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Abstract
In the CERN Proton Synchrotron space charge driven

resonances are excited around the operational working point
due to the periodicity of the optics functions. In this paper,
the resonances are studied using analytical methods, i.e. the
evaluation of the resonance driving terms connected to the
space charge potential of Gaussian distributions. Further-
more, the resonances are characterized in measurements
and simulations for various beams. The beams considered
are different in terms of brightness, in order to study the
dependence of the resonance strength on the space charge
force.

INTRODUCTION
Space charge effects are critical for high-brightness syn-

chrotrons such as the CERN Proton Synchrotron (PS). Space
charge forces create an incoherent tune shift that depends
on the longitudinal and transverse distributions, the energy
and the intensity of the beam. This tune spread can be
analytically estimated for Gaussian (transverse) beam dis-
tributions [1]. Figure 1 shows the expected space charge
tune spreads for the beam parameters used during the ex-
perimental studies presented in this paper (summarized in
Table 1).

The space charge potential can have an interplay with
resonances through the space charge tune spread, but it can
also directly excite resonances [2]. The Resonance Driving
Terms (RDTs) of resonances driven by the space charge
potential of Gaussian beams can be calculated analytically [2,
3]. In the PS an 8th order space charge driven resonance at
8Qy = 50 was identified in the past [4, 5]. Recent studies
have confirmed the losses when crossing this resonance [6]
and have identified another space charge driven resonance
at 2Qx + 6Qy = 50 [7].

In this paper, the 8th order space charge driven resonances
in the PS are studied using the analytical expression for the
respective RDTs. Moreover, experimental results of tune
scans using the beams of Table 1 will be presented and
complemented with simulation studies.

Table 1: Beam Parameters for Simulations and Experiments

Beam Type High-brightn. Low-brightn.

ϵnh (1σ)[mm mrad] 5.5 5.5
ϵnv (1σ) [mm mrad] 4.5 4.5
Intensity [1010 ppb] 96 48
∆p/prms (1σ)[10−3] 0.52 0.52
Ekin[GeV] 1.4 1.4
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Figure 1: Sketch of the tune footprints for the beams of in-
terest: high-brightness in black and low-brightness in green.
Resonances of 3rd and 8th order are plotted, systematic in red
and non-systematic in blue. The skew resonances are shown
in dashed lines and the normal in solid. The grey shaded
area corresponds to the tune space tested in the experimental
studies.

ANALYTICAL CONSIDERATION
The excitation of resonances can be studied using per-

turbation theory on the non-linear Hamiltonian [8]. The
leading order RDTs of the space charge driven resonances
can be evaluated for the perturbating space charge potential
of a Gaussian beam, given by [9],

Vsc(x, y) =
r0NB

β2γ3
√

2πσs

∫ ∞

0

−1 + exp− x2

2σ2
x+t

y2

2σ2
y+t√

(2σ2
x + t)(2σ2

y + t)
dt

(1)
where r0 is the classical particle radius, NB the bunch inten-
sity, β, γ, the relativistic factors and σs,x,y the longitudinal,
horizontal and vertical beam sizes. A Python module for
the calculation of the RDTs from the space charge potential
of Gaussian beams has been developed [10] and is used to
study the 8th order resonances in the PS, as discussed below.

The RDTs for the 8Qy = 50, 2Qx + 6Qy = 50 and 4Qx +

4Qy = 50 resonances have been evaluated for the high-
brightness beam and are shown in Fig. 2. Note that the
driving term values presented here are normalized by the
distance from the resonance, i.e. l − mQx − nQy where
l,m,n the corresponding harmonic and order. The optics
functions for the PS lattice, required for the calculation of
the RDTs, have been obtained from MAD-X [11]. The 8th

order driving terms for all of the resonances studied here
increase significantly when the tune values are set on the
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Figure 2: RDTs computed from the space charge potential of Gaussian distributions for the PS lattice for the 8Qy (left),
2Qx + 6Qy (middle) and 4Qx + 4Qy (right) resonances. The color code corresponds to the amplitude of the respective
driving term at each tune.

50th harmonic, i.e. 8Qy = 50, 2Qx + 6Qy = 50 and 4Qx +

4Qy = 50. This harmonic coincides with the periodicity
of the PS optics function modulation and consequently, the
corresponding resonances are excited. On the other hand,
the resonances at harmonics not present in the variation
of the optics function of the lattice are not excited and the
RDTs go to 0. It should be emphasized that the 8Qy = 50
and 2Qx + 6Qy = 50 resonances appear much stronger than
the 4Qx + 4Qy = 50 resonance. Since the driving terms
are computed directly from the space charge potential of
Eq. 1, beams with different brightness will lead to different
resonance excitation. In other words, the RDTs shown in
Fig. 2 will be qualitatively the same but the amplitudes will
depend on the beam brightness (intensity/emittance).

MEASUREMENTS
To study the effect of the space charge excited resonances

in Fig 2, two different types of beams in terms of brightness,
high-brightness and low-brightness, have been chosen. The
beam parameters are shown in Table 1. In order to compare
the behaviour of the two beams in terms of losses, the emit-
tances and consequently the beam sizes were kept the same,
while the intensity was changed to control the space charge
potential. The associated space charge tune shifts are shown
schematically in Fig. 1.

Several measurement campaigns were carried out using
these two beams, with the aim of identifying the resonances
based on beam loss. The PS lattice had to be kept as linear
as possible in order to study the effect of the space charge
driven resonances. Hence, linear coupling and the 3rd order
resonance at 3Qy = 19 were corrected [7]. A single bunch
was always injected at the tune of interest and stored for
1.2 s in constant energy. The losses are measured using the
intensity values at 15 ms and 1115 ms after injection. The
static tune scans cover the tune space 6.24 to 6.37 in steps of
2·10−2 in Qx and 6.11 to 6.21 in steps of 5·10−3 in Qy for the
high-brightness, while for the low-brightness the scan could
be extended to lower tune values in Qx , i.e. 6.09 to 6.21,
while the vertical tunes studied were the same (see Fig. 1).
The reason is that the beam with the smaller tune spread,
∆Qx ≈ ∆Qy ≈ 0.08, could be injected at Qx = 6.09 while
being unaffected by resonances at the integer tune of Qx = 6.

The results of the measurements with the high-brightness
and low-brightness beams are presented in Fig. 3.

The static tune scan with the high-brightness beam shows
losses of≈ 7% along a line parallel to the 8th order resonance
at 6.25, Fig. 3 (top left). Likewise, losses of the same order
appear on a line parallel to the coupled 8th order resonance at
2Qx + 6Qy = 50. The shift observed between the resonance
line and the losses connected to it is in agreement to the
space charge induced tune spread, as shown in Fig. 1. The
maximum losses are observed for large horizontal tunes
Qx > 6.18 where the two resonances overlap and the bunch
is affected by both of them at the same time. In addition,
losses of similar amplitudes were observed from the 8th order
4Qx+4Qy = 50, contrary to our expectations from the RDTs
calculation. However, those losses could also be coming
from some normal octupolar errors exciting the resonance
in 4th order, i.e. 2Qx + 2Qy = 25.

The static tune scan with the low-brightness beam, Fig. 3
(top right), shows losses along parallel lines to the 8Qy = 50
and 2Qx + 6Qy = 50. In this case the losses appear much
closer to the respective resonances, due to the smaller space
charge tune spread. Moreover, the losses are in the order of≈
3% suggesting that the resonances are weaker when the space
charge force is reduced. The resonance 4Qx + 4Qy = 50 or
2Qx + 2Qy = 25, appears to be enhanced indicating that the
main contribution for the excitation is not the space charge
force but some lattice non-linearity, exciting the resonance
most likely in 4th order as discussed above.

SIMULATIONS
The beams of Table 1 have been simulated including the

space charge effect in PyORBIT [12]. The PS lattice is
matched in MAD-X for the tunes tested in the experiments
and is then tracked at constant energy to simulate the PS
flat bottom. The PS model includes systematic higher order
fields obtained by matching to the measured non-linear chro-
maticity [14]. Space charge is included in the simulations
using a frozen model in which the kick is analytically calcu-
lated from the lattice functions, the intensity, the longitudinal
and the transverse parameters of the beam using the Bassetti-
Erskine formula [13]. The analytic solver allows simulating
the beams using a small number of macroparticles, 3000 in
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Figure 3: Measurements (top) and simulations (bottom) of the high-brightness (left) and low-brightness (right) beams. The
color code represents losses after 1.1 s of beam storage. The order of the resonances observed is noted as (m,n).

this case, making it possible to track for many turns. The
equivalent tracking time to simulate the 1.2 s of storage in
the PS, is 5 · 106 turns. The results of the simulations are
shown in Fig. 3 (bottom) for both beams.

The simulations of the tune scan using the high-brightness
beam agree well with the measurement results concerning
the 2Qx + 6Qy = 50 resonance. The resonance seems to get
weaker and thinner as the tunes are moved far from Qx = 6.2.
Concerning the 8Qy = 50 resonance, simulations show
slightly higher losses compared to measurements. Similar
to the measurements, the losses are stronger when the reso-
nances overlap. Regarding the 2Qx + 2Qy = 25 resonance,
no losses were observed in the simulations, further support-
ing the hypothesis that this resonance is driven by octupolar
errors not included in our model. Furthermore, incomplete
modelling of octupolar components in the machine could
also be the origin of the difference between measurements
and simulations concerning the resonance at Qy = 6.25. On
the other hand, the resonance 2Qx+6Qy = 50 would remain
unaffected as in 4th order, it would be only excited in the
presence of skew octupolar components.

In the simulations of the low-brightness beam the losses
shown are concentrated at the 8Qy = 50 and 2Qx+6Qy = 50
space charge driven resonances, similar to the measurements.

The agreement between measurements and simulations con-
cerning the 2Qx +6Qy = 50 resonance is satisfactory, while
the discrepancy in the Qy = 6.25 is slightly larger. The
resonance 2Qx + 2Qy = 25 is not observed in simulations.
The fact that the discrepancy with the lower brightness beam
is larger on the Qy = 6.25 than the high-brightness supports
the assumption of incomplete modelling of the normal oc-
tupolar components. Comparing the simulation results for
both beams, there is a clear correlation between the strength
of the resonances and the space charge.

CONCLUSION
In the CERN PS, resonances driven from space charge

have been studied using analytic methods, measurements and
simulations. Satisfactory agreement amongst the methods
has been achieved. However, losses along the 2Qx + 2Qy =

25 line observed only in measurements suggest that normal
octupolar-like components may exist in the machine that are
currently absent in the PS model.
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