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To study the impact of impedance on such spectra, we perform here time-domain, macro-particle simulations
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and apply a semi-analytical method to compute the Schottky signal for various machine and beam conditions,
including those corresponding to typical physics operation at the Large Hadron Collider (LHC). This study provides
preliminary interpretations of how the Schottky spectra are affected by a longitudinal broad-band resonator
(both theoretically and through simulations) and by a transverse broad-band resonator (through simulation).

N\ 2025

Schottky monitors can be used for non-invasive beam diagnostics to estimate various bunch characteristics, such
as tune, chromaticity, bunch profile or synchrotron frequency distribution. However, collective effects, in particular
beam-coupling impedance, can significantly affect Schottky spectra when large bunch charges are involved. In
such conditions, the available interpretation methods are difficult to apply directly to the measured spectra, thus
preventing the extraction of beam and machine parameters, which is possible for lower bunch charges.
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II ThEOI‘etical deSCI‘iptiOn (longitudinal dynamics)

Theoretical reconstructions of Schottky spectra, such as the matrix formalism [1] or the Monte Carlo [ Additional external forces, such as the one coming

approach [2-4] assume that the synchrotron frequency distribution is known. When the particles are
moving freely in the potential well of the radio frequency (RF) bucket, an analytical relation between the
amplitude of the synchrotron oscillation and its frequency can be used, allowing these methods to
reconstruct the Schottky spectrum from the synchrotron amplitude distribution. However, this relation
has to be modified when beam-coupling impedance affects the longitudinal dynamics.
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* 7 :slippage factor.
* Dy :reference momentum.
 h:RF harmonic number.

Synchrotron oscillation without external forces

’________________________________\

[ The equation of motion for

[
[
[
[
[ [
[ [
[ [
[ [
|
| the RF phase ¢ of a given [ : Z T 1 r |
| Particles: Exact oscillation frequency : : et g@gczlgr(g:g[?)c}rtéldrr]rfpeigﬁccérum' I
d2 ~ T With Qothe nominal synchrotron frequency I ) . 7.(0) = 7 (pw.) : longitudinal [
| gzb Q2 sing = 0 .| Qs (9) = (4 L2 (i.e. the limit synchrotron frequency for I 1) +Q(2)ls_lrkl_\ inigpe)dancel,l(p o ° I
: dt . . 2K [sm (7)] synchrotron amplitude ¢ approaching zero). | | V COS ¢ * ¢ :elementary charge. I
(non-harmonic motion) (K: complete elliptic integral of the first kind) : | Expanding the sine and exponential function with their Maclaurin series. I _:t,ﬂe/f(r)f b:’g:;? iu;ren; N " [
: I | Theideais that, for small oscillation amplitudes, only the first order terms can be géi\llerme;ar’lc\i/?Ie e;ng tehece Stwee I
I This equation is identical to the one of the non-linear physical pendulum and I | kept, while for larger amplitudes, higher order terms can be taken into account. synchronous particle. |
[ solutions and approximations of this equation exist in the literature [5]. I *
[ [
I v I o0 _
I Third order approximation ApProx. osc. frequency [ I . 0 n ¢ - -Z, . neven [
: d2(b 3 5 {52 I (1) ¢ + QO E l Sn¢ — With the coefficients: 4 ™" j::l -7, :nodd I
I WJFQ (¢— )+O(¢)=O "Q, () = Qg 1-1¢ I | I
| : I General equation of motion Z, = Z Z”(p)/l(p)— (E) [
: Comparison between the exact and approximate expressions of the : [ with impedance - VCOS Ps p=—co |
synchrotron frequency as a function of the oscillation amplitude. e o o — o o o / \ _ V4
: 0.0 0.2 ozime l leistUde f%ng] 1.0 1.2
I ? 7 7 ? 7 1.0 I Longitudinal broad-band resonator impedance
M T - —— Exact en Eam Eam EEm Em EEm EEn B EEn EEn B EEE B EEm BN EEE BN EEn EEm B EEn BN EEn EEm B EEm B EEm BEn SEn EEm BEn EEm B Emm BEm SEn Emm EEm Emm B Emm B Emm Emm  Em
I T Approx c : ( : : - : : )
I | ) 080 | * The developed theory will be applied to the particular case of a longitudinal broad-band resonator.
0.8 = _ . , , Broad-band resonator: [
I 2 | | <+ Theeventermsin Eq. (1) are responsible for the synchronous phase shift and it can be shown that, (T T TS ST ~ I
: 506 ‘ '0'62 1 | in the particular case of a broad-band resonator, their contribution can be neglected. ; ZBB(w) = | : :
Iy W ; I=jo ( ) :
| C 04t | | | | | | wr
| 0.4 | % 1 Expanding Eq. (1) up to the third order gives: Approx. osc. frequency | With: i :
0.2{ / 0.25 | | 7 2 3 5y _ , /_ 3S3 |« R,: shunt impedance. '
: A Amplitude distribution I I ¢ T QO (Sl¢ T S3¢ ) T O(¢ ) _ O ] S(¢) _ QO 1 + 851 (2) : o wll - cut-off frequency_ i I
\ 0-%0 0.2 0.4 0.6 o8 107 11 \_"_ @ :quality factor. ! |
- _ _ _ _ _ RFphaseamplitudedlmradl N _ _ _ _ e
III. Sll ] |u1at10ns Lon_gltudlnal broad-band resonator impedance
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 The simulations are conducted with PyHEADTAIL [7] and aim to reproduce the typical conditions of an LHC __resonator and comparison against the adapted theoretical matrix formalism (including impedance).
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The macro-particle simulation is compared against the theoretical matrix formalism, where the relation
between synchrotron amplitudes and frequencies has been generalized with Eq. (2) to include impedance

effects. A good agreement is obtained between the theory and the simulation.
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Comparison of Eq. (2) including impedance terms Z_ up to the
first (red) and third (green) order, against macro-particle
| simulation (black dots).
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The following effects of the longitudinal broad-
band resonator can be observed:
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Frequencies on all the plots have been shifted from the LHC Schottky harmonic, h = 427725, to the first harmonic. Shift of the nominal synchrotron frequency. All i - — Theory without impedance
the satellites converge toward the central one. @46'1 s — Theory 15:°rder
The following effects of a transverse broad-band resonator can be observed: This shift is due to the term S, in Eq. (2) and the §44_Nomma| synchron: — l;fl:_rziiu;;doenr 1 0_§
* The longitudinal band (b) is not affected by the transverse impedance. new nominal synchrotron frequency is Q, VS, . Eé frequency shift g
* A betatron tune shift is visible on the transverse bands (a and c) (all satellites in a given transverse * The . broad-band resonator will reduce ’Fhe £421 T T Ay o
. . : : . . . o . c = 2
sideband are displaced by about 5Hz in the same direction). The direction of the satellite's shift - nomlr?l syrk;chro;cron {.requency for a machine  § 20 3 0.52
. . . . . B ] £
toward the right (resp. left) for the lower (resp. upper) sideband — indicates that the broad-band opera. 'NE above transition £ \ <
resonator decreases the betatron tune. * Amplitude dependent synchrotron frequency 238 Amplitude distribution N\
, _ , o . ] shift due to the higher order terms §,,,,,, n > 1. a7 | | | | | | | 0.0
* The satellites are not simply shifted but their internal structure is also affected by impedance, as 0.00 025 0.50 0.75 1.00 1.25 150 1.75 '

———_____________________________\

[ [ || | | [ [ || | | [ [ || | | [ [ || | | [ [ || | | [ [ ||
PSD [arb. units] [ i

Oscillation amplitude $

\___________________________________/

visible from the red dashed line in Fig. (d) and (e).
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