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APPROXIMATE MATRICES FOR MODELING THE FOCUSING OF THE
UNDULATOR PERIODS AND UNDULATOR END FIELDS

V.Balandin® and N.Golubeva, DESY, Hamburg, Germany

Abstract

We describe the procedure for the construction of approx-
imate matrices for modeling the focusing of the undulator
periods and undulator end fields and discuss applicability
of these matrices to the European XFEL undulators.

INTRODUCTION

The so-called natural vertical focusing of the long peri-
odic planar undulators (or undulator segments) is usually
taken into account by averaging equations of motion over
one undulator period, and while accuracy of this approxima-
tion is often good enough for describing period properties,
it gives no answer to the question how to model the effect
of the undulator entrance and exit fields.

In this paper, looking on the naive averaging method from
the common in the last few decades point of view of coordi-
nate transformations, we describe unified approach for the
construction of approximate matrices for modeling focusing
of both, undulator periods and undulator end fields.

We have incorporate the matrices obtained into the MAD
code, which is currently a standard tool for describing the
lattice of the European XFEL accelerator, and also we use
these matrices in online beam dynamics applications.

PLANAR MODEL OF THE UNDULATOR
FIELD AND EQUATIONS OF MOTION

We describe the undulator field and the particle motion
in a Cartesian coordinate system with x, y and z as the hor-
izontal, vertical and longitudinal direction, respectively.

Because we assume that the undulator magnetic field B =
(Bx,By,B;)" is symmetric about the horizontal midplane
y = 0 and is homogeneous along the x-axis (approximation
of infinitely wide poles), it can be described in terms of a
scalar potential ¥ (with AY = 0 and B = V¥) which is an
odd function of y, independent from x, and can be expressed

as a formal power series in y in the form
2m+1

— [2m]
¥ = Z(l)b <>(2 T (1)

where bo(z) is distribution of the vertical magnetic field in
the horizontal midplane and the index [n] indicates the n-th
derivative with respect to the longitudinal variable z.

For describing the particle dynamics we take the coordi-
nate z as an independent variable, use a pseudoparticle fly-
ing along the z-axis in the field free space as the reference
particle, and adopt a complete set of symplectic variables
u = (x,px,y,py,0,€)" as particle coordinates. Here py
and p, are transverse canonical monenta scaled with the
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Figure 1: The vertical field in the European XFEL laser
heater undulator (ULH) for a gap of 32 mm. Red curve is
an analytical fit to the measured data represented in this fig-

ure by the blue dots. Rectangles of different colors indicate
regions chosen for the entrance, exit and period fields.
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constant kinetic momentum of the reference particle pg and
the longitudinal variables o~ and ¢ are

oc=cBolto—1), €=(E-8)/(Bi&), ()

where &, Bo and 19 = to(z) are the energy of the reference
particle, its velocity in terms of the speed of light ¢ and its
arrival time at a certain position z, respectively.

In these variables, the Hamiltonian describing the motion
of a particle in the planar undulator field takes on the form

where

®(e) = \/(1 +8)2—(e/y0)> = /1 +2e+ ,8(2) g. @

INTERPOLATION OF THE MEASURED
ON-AXIS VERTICAL UNDULATOR FIELD

As the first step of all further considerations, we create
an analytical model of the on-axis vertical magnetic field
bo(z) by interpolation of the available high accuracy mag-
netic field measurements. In doing so we separate undula-
tor (or undulator segment) into entrance, exit and periodic
field parts as shown, for example, in Fig.1. Then, for each
gap value for which field was measured, we fit the entrance
and exit fields with the current sheet-type model depending
from 20 parameters and use the finite trigonometric sum of
the form

n

Z A2m—1 Sin [27”(2;71 -1 Z] (%)

m=1
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for approximating the period field (0 < z < A).

Because on-axis field of all European XFEL undulators
has odd symmetry (i.e. antisymmetric with respect to the
longitudinal undulator center), we keep the same property
in our interpolation model, which guarantees that the so-
called first field integral is automatically equal to zero. In
order to have the second field integral in our model also
equal to zero, we constrain our fit with the requirements
that the second integral of the entrance field vanishes and
that the first integral of the entrance field is equal to the
minus second integral of the period field divided by the pe-
riod length. Besides that we require for our field model to
be continuously differentiable function.

MOTION OF THE BEAM CENTROID AND
BETATRON OSCILLATIONS

By definition the beam centroid is a particle which has all
coordinates equal to zero at the undulator entrance. We will
denote the coordinates of this particle by « and its dynamics
is given by the following equations

dx /dz = tan (goz) ., dp, [dz=—ho(2), (6)
do/dz=1-sec(g,), (7

¥(2) = p,(2) = £(2) =0, ®)

where ho(z) = (e / po) bo(z) and c,oaz is the angle which the
centroid trajectory makes with the z-axis, i.e.

Pa(2) = sin (¢, ©)

Let us introduce variables & = u — u for the deviations
of the solution for an arbitrary particle from the beam cen-
troid coordinates and then linearize the equations obtained.
The resulting equations of linear betatron oscillations split
into two groups, the horizontal-longitudinal and the vertical,
governed by the quadratic Hamiltonians

o sec3(<,oaz)
H; :T

+ |1 = Bieos’(¢,)] &}

{2 - 2sin(g,) px &

(10)

and
- - . N2 .
i =3 [sec(goz) (py - hg]xy) - h([)zlxyz] , (11

respectively.

To remove from (11) the unphysical dependence from the
horizontal centroid position x, let us introduce the new vari-
ables

~ ~ = ~ 11 ¢ ~
=3 by=py - hlxy (12)
and obtain the new Hamiltonian

I’_:Iy SeC((,DZ) [:2

py + M sin(g) ] (%)

2 2
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CENTROID DYNAMICS AND FOCUSING
IN THE UNDULATOR SUBPARTS

Let the interval 0 < z < [ will denote some subpart of
the undulator segment (for example, entrance region or one
period). Then the solution of equations (6) and (7) within
this subpart can be expressed in the form of the series

P+(2) =P, (0) - a(2), (14)

x(z) = x(0)

+ > (n+ DD, [tan (@) ] sec” (59) An(z),  (15)

n=0

o(z) = 0(0) + z

- Z D! [tan (1,00)] sec*! (1,20) Au(2), (16)
n=0

where the (scaled) field integrals are defined as follows

a(z)zf ho(7) dT, An(z):f a'(t)ydr, (@17)
0 0

and D] are Gegenbauer polynomials in Lee-Whiting’s no-
tations [1, 2].

The subpart focusing matrix, i.e. the fundamental matrix
solution of the equations with the Hamiltonian equal to the
sum of the Hamiltonians (10) and (13) has the form

1 rn O 0 0 rip
0 1 0 0O 0 O
10 0 r33 34 0 O
M = 0 0 rg3 raa 0 0 | (18)
0 rs2 0 0 1 rs6
0 O 0 0o 0 1

where rg,, elements related to the horizontal and longitudi-
nal motion can also be found in the form of series as follows

ri2(z) = Z D} [tan (cp())] sec*3 ({’00> An(2), (19)

n=0

rie(z) = r52(2)

- Z(m DD, [tan (@9)] sec™* (40) An(2).  (20)
n=0

rs6(z) = ri2(z)
=85 D Dy [tan (¢0) | sec™! (@) Au(2). @D)
n=0
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PROCEDURE FOR OBTAINING
APPROXIMATE FOCUSING MATRICES

Let us observe first that due to assumed field antisym-
metry the matrix of the undulator exit is equal to the mir-
ror symmetric image of the undulator entrance matrix, and
therefore don’t require special consideration. So let the in-
terval 0 < z < [ will be the undulator entrance region or
one undulator period.

For the horizontal-longitudinal motion the drift (the field
free space) approximation is typically used, and, if the bet-
ter accuracy is required, one can collect leading correction
terms from the series (19)-(21) with the result

rio(l) ~ 1+ 3 A2(1) = 5 AT(D),  ris(D) = rs2() % 0, (22)

rse(l) ~ yL(Z) + (1 + ﬁ%) [0 - 1at0]. @3

which seems to be sufficient for all practical purposes.

Looking for the vertical focusing effect we first simplify
the Hamiltonian (13) to the form

=15 + nl'p,5?) (24)
by using small angle approximation, and then make in (24)
coordinate transformation
Y= ﬁy = ﬁy - y(2)y,

which brings the Hamiltonian (24) to the form

(25)

) = 5 [p3 + @M+ 1y p) 9] + sy + 3uR5. (26)

As the next step, let us assume that the function ¥ (z) is such
that for some constant Q2

yt + hlp, = Q2 27)
and that the integral
!
f v (2)dz 28)
0
is sufficiently small. Then one can take
i)~ 1 (5 +9%5%) (29)

and obtain approximation to the vertical focusing matrix
as the matrix of the simple harmonic oscillator (29) sand-
wiched between entrance and exit triangular coordinate
transformations (25).

From (27) it follows that the function (z) has the form

() =(0) +Q* - F(2), (30)

where

F(z) = f W (o) d. (1)
0

and ¢ (0) and Q2 can be treated as free parameters which
can be used for minimization of the integral (28).
ISBN 978-3-95450-182-3
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Let us first make this minimization within the class of
periodic functions with (0) = (). This problem has the
unique solution, which can be expressed as follows

1
P=1iFrn=1 (%)zf bj(2) dz, (32)
0
1
w(0) = %fo F(z)dz - $F() = -1 (p%)z
I I 2
U (z—%)bg(z)dz+%(f bo(z)dz) (33)
0 0

Note that with defined in such a way parameters ¢ (0) and
O, the function (z) has zero mean value and, when cal-
culations are made for the motion through the undulator pe-
riod, has ¢ (0) = 0, i.e. recovers usual naive averaging pro-
cedure.

When both parameters i/ (0) and Q are used for optimiza-
tion of the integral (28), the solution is also unique and is
given by the formulas

1 )
Q=12 | zF(z)dz- l%f F(z)dz,  (34)

0 0

1 !
lﬁ(o):—l%j(; ZF(z)dz+%j(; F(z)dz. (35)

Note that specific property of this solution is that for the
motion through the undulator period ¥ (0) # 0, but always

Y (0) +y () = 0.

PRACTICAL IMPLEMENTATION

Both solutions (32)-(33) and (34)-(35) show good perfor-
mance in all our particular applications, and though formu-
las (34)-(35) always provide slightly better precision, we
prefer to use (32)-(33) for the motion through the undulator
periods and (34)-(35) for the transport through the entrance
and exit field regions.

In both solutions the parameters ¢ (0) and Q2 can be rep-
resented in the form

v = (£) 00, @=(g)

po

(36)

where, for every particular undulator, i (0) and Q2 are the
functions only of the undulator gap. This functional depen-
dence has to be found only once, beforehand, and then can
be kept in some appropriate form. It is not clear yet if it is a
common property, but we found it sufficient to use for this
purpose an exponential of low order polynomials.
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