
LHC Schottky Spectrum from Macro-particle Simulations 

CHRISTOPHE LANNOY1,2, DIOGO ALVES1, KACPER LASOCHA3, 

NICOLAS MOUNET1, TATIANA PIELONI2

1 CERN, Geneva, Switzerland
2 EPFL, Lausanne, Switzerland 

3 Institute of Physics, Jagiellonian University,  Kraków, Poland

I.  Introduction

III. Results

References
[1] K. S. B. Li et al., “Code development for collective effects,” in
Proceedings of ICFA Advanced Beam Dynamics Workshop on High-
Intensity and High-Brightness Hadron Beams (HB’16), Malmö,
Sweden, 2016, pp. 362–367, doi:10.18429/JACoWHB2016-
WEAM3X01

[2] Pyheadtail code repository, https://github.com/ PyCOMPLETE

[3] D. Boussard, “Schottky noise and beam transfer function
diagnostics,” 42 p, 1986, doi:10.5170/CERN-1987-003-V2.416

[4] K. Lasocha and D. Alves, “Estimation of transverse bunch
characteristics in the LHC using Schottky-based diagnostics,” Phys.
Rev. Accel. Beams, vol. 25, 062801. 13 p, 2022, doi:
10.1103/PhysRevAccelBeams.25.062801

• Comparison made with two theoretical
formalisms:
• Matrix formalism [4, 6].
• Monte Carlo [7].

• The different methods are in very good
agreement with each other and reproduce
the overall shape of the spectrum as well as
the detailed internal structure of the
synchrotron satellites.

• Effect of chromaticity is well reproduced by
the simulation. The upper betatron sideband
is higher and thinner than the lower one.

II.   Method

PyHEADTAIL simulation parameters for fill 7443
• The simulation method (analytical Fourier transform) is

benchmarked against experimental Schottky spectra
obtained with lead ion beams during LHC Run 2.

• The experimental Schottky data consists of horizontal
measurement of beam 2 at injection energy for the fill
7443.

• Among the PyHEADTAIL input parameters, some are
based on the fitting of the experimental Schottky spectra
as done in Ref. [4] and allows to determine precise
machine and beam parameters for the specific fill we
want to reproduce.

• Other parameters come from direct measurements or
machine design.

The Schottky spectrum is the power spectral density 
of the beam current in the longitudinal plane and 
the dipole moment in the transverse planes.

• The current of a single particle can be expressed as:

• To compute the frequency components of the
current signal we need to know the , several
paths can be considered:

Theory: Analytical formula for 
𝜏𝑖(𝑡)

𝝉𝒏,𝒊 = ?

Simulation: Numerical values 
for 𝜏𝑛,𝑖

FFT algorithm
Analytical Fourier 

transform

𝐂𝐨𝐦𝐩𝐮𝐭𝐚𝐭𝐢𝐨𝐧𝐚𝐥 𝐫𝐞𝐪𝐮𝐢𝐫𝐞𝐦𝐞𝐧𝐭𝐬:
• Evaluate O(Nt Np Nf) ∼1014 exponentials.
• Store in memory Nt x Np number tau  ∼100 Gb.

𝐂𝐨𝐦𝐩𝐮𝐭𝐚𝐭𝐢𝐨𝐧𝐚𝐥 𝐫𝐞𝐪𝐮𝐢𝐫𝐞𝐦𝐞𝐧𝐭𝐬:
• Evaluate O(Nt Np) ∼1010 exponentials.
• No need to store in memory the  tau as the  L     coefficients 

are calculated on the fly along with the PyHT simulation.

Sample each passage of the bunch with 100 points
over 10’000 turns ➔ Array of 1011 samples or 1 TB of
data.
While manageable for smaller accelerator like the PS,
the FFT is too complex memory wise for the LHC.

A similar development can be conducted with the dipole 
moment of the bunch: 

Numerical values from PyHT simulation

[5] O. Boine-Frankenheim and V. Kornilov, “Transverse schottky
noise spectrum for bunches with space charge,” Phys. Rev. ST Accel.
Beams, vol. 12, p. 114 201, 11 2009,
doi:10.1103/PhysRevSTAB.12.114201

[6] K. Lasocha and D. Alves, “Estimation of longitudinal bunch
characteristics in the lhc using schottky-based diagnostics,” Phys.
Rev. Accel. Beams, vol. 23, p. 062 803, 6 2020, doi:
10.1103/PhysRevAccelBeams.23.062803

[7] M. Betz, O. R. Jones, T. Lefevre, and M. Wendt, “Bunchedbeam
Schottky monitoring in the LHC,” Nucl. Instrum. Methods Phys. Res.,
A, vol. 874, 113–126. 14 p, 2017, doi:10.1016/j.nima.2017.08.045

IV. Conclusion
• The aim of this work was to validate the development of a new method for calculating Schottky spectra from

macroparticle simulations.
• This method will enable future studies on how effects such as beam-coupling impedances impact the measured

spectra.
• This method allows to closely reproduce the Schottky spectrum of a given LHC fill. The obtained results were shown to

be in good agreement with reference measurements as well as with other theory-based methods, and reproduce the
overall shape of the spectrum together with the detailed internal structure of the synchrotron satellites.

We introduce a method for building Schottky spectra from macro-particle simulations applied to LHC beam
conditions. In this case, the use of a standard Fast Fourier Transform (FFT) algorithm to recover the spectral
content of the beam becomes computationally intractable memory-wise, because of the relatively short bunch
length compared to the large revolution period. To circumvent this difficulty, a semi-analytical method was
developed to compute efficiently the Fourier transform . The spectral content of the beam is calculated on the
fly along with the macro-particle simulation and stored in a compact manner, independently from the number
of particles, thus allowing the processing of one million macro-particles in the LHC, over 10’000 revolutions, in a

A. Theory B. Simulation (FFT)

C. Simulation (analytical Fourier transform)
Longitudinal Schottky Spectrum

Transverse Schottky Spectrum

Theoretical spectra can be obtained by substituting simple
analytical expression for 𝜏𝑛,𝑖 in Eq. (1) and transforming the
time signal to the frequency domain [3, 4]. The developed
theory is however limited only to simplified beam dynamics
and does not include, e.g., collective effects and beam
interaction with the vacuum chamber through impedance.
Due to the complex theoretical description of such effects, it
is most suitable to study their impact on Schottky spectra
using multi-particle simulations as done in Ref. [5].

Substituting numerical values of 𝜏𝑛,𝑖 in Eq. (1) (calculated from multi-particle simulations) gives a current signal that we can
discretise in time and on which we can apply the FFT algorithm to retrieve the Schottky spectra. For the case of the CERN
Large Hadron Collider (LHC), this method is particularly challenging computationally due to the highly sparse characteristic of
the current signal produced by a single bunch.

Typical LHC bunch length and revolution period

Given the high computational resource requirements of
traditional FFT algorithms, we developed an alternative approach
to compute the Fourier transform (FT). The main steps are:
• Write analytically the FT.
• The integral is trivial since the time signal of the current is a

sum of delta Dirac functions.
• Write the second exponential as its Taylor expansion around

the frequency of the Schottky monitor .
• Invert the summation over the particles and the Taylor

coefficients.
Typical values for the number of turns and frequencies are:
𝑁𝑡 ∼ 𝑁𝑓 ∼ 104 (Acquisition time and spectral resolution of the LHC
Schottky Monitor).

Number of macro-particles: 𝑁𝑝∼ 106 (Realistic PyHEADTAIL simulation)

With:
• 𝜏𝑛,𝑖 : time difference between particle 𝑖 and the                   

synchronous particle at turn 𝑛.
• 𝑞 : charge of the particle.
• 𝑇0 : revolution period.

few hours, on a regular computer. The study presented herein is based on simulations performed with
PyHEADTAIL [1, 2], a macro-particle code that can be used to track turn-by-turn the six-dimensional phase
space evolution of a bunch, possibly including the effects of direct space charge and beam-coupling
impedances (although this capability is not yet used for this study). The simulated Schottky spectrum is
then compared against theoretical formulas and measurements of Schottky signals previously obtained
with lead ion beams in the LHC.

Schottky spectrum simulation procedure

Simulated longitudinal (C, D) and transverse horizontal (A, B, E, F) Schottky spectra for the 
machine and beam configuration of LHC fill 7443. The dotted lines indicate respectively 

(from left to right): (1 − 𝑄𝑥) 𝑓0,  𝑓0 and (1 + 𝑄𝑥) 𝑓0.

Measured (blue lines) longitudinal and transverse horizontal Schottky spectra compared 
with the simulated spectra (orange lines) for LHC fill 7443. The A–F region labels 
correspond to the frequency ranges of the shaded regions of the figure above.
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Frequencies on all the plots have been shifted from the LHC Schottky harmonic, ℎ = 427725, to the first harmonic.


