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Abstract 
We derive a precise analytical nonlinear transverse map 

for single particle transport through a solenoid with hard 
edge fringe fields. The transfer map is two dimensional for 
transverse coordinates and momenta with fixed longitudi-
nal momentum. Because it is an accurate analytic map, it 
is also symplectic. The transfer map is compared with ex-
act numerical tracking. 

INTRODUCTION 
We present ongoing research on the nonlinear transport 

of a single particle through a magnetic coil/solenoid. Sole-
noids are among the oldest optical elements that have been 
used for focussing charged particles, and they are widely 
used in high energy accelerators. The linear transfer map 
for charged particle dynamics in solenoids is well known 
and can be found for example in [1]. However, real particle 
transport through solenoids contains nonlinear effects due 
to the structure of its transverse magnetic field components 
at the entrance and exit regions of the solenoid. These non-
linear effects can play an important role in some accelera-
tors that require precise tuning [2-4]. There are well-known 
Lie algebraic methods in the literature to find transfer maps 
for different optical elements by applying Lie operators and 
integrating Hamiltonians [1, 5]. Unfortunately, no explicit 
form for precise nonlinear transfer maps for solenoids was 
found in the literature. Only approximate, semi-numerical 
methods [6-8] were found. 

In this paper we present an explicit precise nonlinear 
transfer map for solenoids with hard edge fringe fields. We 
derive this map from the relativistic equation of a charged 
particle in a magnetic field B. As the “hard edge” fringe 
field, we assume that B satisfies the Maxwell/Laplacian 
equation and that its longitudinal component is the Heavi-
side step function. The relativistic equation with this B 
field can be solved by an iteration/perturbation method 
from which it is possible to get a solution in the form of an 
infinite series with explicitly defined coefficients. In this 
form we calculated the sum of this series and obtained a 
final analytical formula for the nonlinear transfer map. 
Also, this method can be applied for precise analytical 
tracking in other optical elements such as quadrupoles and 
multipoles. 

BEAM DYNAMICS IN SOLENOID 
The magnetic field of a cylindrically symmetric solenoid 

in a Cartesian frame B(x,y,z) is completely defined by its 
longitudinal magnetic field on the z-axis B(0,0,z) = b(z):    

 

ܤ = ێێێۏ
−ۍ ଵଶ (ݖ)ᇱܾݔ + ଵଵ଺ ଶݔ)ݔ + −(ݖ)′′′ܾ(ଶݕ ଵଶ (ݖ)ᇱܾݕ + ଵଵ଺ ଶݔ)ݕ + (ݖ)ܾ(ݖ)′′′ܾ(ଶݕ − ଵସ ଶݔ) + (ݖ)′′ܾ(ଶݕ ۑۑۑے

ې
 (1) 

 
At this point we assume b(z) to be continuous, increasing 
for the entrance fringe field and decreasing for the exit 
fringe field. We assume b(z) is constant inside the solenoid 
b(z)→B0. The relativistic equation of charged particle mo-
tion in a magnetic field can be written as   
ሷݎ  = ௤௠ఊ ሾݎሶ ×  ሿ.    (2)ܤ
 
Equation (2) can be simplified for the 2D transverse coor-
dinates in terms of z, assuming constant longitudinal mo-
mentum ݖሶ(t) = βc = const 
 ൤ݕ′ݔ′൨ = ݇଴ ቎+݇ݕ′ + ௬௞ᇱଶ − (௫ᇱమା௬ᇱమ)(ସ௬ᇱ௞ᇱᇱା௬௞ᇱᇱᇱ)ଵ଺−݇ݔ′ − ௫௞ᇱଶ + (௫ᇱమା௬ᇱమ)(ସ௫ᇱ௞ᇱᇱା௫௞ᇱᇱᇱ)ଵ଺ ቏ (3) 

 
where k0=qB0/cmβγ is a constant of motion and all other 
values x, y, k in Eq. (3) depend on z. k(z)=b(z)/B0 is the 
normalized longitudinal magnetic field. We wish to calcu-
late the particle transport through a solenoid by a transfer 
map Msol: 
 

௦௢௟ܯ  =  ௢௨௧   (4)ܯ௕௢ௗ௬ܯ௜௡ܯ
 

where Msol is the full transfer map of the solenoid and Min 
and Mout contain the entrance and exit fringe field effects. 
The whole linear map Msol as well as the linear focussing 
effect of fringe fields can be found for example in [1]. 

To calculate the nonlinear fringe maps Min and Mout we 
need to solve the particle motion through the solenoid us-
ing Eq. (3), and cast the result in the form of Eq. (4). Equa-
tion (4) represents the solenoid as two thin elements of 
fringe field surrounding a thick solenoid with so called ef-
fective length ܮ௘௙௙ = ׬  The differential Eq. (2) or .ݖ݀(ݖ)݇
(3) can be solved using an iteration/perturbation method 
with an initial nonperturbed “drift” orbit at zero magnetic 
field for a particle coming from z = -∞ (see Fig. 1): 

(ݖ)଴ݔ  = ݔ + (ݖ)଴ݕݖ௣ݔ = ݕ +  (5)     ݖ௣ݕ

 
In the iterative method, the nth iteration is obtained by inte-
grating Eq. (3) from -∞ to some inner point of the solenoid 
z by using the previous iteration: 
(ݖ)௡ାଵݎ  = (ݖ)଴ݎ + ׬ ׬ ௤௠ఊ௖ఉ ቂడ௥೙డ௭ × ቃܤ ௨ିஶ௭ିஶݑ݀݌݀  (6) 

 ___________________________________________  
* This work has been supported by Oak Ridge National Laboratory, man-
aged by UT-Battelle, LLC, under contract DE-AC05-00OR22725 for the
U.S. Department of Energy. 
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Figure 1: Schematic of particle input parameters drifting 
from z=-∞ and its orbit in solenoid. 
 
After the nth integration (6) we find the solution expanded 
over the amplitude of the magnetic field B0 or k0: 
(ݖ)௡ݔ  = ݔ + ݖ௣ݔ + ∑ ݇଴௜ (ݖ)௡ݕ௡௜ୀଵ(ݖ)௜ݔ = ݕ + ݖ௣ݕ + ∑ ݇଴௜ ௡௜ୀଵ(ݖ)௜ݕ    (7) 

 
Although it is beyond the scope of this paper, it is possible 
to extract an algebraic recurrence expression from Eq. (6) 
for xi(z) in series (7). 

Now, it also can be shown that the transfer map for the 
entrance fringe field Min to the magnet center z=0 with in-
put {x, xp, y, yp} and output transverse coordinates {x, xp, y, 
yp}f 

,ݔ}  ,௣ݔ ,ݕ ௣}௙ݕ = ,ݔ}௜௡ܯ ,௣ݔ ,ݕ  ௣}   (8)ݕ
 

can be extracted from the linear part of asymptotic orbit (7) 
for z→∞: 
 
௙(ݖ)ݎ  = lim௭→∝ൣݔ + ݖ௣ݔ + ∑ ݇଴௜ ௡௜ୀଵ(ݖ)௜ݔ ൧lim௭→∝ൣݕ + ݖ௣ݕ + ∑ ݇଴௜ ௡௜ୀଵ(ݖ)௜ݕ ൧   (9) 

 
or 
 

൦ ௣൪ݕݕ௣ݔݔ
௙

=
ێێۏ
ێێێ
ۍ lim௭→∝ൣݔ + ݖ௣ݔ + ∑ ݇଴௜ ௡௜ୀଵ(ݖ)௜ݔ ൧பப୸ lim௭→∝ൣݔ + ݖ௣ݔ + ∑ ݇଴௜ ௡௜ୀଵ(ݖ)௜ݔ ൧lim௭→∝ൣݕ + ݖ௣ݕ + ∑ ݇଴௜ ௡௜ୀଵ(ݖ)௜ݕ ൧பப୸ lim௭→∝ൣݕ + ݖ௣ݕ + ∑ ݇଴௜ ௡௜ୀଵ(ݖ)௜ݕ ൧ۑۑے

ۑۑۑ
ې

௭ୀ଴
 (10) 

 
After calculating (10) we obtained the transfer map: 
 

൦ ௣൪ݕݕ௣ݔݔ
௙

= ێێۏ
ۍێ ݔ + ∑ ݇଴௜ ௣ݔ௜∝௜ୀଵݔ + ∑ ݇଴௜ ݕ௣௜∝௜ୀଵݔ + ∑ ݇଴௜ ௣ݕ௜∝௜ୀଵݕ + ∑ ݇଴௜ ௣௜∝௜ୀଵݕ ۑۑے

 (11)   ېۑ

 

In the general case expression (11) contains complicated 
parameters that depend on the longitudinal magnetic field 
profile k(z) in the form of integrals. The hard edge model 
of the fringe field assumes k(z) to be a Heaviside step func-
tion with a derivative that equals a Dirac delta function 
k’(z)=δ(z). In this case we have only one nonzero parame-
ter in (11):  

׬  ݇ᇱ(ݖ)݀ݖ௭ିஶ = 1     (12) 
 

From the algebraic recurrence expression for xi(z) and yi(z) 
we can obtain terms xi, yi, xpi, ypi for the nonlinear fringe 
field map (11): 
௜ݔ    = 116݅ ෍ ෍ ௣ି௠ݔ௠ݔ௜ି௣ିଶ൫ݔ + ௣ି௠൯௣ݕ௠ݕ

௠ୀ଴
௜ିଶ
௣ୀ଴ + 18݅ ෍ ෍ ቂ2ݔᇱ௜ି௣ିଵݔ௠ݕ௣ି௠௣

௠ୀ଴
௜ିଵ
௣ୀ଴+ ௣ି௠ݕ௠ݕᇱ௜ି௣ିଵ൫ݕ − ௜′ݔ ௣ି௠൯ቃݔ௠ݔ = − 116݅ ෍ ෍ ቂݔᇱ௜ି௣ିଶ൫3ݔ௠ݔ௣ି௠ + ௣ି௠൯௣ݕ௠ݕ

௠ୀ଴
௜ିଶ
௣ୀ଴ + ௣ି௠ቃݕ௠ݔᇱ௜ି௣ିଶݕ2 + ൬1 − 12݅൰ +௜ିଵݕ 18݅ ෍ ෍ ቂ2ݔ௜ି௣ିଵݔᇱ௠ݕᇱ௣ି௠

௣
௠ୀ଴

௜ିଵ
௣ୀ଴+ ௜ି௣ିଵݕ ቀݕᇱ௠ݕᇱ௣ି௠ −  ᇱ௣ି௠ቁቃݔᇱ௠ݔ

 
௜ݕ (13)   = 116݅ ෍ ෍ ௣ି௠ݔ௠ݔ௜ି௣ିଶ൫ݕ + ௣ି௠൯௣ݕ௠ݕ

௠ୀ଴
௜ିଶ
௣ୀ଴ − 18݅ ෍ ෍ ቂ2ݕᇱ௜ି௣ିଵݔ௠ݕ௣ି௠௣

௠ୀ଴
௜ିଵ
௣ୀ଴+ ௣ି௠ݔ௠ݔᇱ௜ି௣ିଵ൫ݔ − ௜′ݕ ௣ି௠൯ቃݕ௠ݕ = − 116݅ ෍ ෍ ቂݕᇱ௜ି௣ିଶ൫3ݕ௠ݕ௣ି௠ + ௣ି௠൯௣ݔ௠ݔ

௠ୀ଴
௜ିଶ
௣ୀ଴ + ௣ି௠ቃݕ௠ݔᇱ௜ି௣ିଶݔ2 − ൬1 − 12݅൰ −௜ିଵݔ 18݅ ෍ ෍ ௣ି௠௣′ݕ௠′ݔ௜ି௣ିଵݕ2ൣ

௠ୀ଴
௜ିଵ
௣ୀ଴+ ௣ି௠′ݔ௠′ݔ௜ି௣ିଵ൫ݔ −   ௣ି௠൯൧′ݕ௠′ݕ

where ݅ = 1 … ∞ and ቄݔ଴, ,ᇱ଴ݔ ᇱ଴ቅݕ ,଴ݕ  = ,ݔ} ,௣ݔ ,ݕ  {௣ݕ
are input coordinates for the transfer map (11). 
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Entrance Fringe Field Transfer Map 
As an example, we present the second order input fringe 

field transfer map (n=2) in explicit form as calculated by 
(13): 

௙ݔ  = ݔ + ݇଴8 ቀ2ݔ௣ݕݔ + ଶݕ)௣ݕ − +ଶ)ቁݔ ݇଴ଶ128 ൫8ݔ)ݔଶ + +(ଶݕ ଶݕ)ݕ௣ݕ௣ݔ2 − (ଶݔ3 + −ଶݕ3)ݔ ௣ଶݔ)(ଶݔ − ௣௙ݔ ௣ଶ)൯ݕ = ௣ݔ + ݇଴8 ൫2ݔ௣ݕ௣ݔ + 4)ݕ − ௣ଶݔ + +௣ଶ)൯ݕ ݇଴ଶ128 ൫ݔ௣(ݕଶ − ௣ଶݔଶ)൫ݔ − +௣ଶ൯ݕ3 ௣ଶݕ൫ݕݔ௣ݕ2 − ௣ଶݔ3 − 16൯ −  ௣൯ݔଶݔ32
 

௙ݕ (14) = ݕ − ݇଴8 ቀ2ݕ௣ݕݔ + ଶݔ)௣ݔ − +ଶ)ቁݕ ݇଴ଶ128 ൫8ݔ)ݕଶ + +(ଶݕ ଶݔ)ݔ௣ݕ௣ݔ2 − (ଶݕ3 + −ଶݔ3)ݕ ௣ଶݕ)(ଶݕ − ௣௙ݕ ௣ଶ)൯ݔ = ௣ݕ − ݇଴8 ൫2ݔ௣ݕ௣ݕ + 4)ݔ − ௣ଶݕ + +௣ଶ)൯ݔ ݇଴ଶ128 ൫ݕ௣(ݔଶ − ௣ଶݕଶ)൫ݕ − +௣ଶ൯ݔ3 ௣ଶݔ൫ݕݔ௣ݔ2 − ௣ଶݕ3 − 16൯ −  ௣൯ݕଶݕ32
 

Exit Fringe Field Transfer Map 
Exit fringe field transfer map can be derived in the same 

way as the entrance map, but it will be different from (13), 
(14). By using the symmetry of the solenoid field and par-
ticle dynamics it can be derived that the transfer map for 
the exit will be exactly inverse to the entrance one. If the 
transfer map (8) with explicit form (11) (13) is expressed 
formally as a 4D vector function, then the exit map is the 
inverse function: 
,ݔ}  ,௣ݔ ,ݕ ௣}௙ݕ = ,ݔ௢௨௧൛ܯ ,௣ݔ ,ݕ ௣ൟݕ = ,ݔ௜௡ିଵ൛ܯ ,௣ݔ ,ݕ  ௣ൟ (15)ݕ

 
We will not present recurrence formulas for the exit map 
similar to Eq. (13), but we will present explicit form of the 
second order map: 

௙ݔ    = ݔ − ݇଴8 ቀ2ݔ௣ݕݔ + ଶݕ)௣ݕ − +ଶ)ቁݔ ݇଴ଶ128 ൫2ݔ௣ݕ௣ݕ)ݕଶ − (ଶݔ3 − −ଶݔ)ݔ ௣ଶݔ)(ଶݕ3 −  ௣ଶ)൯ݕ

௣௙ݔ = ௣ݔ − ݇଴8 ቀ2ݔ௣ݕ௣ݔ + ൫4ݕ − ௣ଶݔ + +௣ଶ൯ቁݕ ݇଴ଶ128 ቀݔ௣(ݔଶ − ଶ)൫8ݕ − ௣ଶݔ + +௣ଶ൯ݕ3 ൫8ݕݔ௣ݕ2 − ௣ଶݔ3 +   ௣ଶ൯ቁݕ
௙ݕ (16) = ݕ + ݇଴8 ቀ2ݕ௣ݕݔ + ଶݔ)௣ݔ − +ଶ)ቁݕ ݇଴ଶ128 ൫2ݔ௣ݕ௣ݔ)ݔଶ − (ଶݕ3 − −ଶݕ)ݕ ௣ଶݕ)(ଶݔ3 − ௣௙ݕ ௣ଶ)൯ݔ = ௣ݕ + ݇଴8 ൫2ݔ௣ݕ௣ݕ + 4)ݔ − ௣ଶݕ + +௣ଶ)൯ݔ ݇଴ଶ128 ቀݕ௣(ݕଶ − ଶ)൫8ݔ − ௣ଶݕ + +௣ଶ൯ݔ3 ൫8ݕݔ௣ݔ2 − ௣ଶݕ3 +  ௣ଶ൯ቁݔ

 
It can be verified that expressions (16) are not exactly in-
verse to (14), but they are inverse with accuracy of ܱ(݇଴ଷ). 
It can be also verified that the whole map of the solenoid 
(4) is symplectic with accuracy of ܱ(݇଴௡ାଵ), where n is ex-
pansion order of the map (11). 

Remarkably,  the infinite  series  (11) and the correspond-
ing map can be calculated analytically and presented in the 
form of simple analytical functions, but we omit this here 
due to lack of space. Conditions for convergence of the se-
ries (11) also have been found. 
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