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Abstract
The use of Optical Transition Radiation (OTR) monitors

is a standard technique to measure transverse beam profiles
at many electron accelerators. With modern accelerator
technology it is possible to produce and accelerate even ul-
trashort electron bunches with sub-femtosecond duration.
Such bunches interacting with the OTR target generate coher-
ent optical transition radiation (COTR). For the COTR case,
a reconstruction of the bunch profile from a recorded image
using a conventional optical scheme is a task with inconclu-
sive solution. In this paper we propose an approach which
is based on the strict propagation of COTR fields through a
focusing lens. As result we obtain a linear dependence of
the measured rms image size on the bunch size.

INTRODUCTION
Optical transition radiation (OTR) monitors are widely

used for transverse beam profile measurements of acceler-
ated electron beams [1–4]. Such a technique can provide
a sub-micron spatial resolution using the so-called “point
spread function (PSF) dominated regime” [5]. In a recent
publication [6] an approach based on the OTR characteris-
tics using Zemax OpticStudio© [7] was developed which
allows to take into account parameters of real optical systems.
However, OTR monitors are able to measure only beam pro-
files for incoherent radiation, i.e. bunch length or bunch
sub-structures have to be much longer than the OTR wave-
length. Because of modern accelerator technologies as laser-
driven plasma accelerators or free electron lasers [8–10]
allow to generate sub-femtosecond and even attosecond elec-
tron bunches, they demand new diagnostic approaches [11].
Evidently, radiation in the visible spectral region of these
bunches becomes coherent such that conventional OTR tech-
niques cannot be applied any more. In this case, the radiation
intensity depends on the squared number of electrons in the
bunch, and the spectral-angular distribution of coherent OTR
(COTR) is determined by the one of conventional incoher-
ent OTR and the bunch form factor [12]. A profile image
using COTR and measured with a standard optical system
consisting of a focusing lens is a ring structure with a deep
central minimum [13]. A few approaches were developed in
order to reconstruct COTR generated bunch profiles using a
conventional OTR monitor [13–16], but the approximations
in use were rough, detailed simulations of this process meet
a lot of troubles. In our work we give a consistent description
of the optical scheme for COTR allowing to connect image
parameters with the bunch size.
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MODEL
We consider the standard optical scheme which is illus-

trated in Fig. 1 together with the coordinate system in use.
To simplify the final expressions describing the pattern in the
detector plane and taking into account an initial beam profile,
following Ref. [17] we use the dimensionless variables

{xT , yT } =
2π
γλ

{XT ,YT }

{xL, yL} =
γ

a
{XL,YL}

{xD, yD} =
γ

a
{XD,YD},

(1)

with γ the Lorentz factor, λ the radiation wavelength, and a
the distance between target and lens. Cartesian coordinates
indicated by small letters {xi, yi} are dimensionless ones,
by capital letters {Xi,Yi} dimensioned ones, the indices i =
T, L,D corresponds to target (T), lens (L) and detector (D)
plane.

Figure 1: Typical scheme of OTR beam profile monitor.

In the limit of ultra-relativistic electron energies (γ ≫ 1)
the OTR process is described as a reflection of the electron
field by a perfectly conducting target (an ideal mirror). For
a particle passing through an optical system with trajectory
coordinates {x0, y0} relative to the optical axis (impact pa-
rameter

√
x2

0 + y2
0) it is straightforward to express the fields

in the detector plane in paraxial approximation [17]:

ED
{x,y }(xD, yD, x0, y0) = const. ×∫

dxT dyT
{xT − x0, yT − y0}√

(xT − x0)2 + (yT − y0)2
×

K1

(√
(xT − x0)2 + (yT − y0)2

)
exp

[
i
x2
T + y2

T

4πR

]
×

4
sin

[
xm

(
xT +

xD
M

) ]
xT +

xD
M

×
sin

[
ym

(
yT +

yD
M

) ]
yT +

yD
M

.

(2)
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Here K1(t) is the modified Bessel function, R = a
γ2λ

,
{xm, ym} the aperture of the square lens, M the optical
magnification, dimensioned constants are omitted. The in-
tegration in Eq. (2) is performed over the target surface
(−xTmax < xT < xTmax,−yTmax < yT < yTmax ).

The OTR pattern in the detector plane (the intensity dis-
tribution) from a particle with impact parameter {x0, y0} is
calculated according to

d2WD
0 {x,y }

dxD, dyD
= const.

���ED
{x,y } (xD, yD, x0, y0)

���2 . (3)

Figure 2 illustrates the difference between OTR based
electron images with x0 = 0 and x0 , 0. If M = 1 the
shift of the OTR intensity minimum is equal to the impact
parameter x0. We used the following parameters for the
calculations: γ = 1000, λ = 0.5 µm, a = 500 mm, M = 1,
XLmax = YLmax = 25 mm (corresponding to an angular lens
aperture of 50γ−1). We would like to emphasize that the
pattern shape does not depend on the impact parameter and
can be described as

d2WD
0 {x,y }

dxD, dyD
= PSF (xD − x0, yD − y0) . (4)

This fact is used to extract beam sizes from measured pat-
terns if such distribution (the so called Point Spread Function
or PSF) is calculated for the parameters before.

Figure 2: OTR image distributions generated from electrons
with different impact parameters.

COTR CASE
According to Eq. (4) the image generation in case of in-

coherent OTR can be interpreted as PSF convolution with
the bunch profile. For COTR it is not the intensity but the
particle field which has to be considered. For simplicity the
resulting fields for a bunch with Gaussian distribution

ρ(xb, yb, zb) =
exp

{
−

x2
b

2σ2
x
−

y2
b

2σ2
y
−

z2
b

2σ2
z

}
(2π)3/2σxσyσz

(5)

are calculated with σx , σy , and σz the rms bunch sizes.
Instead of the two-fold integration in Eq. (2) a five-fold
integration (over target surface and bunch volume) has to
be performed. The integration over z can be removed if the

COTR pattern is measured for a narrow spectral bandwidth
∆λ/λ ≪ 1 because in this case the z-integration is reduced
to a multiplication by exp{−4π2λ2/σ2

z }. Even after this
simplification the remaining integration

ED
coh {x,y }(xD, yD, σx, σy) = const

∫
dxbdyb
2πσxσy

×

× exp

{
−

x2
b

2σ2
x

−
y2
b

2σ2
y

}
ED
{x,y }(xD, yD, xb, yb).

(6)

requires a large amount of computing power. For further
simplification, real and imaginary part of Eq. (6) have been
compared. The imaginary part is about a factor 1000 smaller
and therefore can be omitted in the intensity calculation.

Figure 3: Distribution of OTR fields on the detector plane
produced by electrons with different impact parameters.

In Fig. 3 the components ℜ[ED
x ] for the impact param-

eters x0 = 0 and 40 µm are compared. As can be seen the
shapes are identical, the only difference is a shift ∆x0 =
40 µm. This coincidence allows to introduce an “univer-
sal” field shape in order to describe the field ℜ[ED

x ] for
any impact parameter. For further simulations the field was
therefore approximated by an analytic expressions with fitted
parameters. The field ℜ[ED

x ] in Fig. 3, for instance, was
fitted by the function

ED
x (xD) = a0xD exp

{
−b0x2

D

}
+

n∑
i=1

ak sin(bk xD). (7)

The number of terms in this equation is determined by the re-
quired accuracy. In the present example the number n = 10
was chosen for the ak coefficients using an angular lens aper-
ture of 50γ−1. The first exponential term in Eq. (7) describes
the “long-scale” behaviour of the field, the summation in
Eq. (7) is determined by short period oscillations. This
expression, which is hereafter called “Field Point Spread
Function” (FPSF), allows to calculate the sum of the COTR
fields from all electrons in a bunch according to

ED
coh {x,y }(xD, yD, σx, σy) = const. ×∫

dxbdybρ(xb, yb)×

FPSF{x,y } ({xD − xb}, {yD − yb}) .

(8)

The easiest way to obtain the 2-dimensional FPSF is to
calculate the radial polarization component of the field in
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the far-field zone. In the target size limit XTmax,YTmax → ∞ it
is possible to derive a simple expression for the radial field
instead of Eq. (2) (see Ref. [17]):

ED
r (rD) = const.

rm∫
0

rL/(1 + r2
L)J1(rLrD)rLdrL, (9)

with rL =
√

x2
L + y2

L , rD =
√

x2
D + y2

D , rm =
√

x2
m + y2

m.
For the lens aperture rm ≫ 1 the field can be presented as
follows [18]:

ED
r (rD) = const.

{
1

rD
[rDK1(rD) − J0(rDrm)]

}
, (10)

and consequently,

ED
{x,y }(xD, yD,rm) = const.×{

−
{xD, yD}
x2
D + y2

D

[√
x2
D + y2

DK1

(√
x2
D + y2

D

)
−

−J0

(√
x2
D + y2

D

√
x2
m + y2

m

) ]}
.

(11)

The comparison of both fields calculated with Eqs. (2) and
(11) are shown in Fig. 4. As can be seen, there is a reasonable
agreement between both field descriptions. Therefore in the
following the 2-dimensional FPSF is calculated based on
the field approximation Eq. (11).

Figure 4: Comparison of the fields calculated using Eqs. (2)
and (11) for different lens apertures.

SIMULATION RESULTS
With knowledge of the FPSF it is possible to calculate an

image of the bunch profile. Such a calculation should be

performed taking into account both contributions from inco-
herent and coherent OTR fields. Performing the transition
from a discrete electron bunch distribution to a continuous
one [12], it is possible to derive the expression for both in-
coherent and coherent OTR intensity distributions in the
image plane from a bunch with N particles, introducing a
2-dimensional Gaussian distribution for ρ(xb, yb). As a rule,
N ≥ 106 and it is sufficient to consider only the COTR con-
tribution. Furthermore, in the following the 1-dimensional
dependence of the COTR image on the dimensionless trans-
verse beam size σx = 2π

γλΣx (with Σx the rms size in mi-
crometer) will be considered:

ED
coh(xD, σx) =

∫
dxb

1
√

2πσx
×

exp

{
−

x2
b

2σ2
x

}
ED
x (xD − xb).

(12)

CHARACTERISTICS OF THE COTR
IMAGE

1-dimensional images calculated for a bunch profile and
different beam sizes based on Eq. (7) are shown in Fig. 5.
As can be seen, the position of the maximum xDm in the

Figure 5: 1-dimensional COTR distributions for different
bunch sizes.

detector plane depends on the beam size. In Fig. 6 this
maximum position as function of the beam size σx is shown,
having a linear dependency which is described by the linear
fit function

xm = 0.034 + 1.14σx . (13)

Figure 6: Dependency of the maximums position xm on the
bunch size σx .
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It is straightforward to rewrite Eq. (13) in dimensioned units.
In principle this equation allows directly to estimate the beam
size Σx from the maximum Xm of the measured COTR based
image.

Hereafter an analogue characteristic for the 2-dimensional
case will be deduced. Distributions are calculated along the
axes yD = 0 and xD = 0 using the corresponding polar-
izations, see Eq. (11). For asymmetric bunches these dis-
tributions should be distinguished. Such difference can be

Figure 7: 2-dimensional COTR distributions, calculated for
γ = 1000 and λ = 0.5 µm. Top: Σx = 16 µm, Σy = 8 µm;
bottom: Σx = 16 µm, Σy = 32 µm.

observed in Fig. 7 (top: σx = 0.2, σy = 0.1, and bottom:
σx = 0.2, σy = 0.4). The 1-dimensional distributions for
the latter case are presented in Fig. 8. It should be noted that
Eq. (13) is valid only for the distribution along the major
axis of the bunch profile, i.e. the condition σ2

x ≫ σ2
y has to

be fulfilled. For a round bunch (σx = σy) the distribution
along yD (or xD) may be considered as radial distribution
of the image. For such azimuthal symmetric bunch the po-
sition of the maximum is described by a linear dependence
with an increased coefficient compared to the case under
consideration in Eq. (13) : rm = 0.027 + 1.36σ.

Figure 8: 1-dimensional distributions d2WD
coh/(dxddyd) for

the case σx = 0.2 and σy = 0.4. Blue curve: yd = 0, yellow
curve: xd = 0.

DISCUSSION AND CONCLUSION
The authors of Ref. [15] proposed to describe the COTR

profile in the image plane by the expression

Icoh ∼ |δxρ⊥(xD, yD)|2 + |δyρ⊥(xd, yD)|2. (14)

For a Gaussian bunch profile, the image will therefore be
described again by a Gaussian

Icoh ∼

(
x2
D

σ4
x

+
y2
D

σ4
y

)
exp

{
−

x2
D

σ2
x

}
exp

{
−
y2
D

σ2
y

}
. (15)

For a round bunch this distribution posses a maximum at
rd = σ which is smaller than the simulation result of the
present work (rms about 1.36σ). On the other hand the
author of Ref. [19] simulated an image for a round bunch
and obtained an intensity distribution in the image plane with
the maximum at r ≈ 1.6σ which is close to our calculations.

The approach presented in this work allows to perform a
quantitative analysis of bunch profiles measured with COTR
and a focusing lens. Expressions were obtained for both
polarization components Ex,Ey of the COTR field. In the
model, a finite area of the OTR target and a finite lens aper-
ture were taken into account.

The propagation of COTR through an optical system was
simulated as convolution of the COTR field in the image
plane with a distribution describing the transverse bunch
profile (in contrast to incoherent OTR where such convolu-
tion is performed with the intensity but not with the field).
For a bunch with Gaussian transverse beam profile, images
were calculated assuming a conventional optical system. It
was shown that the resulting distributions are characterized
by a central minimum along the beam direction, and that
the position of the intensity maxima is determined by the
transverse bunch size.

In the experiment described in Ref. [20] the authors ob-
served COTR interference fringes from an ultra-relativistic
electron bunch (E = 215 MeV) using two OTR screens. Such
a bunch generated by the mechanism of laser-plasma acceler-
ation possesses a strong asymmetry in the x − y plane. The
approach described above can be applied for simulation of
COTR characteristics from such kind of bunches.
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