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Abstract 

Excitation of plasma wave by two lasers beating in a colli-

sional dominated relativistic plasma is investigated. We 

study the energy exchange between a plasma wave and two 

co-propagating lasers in plasma including the effect of rel-

ativistic mass change and electron-ion collisions. Two la-

sers, having frequency difference equal to the plasma fre-

quency, excite a plasma beat wave resonantly by the pon-

deromotive force, which obeys the energy and momentum 

conservation. The relativistic effect and the electron-ion 

collision both contribute in energy exchange between the 

interacting waves in the beat-wave acceleration mecha-

nism. Our study shows that the initial phase difference be-

tween interacting waves generates a phase mismatch be-

tween lasers and plasma wave, which alters the rate of am-

plitude variations of the interacting waves and, hence, af-

fects the energy exchange between the interacting waves. 

This study may be crucial to design a compact plasma ac-

celerator in low-intensity regime. 

INTRODUCTION 

The propagation of intense laser pulses in plasmas is rel-

evant to many applications including laser-driven fusion, 

electron or ion acceleration, x-rays or terahertz radiations 

etc. Laser-driven Plasma-based accelerators were origi-

nally proposed by Tajima and Dawson [1] in which parti-

cles are accelerated by the electric field of a plasma wave 

driven by intense laser fields having acceleration gradient 

of GV/m. The plasma beat-wave accelerator (PBWA) is 

proposed as an alternative to short-pulse laser wakefield 

accelerators due to non-availability of ultrashort and ultra-

high power lasers. The excitation mechanism of the plasma 

wave is a three-wave resonant nonlinear interaction.  When 

two lasers of slightly different frequencies are propagated 

together in underdense plasma, there is formation of beat 

envelope due to interference of their transverse electric 

field. The interference or beating of two lasers produce 

density perturbation which generates plasma waves. The 

ponderomotive force, which is proportional to gradient of 

laser intensities, excites the plasma wave behind the laser 

beat envelope called the plasma wake with the phase ve-

locity. The plasma wave grows significantly when the res-

onance between the plasma frequency and laser frequen-

cies is fulfilled [2,3]. The lasers lose energy due to their 

non-linear interaction with the plasma and become saturate 

on an amplitude level. 

We have studied the interaction between lasers and plas-

mas by beating two lasers of frequency difference equal to 

plasma frequency. We establish the modified dispersion re-

lation, including the effect of electron damping coefficient 

and relativistic mass change and derived the coupled equa-

tions for the amplitude of lasers and plasma waves and their 

respective phases in a plasma. The dispersion relation will 

be modified due to relativistic mass change and the damp-

ing coefficient. The modified dispersion relation will affect 

the temporal evolution of lasers and plasma waves. 

ENERGY EXCHANGE BETWEEN INTE-
RACTING WAVES 

Let us consider two high intensity lasers with electric 

field given by 

�ࡱ  =  �̂�௝ሺݐሻ exp[−݅( ௝߱ݐ − ௝݇�)],                          (1) 

where ݆ = ͳ,ʹ, co- propagating in a cold plasma with den-

sity of ݊଴ and an electron temperature ��. In the PBWA 

process, two co-propagating lasers of frequency ߱ଵ  and ߱ଶ  exert a ponderomotive force on electron at frequency 

difference ߱ଵ − ߱ଶ. When frequency difference of two la-

sers is equal to plasma frequency ߱ଵ − ߱ଶ = ߱�, this force 

drives a large amplitude plasma wave ሺ߱, ݇ሻ. The electric 

field corresponding to Langmuir waves is ࡱ = −�� = �̂�ሺݐሻ ��݌[−݅ሺ߱ݐ − ݇�ሻ],                   (2) 

where ߱ = ߱ଵ − ߱ଶ − ݇ ,߱ߜ  = ݇ଵ − ݇ଶ −  ݇ߜ and ߱ߜ ,݇ߜ

are the mismatches in the frequency and wave vector. The 

beating of two lasers generates two Langmuir waves ሺ߱ଵ ± ߱ଶ,   ݇ଵ ± ݇ଶሻ, out of which Langmuir wave ሺ߱ଵ + ߱ଶ, ݇ଵ + ݇ଶሻ is off resonant. 

From the linear perturbation theory [4], the oscillatory 

velocities of electrons produced by interaction of laser and 

plasma waves are �ଵ = ૚ࡱ� ⁄ଵ߱ߛ݅݉ , �ଶ = ૛ࡱ� ⁄ଶ߱ߛ݅݉ , 
and � = ࡱ� ⁄߱ߛ݅݉ . When the amplitudes of interacting 

waves are comparable to each other , the effective relativ-

istic factor may be taken as ߛ଴ = ሺͳ + �ଵଶ ʹ + �ଶଶ ʹ⁄⁄ ሻଵ/ଶ, 
where �ଵ = ��ଵ ݉߱ଵ�⁄ , �ଶ = ��ଶ ݉߱ଶ�⁄ , and �଴ =�� ݉߱�⁄ ,  -e and m are the electron’s charge and mass, re-
spectively, and c is the velocity of light in vacuum.  

The lasers exert a ponderomotive force on the electrons 

at ሺ߱, ݇ሻ, ࡲ� = −�∇��, where �� =− ∗ଶࡱଵࡱ� ʹ݉߱ଵ߱ଶߛ଴⁄ . The electron density perturbation at ሺ߱, ݇ሻ due to � and �� is 

 ݊� = ݇ଶߝ଴ �߯�(� + ��)⁄ ,                                     (3)                         

___________________________________________________________________________________________________________________  
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where ߯� = − ߱�ଶ ሺ߱ଶߛ଴ − ݇ଶ߭�ℎଶ ሻ⁄   is the electron suscep-

tibility, ߱� = ሺ݊଴�ଶ/݉ߝ଴ሻଵ/ଶ  is the plasma frequency, 

and ߭�ℎ = ሺʹ�� ݉⁄ ሻଵ/ଶ is the electron thermal velocity.  

Using the expression in the Poisson’s equation ∇ଶ� =− �݊� ⁄଴ߝ ,  we obtain 

�ߝ  = −(݇�ଶ ݇ଶ⁄ )߯���,                                            (4) 

where ߝ = ͳ + ߯�.  Using Maxwell’s equations, the elec-
tron density perturbation at ሺ߱, ݇ሻ couples with the oscil-

latory velocity due to laser 2 produces a nonlinear current 

density due to laser 1 as �ଵ = −�݊଴�ଵ − �݊��ଶ. Similarly, 

nonlinear current density due to laser 2 is �ଶ = −�݊଴�ଶ −�݊��ଵ. In the presence of damping coefficient ��௜  due to 

electron-ion collisions, the dispersion relation of electro-

magnetic wave for laser 1 would be �ଵࡱଵ = (��௜ − ݅߱�ଶ ߱ଵߛ଴⁄ ݐሺ߱ଵ݅−]݌��( −   ݇ଵ�ሻ]  +ሺ݇ଶ�߯� ⁄଴ߛ݉ ሻ(� + ݇�ଶ ݇ଶ⁄          ଶ,                                 (5)ࡱ(��

where �ଵ = ߱ଵଶ − ߱�ଶ ⁄଴ߛ − ݇ଵଶ�ଶ + ݅��௜߱ଵ. The damping 

coefficient of electron-ion collision changes the dispersion 

relations of waves. In the absence of pump ሺ�ଵ = Ͳሻ, the 

dispersion relation of the electromagnetic wave can be ob-

tained as ߱ଵଶ = ߱�ଶ ⁄଴ߛ + ݇ଵଶ�ଶ − ݅��௜߱ଵ. The behavior of 

first electromagnetic wave can be represented by ߲�ଵ ⁄ݐ߲ = ௜�భ�(��మ −௜����భ�బ)  [Φ��݌[−݅ሺݐ߱ߜ − [ሻ�݇ߜ +                                                                    ݇�ଶ ݇ଶ⁄ Φ�]�૛,      (6)  

where ߞ = ݇ଶ�߯� ݉⁄ , and Φ� =− ��ଵ�ଶ∗ ⁄଴߱ଵ߱ଶߛ݉ʹ ሺ߰ଵ݅−] ݌��  − ߰ଶሻ]. Similarly, we 

can solve the equation representing the behavior of the 

electromagnetic wave for second laser and plasma wave. 

Expressing Φ = ሺ݉�ଶ �⁄ ሻ�଴ሺݐሻ ��݌ [−݅߰ሺݐሻ], �ଵ =(݉�߱� �⁄ )�ଵሺݐሻ ��݌ [−݅߰ଵ], and �ଶ =(݉�߱� �⁄ )�ଶሺݐሻ ��݌ [−݅߰ଶ], in the above equations and 

separating the real and imaginary parts, one can obtain the 

following normalized equations ߲�ଵ ߲߬⁄ = −�ଵ[߱�ଶ�଴�ଶ ߠ ݊݅ݏ +                               ��௜߱ଵߛ଴{�଴�ଶ �ߠ ݏ݋ − ଵ�ଶଶ}],             (7) ߲�ଶ�ߟ ߲߬⁄ = −�ଶ[߱�ଶ�଴∗�ଵ ߠ ݊݅ݏ +                              ��௜߱ଶߛ଴{�଴∗ �ଵ �ߠ ݏ݋ − ଶ�ଵଶ}],              (8) ߲�଴�ߟ ߲߬⁄ = �ଷߟ�ଵ�ଶ (9)             ,ߠ ݊݅ݏ ߲߰ଵ ߲߬⁄ = −�ଵ[ሺ�ଶ�଴ �ଵ⁄ ሻ߱�ଶ �ߠ ݏ݋ − ଶଶ߱�ଶ�ߟ −                                 ��௜߱ଵߛ଴ሺ�ଶ�଴ �ଵ⁄ ሻ (10)            ,[ߠ ݊݅ݏ ߲߰ଶ ߲߬⁄ = −�ଶ[ሺ�ଵ�଴∗ �ଶ⁄ ሻ߱�ଶ �ߠ ݏ݋ ଵଶ߱�ଶ�ߟ                      − + ��௜߱ଶߛ଴ሺ�ଵ�଴∗ �ଶ⁄ ሻ (11)         ,[ߠ ݊݅ݏ ߲߰ ߲߬⁄ = −�ଷߟሺ�ଵ�ଶ �଴⁄ ሻ �(12)         ,ߠ ݏ݋ 

where ߬ = ଵ� ,ݐ�߱ = ሺ߱ଵ݇ଶ�ଶ߯�ሻ ߱�(߱�ସ + ��௜ଶ ߱ଵଶߛ଴ଶ)⁄ , �ଶ = ሺ߱ଶ݇ଶ�ଶ߯�ሻ ߱�(߱�ସ + ��௜ଶ ߱ଶଶߛ଴ଶ)⁄ ,  �ଷ =ሺ߱ଶߛ଴ − ݇ଶ߭�ℎଶ ሻ (Ͷ߱�߱ଵߛ଴ଶ)⁄ ߟ  , = (݇�ଶ ݇ଶ⁄ )(߱�ଶ ߱ଵ߱ଶ⁄ ),  

ߠ = ߰ଵ − ߰ଶ + ߰ + ݐ߱ߜ −  and ߰ଵ,  ߰ଶ and ߰ are the �݇ߜ

phases of laser 1 &2 and plasma waves, respectively. Equa-

tios. (7)-(12) are coupled differential equations to study the 

temporal evolution of interacting waves. 

RESULTS AND DISCUSSION 

Introducing the normalized parameters for laser frequen-
cies Ωଵ = ߱ଵ ߱�⁄ , Ωଶ = ߱ଶ ߱�⁄ , we have solved eqs. (7)-
(12) numerically. We consider cold homogeneous plasma 
of density ݊଴ = ͳ.ͳ × ͳͲଶସ݉−ଷ (߱� = ͷ.9 × ͳͲଵଷݏ−ଵ) 
and electron temperature �� = ͳͲ ���. We chose the fre-
quency of two lasers, ߱ଵ = ʹ.9 × ͳͲଵସݏ−ଵ, and ߱ଶ =ʹ.Ͷ × ͳͲଵସݏ−ଵ. The initial conditions are �ଵ = Ͳ.͵, �ଵ =Ͳ.͵,  �଴ = Ͳ.ͲͲͳ and ߠ = Ͳ° at initial normalized time ሺ߬ = Ͳሻ. The normalized parameters for laser frequencies 
are Ωଵ = ͷ  and Ωଶ = Ͷ.  
 

 

 

 

 

Figure 1: Temporal behavior of normalized amplitude of 

(a) two lasers �ଵ, �ଶ and (b) plasma wave �଴ for different 

electron-ion collisional frequencies in plasma of density ݊଴ = ͳ.ͳ × ͳͲଶସ݉−ଷ, �� = ͳͲ ���, Ωଵ = ͷ   and Ωଶ =Ͷ. 

Figure 1(a) and (b) shows the time behavior of the am-
plitudes of two lasers and plasma wave for different elec-
tron-ion collisional frequencies, respectively. The electron-
ion collision frequency has a deep impact on the evolution 
of lasers and plasma waves. It can be understood from Eq. 
(7)- (12) that the variation of amplitude of lasers and 
plasma wave with time is directly dependent on the elec-
tron-ion collision frequency, and laser and plasma frequen-
cies. If there is no collision between electrons and ions, the 
two lasers beat resonantly to excite a large amplitude 
plasma wave. As the collisional frequency increases, the 
lasers dissipate more energy, and hence, the amplitude of 
lasers decreases. Because of the energy dissipation from 
lasers, the transfer of energy from lasers to plasma wave 
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decreases. Hence, the amplitude of plasma wave decreases 
as the electron-ion collisional frequency increases as 
shown in Fig. 1(b). With further increase in time, the lasers 
no longer beat resonantly, and therefore, the amplitude of 
the excited plasma wave diminishes. These results are in 
accordance with the simulations carried out in [5].  

 

 

 

 

Figure 2: Temporal behavior of normalized amplitude of 

(a) two lasers �ଵ, �ଶ and (b) plasma wave �଴ for different 

values of frequency mismatch in a collisional plasma of 

density ݊଴ = ͳ.ͳ × ͳͲଶସ݉−ଷ, �� = ͳͲ ���, Ωଵ = ͷ   and Ωଶ = Ͷ with electron-ion collisional frequency ��௜ = ʹ ×ͳͲଵଵݏ−ଵ. 

 

In Figure 2 (a) and (b) we observe the effect of relative 

frequency mismatch between lasers frequency and plasma 

frequency on the amplitude of lasers and plasma wave in 

the presence of damping coefficient of electron-ion colli-

sions.  Due to relativistic effect, the electron quivers with 

the velocity comparable to the speed of light, and the mass 

of electrons increase. Due to this relativistic mass change 

of the electrons, the plasma frequency will be decreased. 

This leads to relative frequency mismatch between the la-

sers beat frequency and plasma frequency. The amplitude 

growth of the waves will slow down and saturation will 

eventually be occurred5. The amplitude of plasma waves 

with increasing frequency mismatch saturates at a level be-

low than the amplitude when there is no frequency mis-

match or both the lasers beat resonantly with the plasma 

frequency. It is important for the lasers to resonant per-

fectly with negligible frequency mismatch in order to ex-

cite the large amplitude plasma wave. Thus, both the damp-

ing coefficient of electron-ion collisions and relative fre-

quency mismatch affect the maximum energy transfer be-

tween lasers and plasma wave. 

CONCLUSION 

We have presented the effect of electron-ion collision 

and relative frequency mismatch on the temporal evolution 

of lasers propagating in a collision-dominated plasma and 

the excitation of plasma wave. With the increase in elec-

tron-ion collision frequency and relativistic frequency mis-

match, the transfer of energy from lasers to plasma de-

creases due to more energy dissipation from lasers. The ef-

ficiency of the accelerators in order to gain energetic accel-

erated bunch of electrons is affected by the energy transfer 

between laser and plasma wave and this can be verified ex-

perimentally. This study is also useful in laser-driven fu-

sion studies where numbers of lasers are used to pre-heat 

the fusion pallet. 
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