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Abstract
Non-Gaussian heavy-tail transverse beam profiles can be

used to reconstruct the 4D beam distribution in phase space
under two different conditions, that is independent or de-
pendent distribution functions across the 𝑥-𝑦-plane. The
two conditions lead to different implications for the physics
of the beam. In the case of dependent distributions, this
results in profile changes in one plane through a loss process
on the other. This work explores how different resonances,
either 1D or 2D can lead to tail population with statistical
dependence. Original measurements performed in the Pro-
ton Synchrotron Booster at the CERN accelerator complex
demonstrate this effect and are hereby presented and dis-
cussed.

INTRODUCTION
We often observe heavy-tail non-Gaussian beam profiles

in the CERN accelerator complex at the LHC [1] and in the
injectors [2]. For luminosity studies in the LHC, but also
for scenarios involving loss mechanisms, it is interesting
to reconstruct the most realistic particle distribution corre-
sponding to the profile observed.

We define a normalised phase space, for a linear machine,
via a transformation:[

1/
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𝛽𝑥 0
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𝑇

(1)

yielding a rotationally symmetric 𝑥-𝑝𝑥 phase space, where
𝛼𝑥 , 𝛽𝑥 are the machine optics functions. The equivalent
is true in the 𝑦 plane. We define the normalised profile in
one of the transverse planes (𝑥, 𝑦) as an integration of a 4D
(𝑥, 𝑝𝑥 , 𝑦, 𝑝𝑦) distribution function in the other three planes,
e. g. for the horizontal plane:

𝑓1D (𝑥) =
∭

𝑓4D (𝑥, 𝑝𝑥 , 𝑦, 𝑝𝑦) d𝑝𝑥 d𝑦 d𝑝𝑦 . (2)

To reconstruct the probability density function
𝑓4D (𝑥, 𝑝𝑥 , 𝑦, 𝑝𝑦) of the matched distribution there is a
constraint that in the normalised 𝑥-𝑝𝑥 and 𝑦-𝑝𝑦 phase space,
the beam is rotationally symmetric. To reconstruct the 2D
distribution functions 𝑓2D (𝑥, 𝑝𝑥) and 𝑓2D (𝑦, 𝑝𝑦), we can
use a form of the inverse Abel transform [3, 4], of which the
‘inverse’ transform is given by:

𝑓2D (𝑟) = − 1
𝜋

∫ ∞

𝑟

d 𝑓1D (𝑥)
d𝑥

d𝑥
√
𝑥2 − 𝑟2

, (3)
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where 𝑟2 = 𝑥2 + 𝑝2
𝑥 , which transforms the 1D profile pro-

jection to a 2D distribution under this constraint. To find
the 4D phase space distribution, there are not enough con-
straints, thus there are infinite distributions with the same 1D
projection (for the non-Gaussian case). We show two exam-
ples, one forming 𝑓4D assuming independent distributions
in 𝑥 and 𝑦, and the other using a constraint that the beam is
rotationally symmetric also in the normalised 𝑥-𝑦-plane.

Choosing independent, or factorisable distributions, we
generate the 4D particle distribution function (PDF)

𝑓4D (𝑥, 𝑝𝑥 , 𝑦, 𝑝𝑦) = 𝑓2D (𝑥, 𝑝𝑥) × 𝑓2D (𝑦, 𝑝𝑦). (4)

This results in a ‘cross’-shaped beam in the 𝑥-𝑦-space for
heavy tailed profiles, as can be seen in Fig. 1 (top), using
the example of a q-Gaussian [5] with 𝑞-parameter 1.4.

Alternatively, to reconstruct 𝑓4D assuming rotational sym-
metry in the 𝑥-𝑦-plane, we use a series of inverse Abel trans-
forms, exploiting the property that they can find higher di-
mensional distributions as long as they are axisymmetric.
Then, the full distribution is populated via a Box-Müller type
random 4D generator [6, 7]. Figure 1 (bottom) shows the
rotationally symmetric distribution, which gives the same
1D projection, or ‘profile’ as the other method.

Figure 1: A heavy tailed beam generated in normalised
phase space with two methods, giving the same projection
on the 𝑥 (and 𝑦) plane and matched distributions in a linear
and uncoupled lattice: factorisable distributions (top) and
assuming rotational symmetry in the 𝑥-𝑦-plane (bottom).
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It should be noted that the two extreme methods are equiva-
lent for Gaussian distributions, as the inverse Abel transform
of a Gaussian is a Gaussian. However, for non-Gaussian
distributions, there are different physical consequences of
how the distribution behaves under loss mechanisms.

Figure 2 shows the covariance matrices for the rotationally-
symmetric PDF generated with different numbers of parti-
cles. In both cases there is no coupling between the 𝑥 and 𝑦

distributions beyond the numerical noise, which decreases
with particle number increase. However there is statistical
dependence between the two planes.
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Figure 2: The covariance matrices of a 4D beam distribu-
tion numerically generated with dependent PDFs for 2 × 103

particles (left) and 2 × 106 particles (right).

In fact, as shown in Fig. 3 (bottom), when particles are
shaved in the horizontal plane, (e. g., removing particles
with 𝑥2 + 𝑝2

𝑥 > 𝑟2
0), the 𝑦-plane profile changes due to the

non-factorisable PDF. On the other hand, this effect is not
observed for beams featuring the cross-shaped distribution
in 𝑥-𝑦 obtained for factorisable PDFs, as shown in Fig. 3
(top).

It is unclear which type of distribution is the most physical
for beams with heavy tails. This can have an impact on the
luminosity calculation, as it is usually done assuming inde-
pendent probability density functions [8]. Non-factorisation
of the 𝑥-𝑦-plane was suggested as a reason for uncertainty
in the Van De Meer scans by ATLAS [9]. Furthermore, the
lifetime prediction can be affected, as the losses depend on
the full beam distribution, which is unknown.

The goal of the paper is to find the experimental beam
distributions resulting from the controlled beam interaction
with 1D and 2D resonances in the presence of space charge,
a typical scenario encountered in the injectors of the LHC
accelerator chain. Furthermore, the aim is to see if the
dependence is present on the horizontal plane when shaving
the beam in the vertical plane.

EXPERIMENTAL PROCEDURE
An experiment was proposed to demonstrate the effect of

the statistical dependence between the planes, by subjecting
a bunched beam to 1D and coupled 2D resonances in the
Proton Synchrotron Booster (PSB) in the presence of space
charge. Due to fixed line structures of 2D coupled resonances
periodically crossing the particle distribution [10], a halo
will be populated [11]. The distribution of the halo will be
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Figure 3: The change in distribution when particles are
‘collimated’ in one transverse plane for two different types
of 4D PDFs.

different in the transverse planes. The hypothesis is that the
fixed line structures induce dependence in the 𝑥-𝑦-planes via
a more likely amplitude in 𝑥 for a given 𝑦, which remains
present even when the particles are no longer exposed to the
resonance since the beam is never ‘mismatched’. In contrast,
a 1D resonance should not introduce dependence between
the planes. The tails are shaved in the vertical plane (V)
where there is no dispersion, and the beam profile in the
horizontal plane (H) is measured. With no dependence, the
normalised profile w.r.t intensity will be unaffected in H.

The measurements were carried out in Ring 1 of the PSB
at injection energy 𝐸𝑘 = 160 MeV, and the beam is stored
for ≈ 400 ms. A low intensity bunch with 50 × 1010 protons
was used in order to reduce the space charge tune-spread so
that only one resonance at the time is crossing the particle
distribution, making it easier to excite the lattice resonances
in a controlled way. The beam’s momentum spread was
reduced to 1 × 10−3, to remove as much as possible the chro-
matic effects from the beam profiles, as there is no horizontal
zero dispersion region in the PSB.

Two resonances were investigated, the 3𝑄𝑦 = 13, a 1D
third order skew resonance, and𝑄𝑥+2𝑄𝑦 = 13, a 2D third or-
der normal resonance. For each resonance, the bare machine
working point was placed at a distance from the resonance
line to maximise tail population but minimise losses. The
working points were further optimised to be far from other
resonance lines. The machine resonances for Ring 1 in the
vicinity of the working point were corrected using compensa-
tion schemes derived in previous experiments [12]. Figure 4
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Figure 4: Space charge tune shift and the working point for
both resonances, which are highlighted in green.

shows the tune diagram with all resonances plotted up to
4th order, with the two resonances of interest highlighted in
green. The tune-spread, shown by the necktie, was estimated
using PySCRDT [13], and the bare machine working points
used in the experiment are shown by the black dots, i. e. for
3𝑄𝑦 = 13, (𝑄𝑥 , 𝑄𝑦) = (4.11, 4.36) and for 𝑄𝑥 + 2𝑄𝑦 = 13,
at (𝑄𝑥 , 𝑄𝑦) = (4.18, 4.44).

The low intensity beam is injected from LINAC4 at
275 ms. The chosen resonance is artificially excited with a
skew or normal sextupole from 350 ms to 550 ms, thus af-
ter transients from the injection process have occurred [14].
After the removal of the resonance excitation, the beam is
shaved at 590 ms, via a vertical closed orbit bump towards a
fixed beam absorber. The beam profile is measured with the
wire scanners at 600 ms. Horizontal or vertical profiles are
measured in alternate cycles. The shaved intensity is varied
between 0 % and around 45 % of the total. At least five mea-
surements are taken for each setting. Longitudinal profiles
were also measured using the tomoscope for reconstruction
via tomography [15], but are not discussed here.

RESULTS
Figure 5 shows wire scanner profiles and Figs. 6 and 7

show the aggregated results. In both cases, a q-Gaussian [5]
was fitted to the profile measurement in the two transverse
planes. If the 𝑞-parameter > 1, the beam has heavy tails,
and with 𝑞 < 1 it is more parabolic. The results show the
𝑞-parameter as the tails are shaved in V.

Figure 5 shows how the vertical and horizontal profiles
change with shaving at the 3𝑄𝑦 resonance at the max-
imum sextupoles excitation of 40 A, (corresponding to
𝑘2 = 0.18 m−3). In V, the beam has large tails at 2 % shaving,
and when 34 % of the intensity is shaved, the beam is more
parabolic. In H, the beam is close to Gaussian at 2 % shav-
ing, and remains unaffected even when 34 % of the intensity
is shaved (in V), i. e. the profile is unaffected w.r.t intensity.
Meaning, the amplitude of the particles in the vertical tails
are not dependent in H, they are independently distributed.
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Figure 5: The profile change in H and V under vertical shav-
ing, for the 3𝑄𝑦 resonance (top two plots) and the 𝑄𝑥 + 2𝑄𝑦

resonance (bottom two plots). The profiles are normalised
to their area for better comparison.

There is an asymmetry in the profiles, due to the Coulomb
scattering of the beam particles on the wire [16, 17]. Figure 6
aggregates results for the 3𝑄𝑦 measurement. Increasing the
resonance excitation increases the initial 𝑞-parameter in the
V plane (𝑞V), i. e. the tails are more populated. The initial
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Figure 6: Aggregated results for the 3𝑄𝑦 = 13 resonance showing how the 𝑞-parameter is changing in the H and V plane
with shaving in the V plane.
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Figure 7: Results for the 𝑄𝑥 + 2𝑄𝑦 = 13 resonance showing how the 𝑞-parameter is changing in the H and V plane with
shaving in the V plane.

𝑞H is unchanged with excitation, as the resonance is purely
vertical. Shaving the tail in V, the 𝑞-parameter decreases in
V for all amplifications while 𝑞H remains constant.

For 𝑄𝑥 + 2𝑄𝑦 = 13, there is a different correction scheme
used, as the working point is in a different location. Thus,
a different powering is used on the corrector sextupole and
octupolar magnets to compensate the resonances. With in-
creasing excitation, the halo was further populated in both V
and H. As the beam is shaved in V, 𝑞V is reduced, but so is
𝑞H, as shown in Fig. 7. This is also observed more visually
in the wire scanner profiles shown in Fig. 5. In V, the tails
are removed by the shaving. In H the profile is changed via
shaving in V, with particles removed at the tails, meaning
high amplitude particles in V are more likely to have high
amplitudes in H.

DISCUSSION
With the artificially excited machine resonances in these

measurements a clear statistical dependence between the
transverse planes was observed in the case of the 2D res-
onance. In operational conditions in the PSB, many reso-
nances are crossed due to the large space charge tune-spread
and the dynamic working point evolution. This could in-
duce such a statistical dependence via 2D halo population if
resonances are not perfectly corrected. Long term tracking
simulations will provide further insight on this aspect. It
is hypothesised that such a statistical dependence could be

passed along the injectors. In fact, it was observed in the SPS
that shaving in V changed the profiles in both planes [18]
during studies on tail population. Furthermore, if there is
large dependence between the transverse planes in the LHC,
then it affects the luminosity calculation, as the calculation
assumes independent distributions in the 𝑥-𝑦. Calculations
are needed to estimate the effect that dependent heavy tailed
beams would have on the luminosity calculation, as was
done for the near Gaussian case [9].

CONCLUSION
Reconstructing the full beam distribution from a given

beam profile is ambiguous, and it depends on the physical
mechanism the beam has seen as to whether there are corre-
lations between planes. In the PSB, two different types of
distributions are generated, under 1D and 2D coupled reso-
nances, the latter of which show to introduce dependence in
the transverse planes. Long-term tracking simulations can
be used to validate the PSB experimental results. It is still
unclear whether, under normal operational scenarios, this
effect is generated and transferred along the injector chain
up to the LHC.
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