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Abstract
Here we procceed with investigation of all-dielectric target which concentrate Cherenkov radiation (CR) near the
predetermined focus and increase the field up to several
orders of magnitude, so called “concentrator for CR”. We
consider a non-symmetrical case where charge trajectory has
a shift with respect to structure axis. We develop analytical
approach for CR investigation and present typical numerical
results.

INTRODUCTION
Today several modern trends based on beam-dielectric
interaction exist in accelerator physics. One should mention
dielectric wakefield acceleration technique which is now operating with Terahertz (THz) wakefields [1] and has demonstrated Gigavolt per meter fields [2]. With this scheme,
dielectric-lined waveguides, i.e. “closed” structures with dielectric, are utilized. Similar structures are also considered
as prospective candidates for contemporary beam-driven
sources of THz radiation [3]. On the other hand, various
“open” dielectric structures are extensively studied nowadays in view of development of both beam-driven radiation
sources [4] and non-invasive bunch diagnostics systems [5,6]
It is worth noting that rigorous theoretical explanation of
Cherenkov radiation (CR) emerging during the interaction
of charged particle with dielectric object of finite size is
extremely complicated, therefore various approximate methods are used. We utilize and develop our own combined
approach recently approved by numerical simulations in
COMSOL Multiphysics [7] and possessing the asymptotic
accuracy [8,9]. This approach has been utilized to determine
the outer profile of “concentrator for CR”: axisymmetric dielectric target concentrating the majority of generated CR
in a small vicinity of a predetermined focus without any additional lenses or mirrors [10]. This target was investigated
in details for symmetric case [7, 11]. For practice, it also
important to analyze the influence of trajectory offset from
the symmetry axis to the radiation characteristics. This is
the main goal of this report.

CONCENTRATOR GEOMETRY
Figure 1 shows geometry of the problem: a point charge
𝑞 moves with constant velocity 𝜐 = 𝛽𝑐 along straight trajectory inside the channel in axisymmetric dielectric target
with permittivity 𝜀 and permeability 𝜇 = 1. Position of
charge’s trajectory is determined by 𝑟0 and 𝜑0 , see Fig. 1 (b).
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Figure 1: Geometry of the problem. (a) (𝑧𝑥)-cut of dielectric
concentrator for CR. (b) (𝑥𝑦)-cut of the target and position
of the charge’s shifted trajectory.
Cylindrical coordinates 𝜌 = 𝜌0 , 𝑧 = 𝑧0 of the outer profile
of the target have been determined for 𝑟0 = 0 earlier [10]:
𝜌0 (𝜃) = 𝑟(𝜃) sin(𝜃),

𝑧0 (𝜃) = 𝑧𝑓 + 𝑟(𝜃) cos(𝜃),

𝑟(𝜃) = 𝑓 (1 − √𝜀) [1 + √𝜀 sin(𝛼 + 𝜃)]

−1

(1)

,

where 𝛼 = arcsin[1/(√𝜀𝛽)] and 𝑓 is a “focal” parameter.
Maximum transverse size of the target 𝑥max determines minimum angle 𝜃min , maximum angle 𝜃max is determined by
the channel radius 𝑎.

STRATTON-CHU FORMALISM
According to our combined approach, we utilize the
Stratton-Chu formulas [12] to calculate CR exiting the target
using tangential components of EM field at the aperture 𝑆𝑎 :
𝑎 ] 𝜓+
⃗ = ∫ {𝑖𝑘0 [𝑛,⃗ 𝐻⃗𝜔
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a unit normal,
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.

𝑎 , we use solution of the cor⃗𝑎 and 𝐻⃗𝜔
To find the fields 𝐸𝜔
responding “etalon” problem (determining EM field in the
bulk of the target). Omitting cumbersome calculations, we
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get for azimuthal field components for 𝜌|𝑠| ≫ 1 at the inner
side of the outer surface [13]:
𝑎− =
𝐻𝜑𝜔

×

𝑞𝜔 exp (𝑖𝑘0 𝑧0 /𝛽 + 𝑖𝜌0 𝑠 − 3𝜋𝑖/4)
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Figure 2: Two dimensional distribution of absolute values
of 𝐸𝑧𝜔 and 𝐸𝜌𝜔 over 𝑥𝑦-plane for symmetrical case 𝑟0 = 0.
in the focal plane.
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where 𝑠2 = 𝑘02 𝛽−2 (𝜀𝛽2 − 1), 𝑠 = √𝑠2 , Im√ > 0,
𝜎20 = 𝑘02 𝛽−2 (1−𝛽2 ), 𝜎0 = √𝜎20 , Re√ > 0, 𝐼𝜈 is a modified
̃
̃
Bessel function, 𝛾 is a Lorentz factor, 𝐴(𝐸2)
and 𝐴(𝐻2)
are
𝜈
𝜈
coefficients determined from linear system based on boundary conditions for 𝜌 = 𝑎 (see [13] for details). Component
𝐻𝜑𝜔 determines “parallel” polarization (∥) containing components 𝐸𝑧𝜔 , 𝐸𝜌𝜔 and 𝐻𝜑𝜔 with corresponding Fresnel
coefficient
𝑇∥ = 2 cos 𝜃𝑖 (cos 𝜃𝑖 + √𝜀 cos 𝜃𝑡 )

−1

.

Component 𝐸𝜑𝜔 determines “orthogonal” polarization (⊥)
containing components 𝐻𝑧𝜔 , 𝐻𝜌𝜔 and 𝐸𝜑𝜔 with corresponding Fresnel coefficient
𝑇⊥ = 2√𝜀 cos 𝜃𝑖 (√𝜀 cos 𝜃𝑖 + cos 𝜃𝑡 )

−1

.

Angle of incidence 𝜃𝑖 can be obtained from Snell’s law
√𝜀 sin 𝜃𝑖 = sin 𝜃𝑡 and angle of refraction 𝜃𝑡 :
sin 𝜃𝑡 =

−1
𝛽√𝑟 2 + 𝑟 ′2

[𝑟 sin 𝜃 − 𝑟 ′ cos 𝜃−

− √𝜀𝛽2 − 1 (𝑟 cos 𝜃 + 𝑟 ′ sin 𝜃)] ,

𝑟 ′ = 𝑑𝑟/𝑑𝜃.

Unit vector of transmitted wave 𝑒𝑘⃗ is
𝑒𝑘𝜌 = 𝑛𝜌 cos 𝜃𝑡 − 𝑛𝑧 sin 𝜃𝑡 ,

𝑒𝑘𝑧 = 𝑛𝜌 sin 𝜃𝑡 + 𝑛𝑧 cos 𝜃𝑡 .

Transmitted fields at the outer surface of the aperture are:
𝑎 = 𝑇 𝐻 𝑎− ,
𝐻𝜑𝜔
∥ 𝜑𝜔
𝑎 = 𝑇 𝐸 𝑎− ,
𝐸𝜑𝜔
⊥ 𝜑𝜔
𝑎 = 𝐻𝑎 𝑒 ,
𝐸𝜌𝜔
𝜑𝜔 𝑘𝑧

𝑎 = −𝐻 𝑎 𝑒 ,
𝐸𝑧𝜔
𝜑𝜔 𝑘𝜌

𝑎 = −𝐸 𝑎 𝑒 ,
𝐻𝜌𝜔
𝜑𝜔 𝑘𝑧

𝑎 = 𝐸𝑎 𝑒 .
𝐻𝑧𝜔
𝜑𝜔 𝑘𝜌
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𝑎 [𝑒 ⃗ , 𝑒 ⃗ ] ,
⃗∥ = 𝐻𝜑𝜔
𝐸𝜔
𝜑 𝑘
⊥
𝑎
⃗
𝐻𝜔 = 𝐸𝜑𝜔 [𝑒𝑘⃗ , 𝑒𝜑⃗ ] ,

NUMERICAL RESULTS
For evaluation of integrals (2), a numerical code was realized in MATLAB with the use of Parallel Computing Toolbox. Parameters for calculations are: 𝜔 = 2𝜋 ⋅ 100 GHz,
𝛽 = 0.8, 𝑓 = 500𝑐/𝜔, 𝑧𝑓 = 0, 𝑞 = 1nC, 𝜑0 = 0,
eff = 340𝑐/𝜔, 𝑎 = 𝑐/𝜔, 𝜃
∘
𝑥max = 500𝑐/𝜔, 𝑥max
min = 162 ,
∘
∘
∘
𝜃max = 179 , 𝜀 = 1.6, 𝛼 = 80 , 𝛼tar = 73 . We will restrict
ourselves by taking into account only three modes in Eqs. (3)
and (4) which is enough up to 𝑟0 = 𝑎/2.
Figure 2 shows two-dimensional distribution of longitudinal (𝐸𝑧𝜔 ) and transverse (𝐸𝜌𝜔 ) components over 𝑥𝑦-plane
for 𝑧 = 0 and symmetric case 𝑟0 = 0. As one can clearly see,
transverse field is exact zero on the symmetry axis while
longitudinal field is maximal here. Transverse field quickly
increases with observation point shift from 𝑧-axis and has
its maximum value around two times larger compared to
maximum of 𝐸𝑧𝜔 . Total field is practically determined by
transverse field excluding small central area.
The case with a shifted charge is shown in Fig. 3. Magnitudes of transverse and longitudinal fields differ approximately by factor 5 and increase almost linearly with increasing 𝑟0 . The most interesting feature is occurred in longitudinal field. For relatively small offset (𝑟0 = 𝑎/10), this field
is strongly asymmetric with respect to 𝑥 = 0. The stronger
peak is located in the area 𝑥 > 0, i.e. in the area where
shifted charge propagates (recall that a charge is shifted
to positive 𝑥). With an increase in 𝑟0 these peaks become
more symmetrical (𝑟0 = 𝑎/4), and for relatively large offset
(𝑟0 = 𝑎/2) we have two almost symmetrical peaks located
approximately at 𝑥 = 6.7𝑎 and 𝑥 = −8.7𝑎, i.e. far enough
from the charge trajectory. More detailed position of the
discussed peaks is shown in Fig. 4. In turn, transverse field
also has an essential asymmetry for relatively small offset.
It is worth noting that the peak of transverse field is shifted
in opposite direction compared to the shift of the charge
trajectory, its approximate location is 𝑥 = −2.3𝑎 (see Fig. 4
for details). For larger offsets, the peak of 𝐸𝜌𝜔 becomes
practically symmetric in both 𝑥 and 𝑦 direction, is located
nearly in the center and dominates the longitudinal peak.
Possible applications of the presented dielectric concentrator would lie in the area of beam diagnostics and beam
manipulation. Since strong field concentration takes place
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50% of the right peak magnitude while for 𝑟0 = 𝑎/2 left
peak magnitude is about 90% of the right peak magnitude.
Moreover, these peaks are shifted for several values of 𝑎 (in
our case from ≈ 5 to ≈ 8) from the axis thus simplifying the
detection of the field.
If the bunch is well aligned along the axis (𝑟0 = 0), it
experiences influence of longitudinal field (𝐸𝑧𝜔 ) only, see
Fig. 2. Interaction between the bunch and strongly concentrated radiated field can lead to longitudinal modulation of
the bunch. If the bunch is shifted (𝑟0 ≠ 0), it is affected
by strong transverse field in the focal plane. Therefore, the
concentrator can operate as all-dielectric transverse kicker
in this case.
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