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Abstract
ISIS is the pulsed, spallation neutron and muon source at

the Rutherford Appleton Laboratory in the UK. The rapid
cycling synchrotron which drives the facility accelerates
3 × 1013 protons-per-pulse from 70 to 800 MeV at 50 Hz,
and delivers a mean beam power of 0.2 MW to two target
stations. Beam-loss mechanisms must be understood to
optimise performance and minimise equipment activation
and to develop mitigation methods for future operations and
new accelerators.

Substantial beam-losses are driven by a vertical head-tail
instability which has also limited beam intensity. Beam-
based impedance measurements suggest the instability is
driven by a low frequency narrowband impedance but its
physical origin remains unknown. More generally, research
into the nature of the instability is hindered without a detailed
transverse impedance model.

This paper presents a survey of low frequency vertical
impedance estimates for ISIS equipment, using analytical
methods, CST simulations and lab-based coil measurements.
The final impedance estimate is then used as an input to a
new linearised Vlasov solver, and predicted growth rates
compared with previously obtained experimental results.

INTRODUCTION
The ISIS Neutron and Muon Source has been success-

fully operating for close to 40 years. Key parameters of the
rapid cycling synchrotron (RCS) which drives the facility
are listed in Table 1. Its dual harmonic RF system captures
and accelerates up to 3 × 1013 protons with a repetition rate
of 50 Hz, producing a mean beam power of 0.2 MW. Fol-
lowing extraction, accelerated protons are directed to one of
two targets stations (TS1 and TS2), with beam to TS1 also
intercepting an intermediate target for muon production.

ISIS has reported a vertical head-tail instability for more
than three decades [1, 2]. In contrast with the observed
mode 1 instability, indicated by the single node in the differ-
ence signal of Fig. 1, it was found that the sinusoidal mode
approximation [3] predicted modes 2 or 3 to be most unsta-
ble. Measurements confirmed that the growth rate grew as
vertical tune approached an integer (𝑄𝑦 ∼ 3.83 → 4), sup-
porting a theory that the instability was driven by resistive
wall [2]. However, with a thick resistive wall model, sim-
plified instability theories [4] predicted growth times on the
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Figure 1: Position monitor sum (red) and difference (blue)
signals, taken close to 2 ms into the synchrotron acceleration
cycle during routine operations [10].

order of ms, whilst the instability grew with characteristic
times on the order of 100 µs.

These apparent contradictions between theory and obser-
vation motivated an extensive measurement campaign [5–
11] an alternative formulation of transverse bunched-beam
instabilities [12], and the development of an experimental
damping system [13]. Measurements of real effective trans-
verse impedance with a coasting beam, have hinted at the
existence of a 85 kHz narrowband impedance, which was
subsequently corroborated by measurements of head-tail
growth rate versus vertical tune; see Fig. 2 [8].

Table 1: Key ISIS Synchrotron Parameters

Property Value
Kinetic Energy Range 70 - 800 MeV
Number of Bunches (𝑀) 2
Circumference 163.3 m
No. of Superperiods 10
Gamma Transition 5.034
Nominal Tunes (𝑄𝑥, 𝑄𝑦) 4.31, 3.83 (variable)
Peak Incoherent Tune Shift Exceeding ∼ -0.5 [8]
Chromaticity (𝜉𝑥, 𝜉𝑦) -1.4, -1.4
No. of RF Cavities (ℎ = 2,4) 6, 4
Injection Scheme H− charge-exchange
Extraction Scheme Single-turn, vertical

This paper will develop an improved low frequency re-
sistive wall impedance model with modern analytical and
numerical methods to specific equipment within the ISIS
synchrotron. This will then be compared with the thick
resistive wall model that has been applied until now. Res-
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Figure 2: Effective impedance measured with a coasting
beam, and overlaid with head-tail growth rate measurements
made with a bunched, stored beam [10].

onator impedances on ISIS will also be analysed using low
frequency CST simulations and lab-based probe coil mea-
surements. Experimental results are shown for the vertical
extraction kickers, and preliminary results from ongoing
measurements on magnet RF screens are also presented. A
new, open-source Vlasov solver, PyTMCI is introduced and
applied with the updated impedance model.

VERTICAL IMPEDANCE MODEL
The vertical dipolar impedance model at ISIS has previ-

ously used a standard thick wall approximation for a cylin-
drical stainless steel pipe with an aperture of 50 mm [8],
without considering inductive bypass, material thickness or
cross-section [14–16]. This model can significantly over-
or-under estimate the impedance at low frequencies. This
uncertainty is exacerbated on ISIS by the complexity of its
vacuum vessels [17] and uncharacterised material properties.
As resistive wall was initially thought to be the sole driving
impedance, a detailed analysis of the structures within ISIS
has been performed, and the most significant contributors
presented here. Possible sources of low frequency narrow-
band impedance have also been investigated.

Multi-Layer Cylindrical Pipes
To investigate multi-layer vessels, a new code RWAL, was

developed to find 𝑍⟂
1 (𝜔) for multi-layer, concentric cylin-

drical pipes, using an existing formalism [18–20]. It uses a
computer algebra system [21] to solve an EM field matching
matrix, and avoids repeated solutions by storing optimised
versions of the resulting formulae for up to five material
layers to disk. RWAL was benchmarked against numerical
results from low frequency CST simulations, which used a
rectangular current loop as indicated in Fig. 3; to compute
the imaginary part, 𝑍⟂

1 was also obtained for a pipe with
a large conductivity and subtracted [22]. 𝑍⟂

1 (𝜔) is shown
for the case of a 2 mm thick, stainless steel vessel in free
space. The methods are consistent at low frequency, whilst
discrepancies are seen at higher frequencies, where meshing
is unable to properly resolve the skin depth in CST.

Different combinations of conducting materials were in-
vestigated using RWAL. Figure 4 shows three cases, respec-

Figure 3: Benchmark for 𝑍⟂
1 (𝜔) of a 2 mm thick stainless

steel, cylindrical pipe in free space, computed with RWAL
and a low frequency CST simulation.

tively a copper pipe in free space (case-1), the same pipe
with a graphite outer layer extending to infinity (case-2)
and the same outer layer without the copper pipe (case-3).
Above 10 kHz, where the skin depth is close to the wall
thickness, 𝑍⟂

1 (𝜔) in case-2 is similar to case-1, because the
copper screens all outer materials. At lower frequencies,
fields begin to penetrate the copper and case-1 develops a 1

𝑓
dependence in the “Sacherer region” [15] before reaching a
maxima and falling due to the inductive-bypass effect [14].
Case-3 also exhibits this effect, but its worse conductivity
forces this to occur at a higher frequency. Because of this
𝑍⟂

1 (𝜔) is very similar for cases-1 and 2, even at low fre-
quencies where fields penetrate the cooper layer. From these
cases we gain the qualitative understanding, that 𝑍⟂

1 is only
slightly affected by structures whose inductive-bypass has
been shielded by an inner layer.

Figure 4: 𝑍⟂
1 (𝜔) computed by RWAL for a copper pipe in

free space (case-1), a copper pipe with an infinite graphite
outer layer (case-2) and the same outer layer only (case-3).
Inset indicates the geometry of each case.
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RF Screen Resistive Wall
The AC magnet fields at ISIS preclude the use of typi-

cal stainless steel vacuum vessels in their vicinity, due to
eddy current effects [23, 24]. Instead, alumina is used [17],
and conducting RF screens inserted to shield the beams
EM fields from outside structures; Fig. 5 schematically in-
dicates their layout. These screens occupy nearly 55 % of
the circumference, and primarily consist of 2.3 mm diame-
ter, stainless steel wires, but side-plates are also used in the
dipole magnets. To prevent eddy currents, each wire or side
plate is capacitively coupled to the others at one end, which
are expected to present a large impedance at 50 Hz, and a
negligibly small impedance for beam-induced currents.

Figure 5: Schematic layout of magnet vacuum vessels for
a dipole (left) and quadrupole (right). Higher multipole
magnets have vessels which more closely resemble the
quadrupole arrangement.

Neglecting the coupling capacitors, these structures some-
what resemble the multi-layer pipes which can be solved
with RWAL, but with a laminated magnet outer layer. The
yoke laminations are constructed from Transil 315-35, a sili-
con transformer steel. Their thickness of 350 µm limited the
applicability of finite element methods, so analytical solu-
tions for the yoke without an RF screen were investigated and
benchmarked [25, 26]. The low frequency CST technique,
already described, was used to benchmark the cylindrical
lamination model [25]. Figure 6 shows a set of indicative
results, demonstrating that CST reproduces the turning point
and approximate magnitude of theoretical results, with some
discrepancies attributed to imperfect meshing.

Figure 6: Indicative benchmarks of the circular lamination
model [25] and low frequency CST simulations for different
inner radii.

Figure 7 shows 𝑍⟂
1 (𝜔) for a circular lamination model

with Transil 315-35 laminations, where the inner radius was

made equal to the main dipole’s smallest aperture. As the
inductive-bypass frequency is close to 100 MHz, its con-
tribution to 𝑍⟂

1 (𝜔) at 100 kHz was considered negligible,
and the yokes were subsequently neglected in RF screen
simulations.

Figure 7: 𝑍⟂
1 (𝜔) of an unshielded, laminated magnet yoke,

computed with the circular lamination model [25] with a
Yokoya factor of 𝜋2

12 applied. Error bars account for esti-
mated uncertainties in lamination thickness, spacing, perme-
ability and conductivity.

Low frequency CST simulations were performed for the
screens, with a large bounding box; the inset to Fig. 8 shows
a model. The wires were 2 mm diameter and had a con-
ductivity of (1.33 ± 0.01) × 106 S m−1, as measured by an
eddy current probe technique [27]. Perfect conducting loops
shorted the wires together at both ends, emulating connec-
tions made on the real RF screens and providing a return
path for the simulation. Figure 8 overlays ℜ (𝑍⟂

1 (𝜔)) for the
most common RF screens used on ISIS. An inductive-bypass
turning point close to 5 kHz was observed in all cases, with
Sacherer and surface impedance regions at higher frequen-
cies [28]. A total is overlaid and the previous thick wall
approximation scaled for length. This differs from the total
by up to 15 % between 100 kHz and 10 MHz.

Figure 8: Resistive wall ℜ (𝑍⟂
1 (𝜔)) for different RF screen

families, neglecting the coupling capacitors.
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RF Cavity Resistive Wall
Fundamental (ℎ = 2) and second harmonic (ℎ = 4) RF

cavities make up ∼15 % of the ISIS circumference. Their
vacuum vessels are composed of mild steel with a nickel
coating; its design provides magnetic shielding between the
cavity ferrite’s bias field and the beam [29]. The nickel
coating is assumed to be 10-50 µm thick, but its conduc-
tivity and magnetic properties are not well known. Since
published material data for nickel ranges so widely [30],
RWAL has been used to analyse 3-layer models with a
range of thicknesses, permeabilities (50-600) and conduc-
tivities (7 × 105 - 1.4 × 107 S m−1). Properties were then
taken which maximised the difference in ℜ (𝑍⟂

1 (𝜔)) at the
baseband betatron sideband and the first RF harmonic.

Figure 9: Predicted ℜ (𝑍⟂
1 (𝜔)) for the RF cavity resistive

wall, overlaid with the RF screen impedance, a total and
original thick wall prediction, scaled for length.

The real part of the estimated impedance is overlaid with
an interpolated total and the RF screen impedance in Fig. 9.
Although the cavities are not the most significant contribu-
tor, their thin coating pushes up ℜ (𝑍⟂

1 (𝜔)) at low frequen-
cies, such that the combination of RF screens and cavities is
∼ 30 % larger than the original thick wall approximation at
100 kHz.

Extract Kicker Narrowband Impedance
Kicker magnets are known to produce low frequency nar-

rowband impedances in their operating plane, as the beams
dipole moment couples to the external kicker cables and
circuits [15, 31–33]. At ISIS, this has motivated a series
of lab-based measurements on a spare kicker plus cable
assembly.

ISIS has three vertical extraction kickers, whose construc-
tion are all similar apart from length variations. They are of
a window-frame ferrite construction, with an Eddy current
shield separating the two halves; see the inset of Fig. 12.
Opposing plates are each fed by eight, ∼90 m long, 50 Ω
RG220 cables, as shown in Fig. 10. The plates are shorted
together at the upstream end.

A single-turn probe loop [15] was inserted between the
kicker plates, and measured using a Vector Network Analyser

Figure 10: Circuit layout of a single extract kicker plate, with
the pulse forming network, thyratron, terminating resistor,
long cables and lumped-inductance kicker.

(VNA) as indicated in Fig. 11. The probe was treated as
lumped and its impedance calculated with

𝑍coil = 𝑍0
1 + 𝑆11
1 − 𝑆11

, (1)

where 𝑍0 = 100 𝛺 is the characteristic impedance with the
hybrid and 𝑆11 is the reflection scattering parameter [34].
𝑍⟂

1 (𝜔) was then obtained with

𝑍⟂
1 (𝜔) = 𝑐

𝜔
𝑍DUT

coil − 𝑍𝑅𝐸𝐹
coil

Δ2𝑁2 , (2)

where Δ is the coil width and 𝑁 is the number of turns [22].
Since low frequency resonances were of primary interest,
𝑍DUT

coil was taken as the coil impedance with the probe in-
serted and the cables connected, and 𝑍REF

coil was obtained
by disconnecting the cables and shorting the kicker plates
to the magnet body [31]. The probe was constructed from
3 mm diameter aluminium; the separation of their axes were
assumed to define Δ = 20 mm.

(a) (b)

Figure 11: Experimental set-up for a loop-probe measured
by a VNA (a) and an LCR meter (b).

Figure 12 shows 𝑍⟂
1 (𝜔) measured with the cables dis-

connected from the matched terminating resistor. In this
configuration resonances were observed at odd harmonics
of quarter-wave intervals on the transmission line formed
by the kicker and cables [32, 35]. With kicker and cable
phase velocities of ∼ 0.3𝑐 and 0.66𝑐 respectively, and assum-
ing a kicker of length 1 m, the first resonance is expected
at ∼ 470 kHz. Given uncertainties in phase velocities at
different parts of the system, this is considered consistent
with the observed 440 kHz. With the matched terminating
resistors connected, the first peak in ℜ (𝑍⟂

1 (𝜔)) was shifted
to 790 kHz, and reduced in magnitude from 42 kΩ m−1 to
3.5 kΩ m−1; indicating that the resistor is successfully damp-
ing resonances on the cables. Comparing this magnitude
with resistive wall, Fig. 9, justifies neglecting these kickers
from the overall low frequency impedance model.
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Figure 12: Measured 𝑍⟂
1 (𝜔) of a spare extract kicker, with

the cables disconnected from the matched terminating resis-
tor (solid) and connected to it (dashed).

RF Screen Narrowband Impedance
The RF screen resistive wall impedances neglected the

coupling capacitors. Simulations including these capacitors
were carried out using the free space CST models previously
described, with a 5 mm gap made in each wire and a lumped
capacitor inserted. Figure 13 shows results for the most
common screen families. Approximate resonator impedance
properties [36] read from this figure are listed in Table 2.

Table 2: Estimates of Simulated RF Screen 𝑍⟂
1 Properties

RF Screen 𝜔𝑟
2𝜋 (kHz) 𝑅⟂ (MΩ m−1) 𝑄𝑟 Quantity

Dipole 300 1.3 15 10
Doublet 95 0.7 15 10
Singlet 185 0.26 30 10
Module 13 185 0.1 30 6
Module 9 160 0.07 30 6

These simulated results have motivated probe coil mea-
surements on a spare singlet magnet, initially using the LCR
meter set-up shown in Fig. 11 and two coil configurations.
Whilst the experiment is ongoing, the preliminary results
shown in Fig. 14 seem to confirm the existence of a nar-
rowband impedance at 185 kHz. A smaller-than-predicted
amplitude of 35 kΩ m−1 is observed, and a quality factor of
𝑄 ≈ 4.5 provides a better fit than the value listed in Table 2.
Such discrepancies are not unexpected, given the simplified
geometry in CST. Additional measurements and refinement
of the CST simulations are planned.

COHERENT TRANSVERSE BUNCHED
BEAM INSTABILITIES

Sacherer’s integral equation [3] has been widely adopted
for the study of bunched-beam instabilities, and is given in
Eq. (6.179) of [37]. For 𝑀 equally spaced, identical bunches,

Figure 13: Simulated 𝑍⟂
1 (𝜔) of the RF screens with capaci-

tors included and yokes neglected.

Figure 14: Preliminary results of a probe measurement of
ℜ (𝑍⟂

1 (𝜔)) for a singlet RF screen.

its 𝛽 ≠ 1 form is

(Ω − 𝜔𝛽 − 𝜔𝑠𝑙) 𝑅𝑙(𝑟) = −𝑖𝜋𝑟0𝜔𝑠𝑀
𝛽2𝛾𝜔𝛽𝑇2

0 𝜂
𝑔0(𝑟)

×
∞
∑

𝑙′=−∞
𝑖𝑙−𝑙′ ∫

∞

𝑟′=0
𝑟′𝑅𝑙′(𝑟′)

∞
∑

𝑝=−∞
𝑍⟂

1 (𝜔′)

× 𝐽𝑙′ (
𝜔′ − 𝜔𝜉

𝛽𝑐 𝑟′) 𝐽𝑙 (
𝜔′ − 𝜔𝜉

𝛽𝑐 𝑟) d𝑟′, (3)

with the same definitions as that reference, except 𝛽 ≠ 1 and
𝛼𝑙 has been absorbed into 𝑅𝑙(𝑟). To write this in a form that
is subject to eigen-analysis, this radial dependence of the
perturbed distribution, 𝑅𝑙(𝑟), can be represented as a sum of
generalised Laguerre polynomials [38], a sum of concentric
delta functions (NHT) [39] or a single delta function [37].
To compute a mode frequency Ω, the RHS must be evalu-
ated with 𝜔′ = (𝑝𝑀 + 𝜇)𝜔0 + Ω. A perturbation approach
results in the approximation 𝜔′ ≈ (𝑝𝑀 + 𝜇)𝜔0 + 𝜔𝛽 + 𝑙𝜔𝑠,
which is often shortened to 𝜔′ ≈ (𝑝𝑀 + 𝜇)𝜔0 + 𝜔𝛽 on
the basis that 𝜔𝛽 ≫ 𝜔𝑠. Alternatively, if 𝑍⟂

1 is suffi-
ciently smooth, then it is possible to make the substitution
∑∞

𝑝=−∞ → 1
𝑀𝜔0

∫∞
𝜔′=−∞ d𝜔′.
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(a) (b)

Figure 15: Longitudinal distribution of transverse dipole
moment, predicted by PyTMCI for a thick wall impedance
plus resonator impedances with properties either listed in
Table 2 (a), or speculated based on experimental results.

A new head-tail Vlasov solver, PyTMCI [40], implements
all of these longitudinal models, and methods to evaluate the
RHS of Eq. 3; a single benchmark is listed in the Appendix.
It will be used in the following section.

Head-Tail Predictions for ISIS
Whilst Fig. 9 shows differences between the assumed

thick wall and actual resistive wall impedance, the reso-
nant RF screen impedances dominate 𝑍⟂

1 (𝜔) below around
500 kHz. Resistive wall differences are thus considered neg-
ligible, and the vertical driving impedance model will now
consist of the original thick wall approximation plus five
transverse resonators from the most common screen assem-
blies. The properties of these resonators are not yet certain,
due to the discrepancy between simulations and preliminary
measurements, but with the information now available, two
approaches are taken. In the first, the simulated results listed
in Table 2 are used directly, and in the second the measured
singlet impedance is used to speculate a 7.5× reduction in
𝑅⟂, and a 6.7× reduction in Q for all screens. PyTMCI is
used with the parameters listed in Table 1 and 𝛽 = 0.45,
𝑄𝑠 = 0.015, 𝑁 = 1.3 × 1013 and a Gaussian longitudinal
model with 𝜎𝑧 = 6.5 m. The first approach predicts mode
-3 to be the most unstable, with a growth time of 440 µs;
and the second approach predicts mode -1 to be the most
unstable, with a growth time of 175 µs; Fig. 15 shows the
predicted distributions for both models.

CONCLUSION
Low frequency CST simulations and RWAL computa-

tions have been used to develop a low frequency resistive
wall, vertical driving impedance model for the ISIS syn-
chrotron; the RF screens and RF cavities were found to be
primary contributors. Probe coil measurements on a spare
extraction kicker have verified that its termination resistors
reduce the resonant impedances associated with its cables
by an order-of-magnitude, and thus the kickers’ contribution
is considered negligible for the overall model at low fre-
quencies. CST simulations have predicted large narrowband
impedances due to the coupling capacitors in the RF screens,
which dominate the impedance below ∼ 500 kHz. Prelimi-
nary probe coil measurements on a singlet magnet RF screen

have identified a narrowband impedance at the predicted fre-
quency, although its peak is wider than in simulation and its
amplitude smaller. The final impedance model consists of
a thick resistive wall impedance plus a resonator for each
family of RF screens; although the resonator properties must
still be ascertained with more sophisticated simulations and
measurements. With this model, PyTMCI predicts growth
times with the same order-of-magnitude as the 230 µs indi-
cated by Fig. 2, and longitudinal distributions which more
closely resemble those observed experimentally.

Future work will focus on RF screen measurements, simu-
lations and an investigation of mitigation methods. Compar-
ing beam observations with tracking simulations that include
space-charge and more realistic RF buckets will also be a
focus. Inclusion of detuning impedances and a refinement
of the resistive wall model are longer term considerations,
as is characterisation of the remaining equipment.
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APPENDIX
PyTMCI Benchmark Example

PyTMCI and PyHEADTAIL [41] were used with the
same parameters as given for the ISIS predictions, except
with 𝜉𝑦 = −0.5 and a single transverse resonator (𝑅⟂ =
1 M𝛺 m−1, 𝑄 = 1 and 𝜔𝑟

2𝜋 = 2.4 MHz). The resulting dis-
tributions are shown in Fig. 16, with eigenvalues computed
by the Laguerre polynomial and NHT methods. PyTMCI
predicts a growth time of 76 µs and PyHEADTAIL 72 µs.

(a) (b)

(c) (d)

Figure 16: Longitudinal distribution of transverse dipole
moment computed with PyTMCI (a) and PyHEADTAIL (b).
Real (c) and imaginary (d) parts of eigenvalues, computed
by PyTMCI with different longitudinal models.
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