଷ (first bunch), 𝑟௕ = 0.1.  

 
Figure 4: Plasma electron density 𝑛௘ at 𝑟 = 𝑟௕ , < 𝐸௭ > is 
averaged wakefield 𝐸௭, 𝛾௕ = 5, 𝐼௕ = 0.3 × 10ିଷ (first 
bunch), 𝑟௕ = 0.1. < 𝐸௭ > shows bunch location.  

Third Type Lens 
Because in Fig. 3-5 the focusing force is non-identical, 

we consider a train with more identical focusing force dis-
tribution (see Fig. 6). The first five cosine profiled positron 
bunches of the train are shaped (Fig. 6) with increasing 
charge along the train according to: 2𝑘 − 1 charges of the 
first bunch, 𝑘 ≤ 𝑁, 𝑘 = 1,2, . .. The charges of next 
bunches equal 2𝑁 charges of the first bunch, 𝑘 > 𝑁. The 
positron bunches with 1.5𝜆 spacing, have cosine profile in 
the longitudinal and Gaussian profile in the transverse di-
rections. The length of the bunch (on the basis) is equal to 𝜆/2. 
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Figure 5: longitudinal wakefield 𝐸௭, averaged focusing 
force 𝐹௥ and magnetic field 𝐵ఝ at 𝑟 = 𝑟௕, 𝛾 = 5, 
 𝐼௕ = 0.3 × 10ିଷ (first bunch), 𝑟௕ = 0.1. 

 
Figure 6: longitudinal wakefield 𝐸௭ (𝑟 = 𝑟௕), the average 
focusing force 𝐹௥, magnetic field 𝐵ఝ  (𝑟 = 𝑟௕).𝐼௕ = 0.3 × 10ିଷ (first bunch), 𝛾௕ = 1000, 
 𝑟௕ = 0.1. 

The positron bunches have Gaussian profiles in the lon-
gitudinal and transverse directions. The charges of first 
N=5 Gaussian bunches are shaped. One can see (Fig. 6) 
that radial wake force is identical for all bunches (after 
5th bunch). But the middles of bunches are focused weaker 
than their fronts. The profiling made it possible to provide 
the identical focusing force. We considered several posi-
tron train cases. Each of them has advantages and disad-
vantages and, at the same time, can be used for focusing a 
train of bunches.  

CONCLUSION 
The identical focusing of a train of relativistic positron 

bunches was considered. First bunch excites the wakefield 
and all other bunches are focused in it. Three types of 
lenses for identical focusing of positron bunches train were 
studied. For the first type of lenses all bunches after the 
first bunch are focused identically, but the middles of 
bunches are focused weaker than their fronts. The second 
lens allows identical focusing along the entire length of the 
bunches. In the case of the third lens, identical focusing is 
achieved for shaped bunches. 

All three lenses provide identical positron focusing un-
der different conditions and allow achieving the stated re-
search goal. 
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