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Abstract
The FCC-𝑒+𝑒− injector complex needs to produce and to

transport high intensity 𝑒+ and 𝑒− beams at a fast repetition
rate for topping up the collider at its collision energy. Two
different options are under consideration as pre-accelerator
before the bunches are transferred to the high-energy booster:
either using the existing SPS machine or designing a com-
pletely new ring. The purpose of this paper is to present the
studies of collective effects with analytical estimates for both
the pre-booster ring design options including space charge
(SC), longitudinal micro-wave instability (LMI), transverse
mode coupling instability (TMCI), ion effects, electron cloud
(𝑒-cloud), coherent synchrotron radiation (CSR) and intra-
beam scattering (IBS).

INTRODUCTION
The Future Circular Collider (FCC) 𝑒+𝑒− project is a

design study of a high-luminosity, high-energy circular
electron-positron collider to be installed in a new tunnel
of around 100 km circumference. It is planned to be used as
a high precision machine for the investigation of the Z, W,
Higgs and top particles at center of mass energies varying
between 91.2 and 365 GeV [1,2].

The injector complex design of the FCC-𝑒+𝑒− consists of
an 𝑒+/𝑒− linac, which accelerates the beams up to 6 GeV, a
pre-booster ring (PBR), accelerating the beams from 6 GeV
to 16 GeV, and a booster synchrotron ring (BR) integrated
in the collider tunnel, accelerating the beams up to the colli-
sion energy [3]. The existing SPS with some modifications
is considered as the baseline for the PBR. In addition, an
alternative PBR design was also studied for the injector com-
plex [4]. The beam parameters for the PBR options are
summarized in Table 1.

Collective effects can be a bottle-neck in the performance
of an accelerator, limiting its ultimate reach. In this study,
analytical estimates related to collective effects have been
performed for the two PBR options.

COLLECTIVE EFFECT ESTIMATES

Space Charge
The incoherent tune spread caused by the Space Charge

(SC) effect can lead to the interaction of the beam with
resonances and consequently to beam degradation [5–7].
An analytical expression for the incoherent SC tune shift for
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Gaussian bunches is given by [8–10]:

𝛿𝑄inc
𝑦 = − 𝑁𝑏𝑟𝑒𝐶

(2𝜋)
3
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(1)

where 𝑟𝑒 is the electron radius, 𝐶 the circumference and
𝑁𝑏 the bunch population, 𝜖𝑥 and 𝜖𝑦 the geometrical trans-
verse emittances, 𝐷𝑥 the horizontal dispersion and 𝛽𝑥,𝑦 the
horizontal and vertical betatron functions, respectively.

For flat beams, i.e. when the vertical emittance is much
smaller than the horizontal one, the vertical tune spread is
higher and therefore more critical. For the case of the PBR,
the maximum value is computed at the end of the injection
plateau, after the beam reaches the equilibrium emittance
values in all planes. For the case of the alternative PBR
design 𝛿𝑄inc

𝑦 = −0.028 while for the case of the SPS
𝛿𝑄inc

𝑦 = −0.018. For both cases, the values are small and
thus the SC is not expected to pose a limitation with respect
to transverse emittance blow up or particle losses.

Intra-Beam Scattering
Intra-beam Scattering (IBS) refers to the binary Coulomb

scattering events between the particles within a beam, lead-
ing to the re-distribution of the phase space. Above tran-
sition, IBS can lead to emittance blow-up in all three
planes [5, 11,12]. Figure 1 shows the horizontal emittance
evolution during the injection plateau, with (dashed lines)
and without (solid lines) taking into account the IBS effect.
The results for the alternative PBR design are shown in red,

Table 1: Beam Parameters of the PBR Options

Parameter SPS Alt. PBR

Energy, 𝐸 [GeV] 6/16 6/16
Circumference, 𝐶 [m] 6911.5 2030.4
Geo. emit. (h), 𝜖𝑥 [nm⋅rad] 0.9/5.6 0.66/4.74
Bunch length, 𝜎𝑧 [mm] 41/55 5.9/7.2
Momentum sprd., 𝜎𝛿 (×10−2) 0.3/0.38 0.03/0.1
Harmonic number, ℎ 9215 2706
Mom. compac., 𝛼𝑐 (×10−3) 0.98 0.32
Horizontal tune, 𝑄ℎ 40.35 63.68
Vertical tune, 𝑄𝑣 26.72 27.19
Synchrotron tune, 𝑄𝑠 0.08/0.05 0.007/0.01
Energy loss/turn, 𝑈0 [MeV] 3.4/31.5 0.57/29.2
Chamber radius, 𝑏 [m] 0.04 0.03
Bunch pop., 𝑁𝑏 (×1010) 2.13 2.13
Bunch spacing, Δ𝑇𝑏 [ns] 15-20 20
Number of bunches, 𝑛𝑏 1190 320
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while for the SPS design in blue. The calculations were
done using the IBS module of MAD-X [13]. The emittance
growth with respect to the natural equilibrium emittance
(without IBS) at the end of the injection plateau is around
6% for the alternative design and 9% for the SPS design.
The effect is much smaller at the extraction energy. Conse-
quently, the IBS effect is not expected to pose a limitation
for both PBR options.

Figure 1: Emittance (hor.) evolution on the injection plateau
of the SPS (blue) and the alternative PBR design (red).

Longitudinal Microwave Instability
A broad-band impedance, representing the effect of all

discontinuities of the beam pipe, can cause a microwave
instability. According to the Boussard criterion, the corre-
sponding threshold impedance is given by [8, 14]:

𝑍0
||

𝑛 = 𝑍0
𝜋
2

𝛾𝛼𝑐𝜎𝛿
2𝜎𝑧

𝑁𝑏𝑟𝑒
( 𝑏

𝜎𝑧
)

2

, (2)

where 𝑍0 is the impedance of free space. Based on the PBR
design parameters for both options, the Boussard threshold
impedance 𝑍0

||/𝑛 was calculated at injection, at the end
of the injection plateau and at extraction. The results are
summarized in Table 2. For the case of the alternative design
they correspond to 57.9 Ω, 1.4 Ω and 10.1 Ω, while for
the SPS design to 1167 Ω, 31.4 Ω, 100 Ω, respectively.
The SPS longitudinal impedance is 6.4 Ω [15]. For the
alternative PBR, a 1 Ω impedance is assumed, as the design
of modern accelerators can easily allow for an impedance
of that magnitude, or even lower. For both options, the
longitudinal impedance is well below the threshold.

Transverse Mode Coupling Instability
The transverse impedance of the machine can drive the

head-tail instability (HTI) and/or the transverse mode cou-
pling instability (TMCI) [8]. The TMCI threshold for a
broad-band resonator impedance is given by [8, 14]:

𝑅th[kΩ/m] = 0.6𝐸[GeV]𝑄𝑠𝑄
𝛽𝑦[m]𝑄𝑏[C]𝜎𝑡[ps]𝑓 2

𝑟 [GHz]
, (3)

where 𝑄𝑏 = 𝑁𝑏𝑒, 𝑓𝑟 = 𝑊𝑟/(2𝜋), 𝑊𝑟 = 𝑐/𝑏, 𝜎𝑡 = 𝜎𝑧/𝑐.
The thresholds for both designs were estimated at injection,
at the end of the injection plateau and at extraction and
correspond to 5.3 MΩ/m, 8.9 MΩ/m and 37.0 MΩ/m for

the alternative PBR and to 29.6 MΩ/m, 7.1 MΩ/m and
9 MΩ/m for the SPS. The transverse impedance is linked to
the longitudinal impedance through [5, 9]:

𝑍𝑡
⊥ = 𝐶

𝜋𝑏2
𝑍0

||

𝑛 . (4)

Based on this, the transverse impedance (𝑍𝑡
⊥) of the alter-

native PBR is estimated as 0.8 MΩ/m, which is well below
the calculated threshold. On the other hand, the transverse
impedance for the case of the SPS is estimated at 9.8 MΩ/m,
which is above the threshold computed at the end of the
injection plateau and at extraction. The new necessary ele-
ments for the 𝑒+/𝑒− option of the SPS (RF, transfer elements,
vacuum etc.) needs to be designed taking into account not
only these impedance considerations but also the thresholds
allowing seamless proton beam operation.

Ion Effects
Ions can be created in the vacuum chamber from the in-

teraction of charged particles in the beam with the residual
gas in the beam pipe. These ions can be trapped and accu-
mulated by the fields of the electron beam and eventually
can lead to beam instability [16–18]. The critical mass for
trapping of a singly charged ion is [8, 9]:

𝐴crit ≅
𝑁𝑏Δ𝑇𝑏𝑐𝑟𝑝

2𝜎𝑦(𝜎𝑥 + 𝜎𝑦) , (5)

where 𝑟𝑝 is the classical proton radius.
Figure 2 shows the critical mass computed for the alterna-

tive PBR (top) and the SPS (bottom) as well as the thresholds
for different ions. The trapping condition is lower than al-
most all the possible ions’ thresholds for both PBR options.

Ions trapped around the electron beam induce a tune shift,
which at the end of the train is given by [8, 9, 16]:

𝛿𝑄ion ≅ 𝑁𝑏𝑛𝑏𝑟𝑒𝑐
𝜋𝛾√𝜖𝑥𝜖𝑦

(𝜎ion𝑝
𝑘𝐵𝑇 ) , (6)

where 𝜎ion is the ionization cross section, 𝑝 is the vacuum
pressure, 𝑘𝐵 is the Boltzmann constant. For the alternative
PBR 𝛿𝑄ion = 0.002 while for the SPS 𝛿𝑄ion = 0.009, which
are both relatively small, assuming a pressure of 10−10 mbar
for the alternative PBR and 10−11 mbar for the SPS, which
may drive pumping upgrade considerations.

The accumulated ions can lead to the fast-ion instability
(FII) with a rise time given by [8, 9, 16, 17]:

𝜏inst ≅
0.1𝛾𝜎𝑥𝜎𝑦

𝑁𝑏𝑛𝑏𝑐𝑟𝑒𝛽𝑦𝜎ion
(𝑘𝐵𝑇

𝑝 ) ⎛⎜
⎝

√ 8
𝜋

⎞⎟
⎠

. (7)

The FII rise times are obtained as 61 and 134 revolution
times (𝑡rev) for the SPS and the alternative PBR, respec-
tively. Instabilities with such rise times can be compensated
with a feedback system, provided that 10−11 mbar SPS and
10−10 mbar alternative ring vacuum pressures are achieved.
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Figure 2: Critical mass for the alternative PBR (top) and one
sextant of the SPS (bottom) in comparison to the thresholds
for various molecules.

Electron Cloud
The 𝑒-cloud instability mostly arises for 𝑒+ beams [17,19].

When free electrons in the vacuum chamber get accelerated
in the electromagnetic field of the beam and hit the chamber
walls, electron amplification can occur through the multi-
pacting effect. The 𝑒− build up saturates when the attractive
beam field is compensated by the field of the electrons, at a
neutralization density, given by [17]:

𝜌neutr = 𝑁𝑏
𝐿sep𝜋𝑏𝑥𝑏𝑦

, (8)

where 𝐿sep [m] is the bunch spacing. Electron cloud can
lead to single or coupled-bunch instabilities. The single
bunch 𝑒−cloud instability (ECI) occurs above the 𝑒− density
threshold estimated by [17, 20, 21]:

𝜌th = 2𝛾𝑄𝑠

√3𝑄𝑟𝑒𝛽𝑦𝐶
, (9)

where 𝑄 = min(7, 𝑤𝑒𝜎𝑧
𝑐 ) is the angular oscillation fre-

quency of the electrons interacting with the beam, with
𝑤𝑒

2 = 𝑁𝑏𝑟𝑒𝑐2

2𝜎𝑧𝜎𝑦(𝜎𝑥+𝜎𝑦) . The neutralization densities for both
the alternative PBR and the SPS options were calculated
as 12.55 × 1011/m3 and 7.06 × 1011/m3, respectively. The
neutralization density exceeds the threshold for both designs
(see Table 2). This should be investigated with detailed
simulations.

Table 2: Collective Effects Estimates for the PBR Options

Parameters SPS Alt. PBR

SC tune shift @inj. 0.0005 0.0032
SC tune shift @eq. 0.018 0.028
SC tune shift @ext. [×10−4] 0.16 1.6

Emit. growth by IBS @inj. [%] 9 6

Longitudinal imp. [Ω] 6.44 1
LMI th. @inj. [Ω] 1167 57.92
LMI th. @eq. [Ω] 31.14 1.44
LMI th. @ext. [Ω] 100 10.11

Transverse impedance [MΩ/m] 9.77 0.79
TMCI th. @inj. [MΩ/m] 29.6 5.28
TMCI th. @eq. [MΩ/m] 7.10 8.95
TMCI th. @ext. [MΩ/m] 8.97 37.0
Chamber radius [m] 0.04 0.03

Max. tune shift by ions 0.009 0.002
FII rise time [𝑡rev] 61 134

e-cloud neutr. dens. [1011/m3] 7.06 12.55
ECI dens. th. @inj. [1011/m3] 11.30 2.84
ECI dens. th. @eq. [1011/m3] 1.62 1.43
ECI dens. th. @ext. [1011/m3] 1.68 3.67

0.5𝜌Λ−3/2 [cm] 5000 0.015
𝜌
𝑏 18525 6433
Stupakov parameter (Λ) 3.78 568

Coherent Synchrotron Radiation
Coherent synchrotron radiation (CSR) occurs if the SR

wavelength is comparable to the bunch length. The CSR
may lead to a micro-bunching instability under the following
conditions [5, 22–25]:

𝜎𝑧 ≥ 0.5𝜌Λ−3/2 and 𝜌
𝑏 ≤ Λ, (10)

where 𝑏 is the chamber radius, 𝜌 the bending radius and Λ
known as the Stupakov-Heifets parameter:

Λ = 𝑁𝑏𝑟𝑒𝜌√2𝜋
𝐶|𝛼𝑐|𝜎𝑧𝛾𝜎𝛿

2 . (11)

The instability conditions were calculated for both design
options and presented in Table 2, showing that no CSR
instability is expected.

CONCLUSION
In this study, analytical estimates of various collective

effects were presented for the two FCC-𝑒+𝑒− PBR design
options. Based on these, no major limitations are expected
due to SC, IBS, LMI and CSR. Concerning the TMCI, the
transverse impedance exceeds the instability threshold for
the SPS. Furthermore, it was shown that the neutralization
density exceeds the 𝑒-cloud instability threshold for both
design options. The fast rise times of the FII can be compen-
sated with a feedback system, provided a vacuum pressure
of 10−11 mbar and 10−10 mbar are achieved for the SPS and
the alternative design, respectively.
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