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Introduction

The review of the LHC octupolar resonance driving terms (RDTs) at injection was carried out in

2023[1, 2, 3, 4], motivated by the observation of undesirable losses during injection related to strongly

powered octupoles, and by the will to reduce the emittance growth from e-cloud effects with weaker

octupolar resonances. The MAD-NG code[5, 6] was used to simultaneously optimize the main oc-

tupolar resonances: 4Qx, 4Qy, and 2Qx-2Qy by adjusting 16 quadrupole families and 16 octupole

families, for a total of 32 parameters.

To ease optimization with many knobs, MAD-NG offers a unique feature called parametric differen-

tial algebraic maps (parametric DA maps) build from the generalized truncated power series algebra

(GTPSA) [8], which combined with other well-designed features helps simplify the overall process:

1. Load MAD-X files of LHC sequences and injection optics into MADX environment with appropriate
setup. The circuits’ logic is preserved (i.e. deferred expressions) making optimization possible.

2. Create a parametric phase-space and link the knobs, e.g. magnet strength circuits, to the

phase-space parameters.

3. Compute the normal forms once and record the reference values of the relevant quantities to be

preserved during optimization.

4. Optimize the constraints by varying the knobs using the derivatives of the relevant quantities

versus the knobs, i.e. the Jacobian provided by the parametric maps.

5. Restore the knobs as scalars with optimized values, i.e. unlink them from phase-space parameters.

The following script snippets show the code for each of the above steps in the process.

Loading LHC Sequences & Optics (1)

MADX:load 'lhc_seq.madx '
MADX:load 'inj_optics.madx '
MADX.lhcb1.beam = beam {particle='proton ', energy =450}
MADX.lhcb2.beam = beam {particle='proton ', energy =450}
MADX.lhcb2.dir = -1 -- set LHCB2 as reversed

Building Parametric DAMap (2)

local prms = { -- param./knob names (strings)
-- 16 strengths of trim quadrupoles families
'kqtf.a12b1 ', 'kqtf.a23b1 ', · · ·, 'kqtf.a81b1 ',
'kqtd.a12b1 ', 'kqtd.a23b1 ', · · ·, 'kqtd.a81b1 ',
-- 16 strengths of octupoles families
'kof.a12b1 ' , 'kof.a23b1 ' , · · ·, 'kof.a81b1 ',
'kod.a12b1 ' , 'kod.a23b1 ' , · · ·, 'kod.a81b1 ',

}

-- DA map representing parametric phase -space
local X0 = damap {nv=6, mo=5, np=#prms , po=1, pn=prms}

-- convert scalars to GTPSAs within MADX env.
for _,knb in pairs(prms) do

MADX[knb] = MADX[knb] + X0[knb]
end

Parametric Normal Forms & Setup (3)

-- function to compute non -linear normal forms
local function get_nf (lhc , X0)

local _, mflw = track {sequence=lhc , X0=X0}
return normal(mflw[1]): analyse("all")

end

-- save reference values
local nf = get_nf(X0, MADX.lhcb1)
local q1ref = nf:q1{1}
local q2ref = nf:q2{1}
local q1jref = nf:anhx{1,0}
local q2jref = nf:anhy{0,1}

Parametric DAMap Layout (GTPSA)

Schematic representation of parametric maps with 6 variables (x, px, y, py, t, pt) of order 2 and 3 pa-

rameters/knobs (k1, k2, k3) of order 1, all made from GTPSA (row-wise).
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Interlude on DA maps

x


px


y


py


t


pt

GTPSA
f (0)
A : E (orbit) f (1)

A : R (matrix) f (2)
A : T* (folded tensor)

pa
ra

m
et

er
s

∂px

∂k1

∂py

∂k3

∂y
∂k2

∂2px

∂pt∂k3

∂2px

∂x∂k1

∂2py

∂x∂k2

0  0  0  0  0  0  1  0  0k1

0  0  0  0  0  0  0  1  0k2

0  0  0  0  0  0  0  0  1k3

Sizes of DAmaps using TPSA vs Matrix Data Structure

Number of coefficients stored in DAmaps as a function of the number of variables ν and orders n using
TSPA (left) and Matrix (right) representations. TPSA sizes represent an upper bound for the GTPSA.

Optimizing RDTs (4 & 5)

match {
-- compute non -linear normal forms
command := get_nf(), -- returns nf used below

-- compute Jacobian from parametric maps
jacobian = \nf,_,J =>

for k=1,32 do -- fill [10x32] J matrix
J:set(1,k, nf:q1{1,k} or 0)
J:set(2,k, nf:q2{1,k} or 0)
J:set(3,k, nf:anhx{1,0,0,k})
J:set(4,k, nf:anhy{0,1,0,k})
J:set(5,k, nf:gnfu{"2002",k}.re)
J:set(6,k, nf:gnfu{"2002",k}.im)
J:set(7,k, nf:gnfu{"4000",k}.re)
J:set(8,k, nf:gnfu{"4000",k}.im)
J:set(9,k, nf:gnfu{"0040",k}.re)
J:set(10,k,nf:gnfu{"0040",k}.im)

end
end ,

-- variables in MADX env. to use as knobs
variables = {

{name=prms[1] , var='MADX[prms[1]]' },
· · ·,
{name=prms[32], var='MADX[prms[32]]'},

},

-- target constraints as equalities to zero
equalities = {

{name = 'q1' , expr = \nf -> nf:q1{1} - q1ref},
{name = 'q2' , expr = \nf -> nf:q2{1} - q2ref},
{name = 'q1j1 ' , expr = \nf -> nf:anhx{1,0} - q1jref},
{name = 'q2j2 ' , expr = \nf -> nf:anhy{0,1} - q2jref},
{name = 'f2002r ', expr = \nf -> nf:gnfu{"2002"}.re - 0},
{name = 'f2002i ', expr = \nf -> nf:gnfu{"2002"}.im) - 0},
{name = 'f4000r ', expr = \nf -> nf:gnfu{"4000"}.re) - 0},
{name = 'f4000i ', expr = \nf -> nf:gnfu{"4000"}.im) - 0},
{name = 'f0040r ', expr = \nf -> nf:gnfu{"0040"}.re) - 0},
{name = 'f0040i ', expr = \nf -> nf:gnfu{"0040"}.im) - 0},

},
} -- close match

-- restore knobs within MADX env. as scalars
for _,knb in pairs(prms) do

MADX[knb] = MADX[knb]:get0()
end

Dynamic Aperture Improvements

Dynamic aperture for beam 1 (top) and beam 2 (bottom) with old (left) and new (right) injection optics

for LHC. Lowering the octupolar RDTs has significantly improved the dynamic aperture at injection.

Performances

The comparison of MAD-NG versus MADX-PTC gives similar results for RDTs calculation. Reference

values (3) were computed in about 0.8 s for MAD-NG and 9 s for MADX-PTC on the author’s laptop,

where both codes use the same physics and models, i.e. without parameters. Full optimization could

also be achieved by both codes, but it took 195 s forMAD-NG using parametric maps (4), whileMADX-

PTC took 2730 s using finite differences, i.e. being ≈ 14 times slower overall.
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