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Abstract
The muon collider offers an attractive path to a compact,

multi-TeV lepton collider. However, the short muon lifetime
leads to stringent requirements on the fast energy increase.
While extreme energy gains in the order of several GeV
per turn are crucial for a high elevated muon survival rate,
ultra-short and intense bunches are needed to achieve large
luminosity. The longitudinal beam dynamics of a chain
of rapid cycling synchrotrons (RCS) for acceleration from
around 60 GeV to several TeV is being investigated in the
framework of the International Muon Collider Collabora-
tion. Each RCS must have a distributed radio-frequency
(RF) system with several hundred RF stations to establish
stable synchrotron motion. In this contribution, the beam-
induced voltage in each RCS is studied, assuming a single
high-intensity bunch per beam in each direction and ILC-
like 1.3 GHz accelerating structures. The impact of single-
and multi-turn wakefields on longitudinal stability and RF
power requirements is analysed with particle tracking simu-
lations. Special attention is moreover paid to the beam power
deposited into the higher-order modes of the RF cavities.

INTRODUCTION
The recent improvements in accelerator technologies like

superconducting magnets with fields beyond 8 T or high-
gradient radio-frequency (RF) structures led to a strong in-
terest in the development of a muon collider facility in the
multi-TeV regime. The International Muon Collider Col-
laboration (IMCC) works towards a design proposal for a
staged facility with 3 TeV to 10 TeV collision energy [1,2]
based on the US Muon Acceleration Program (MAP) [3, 4].
Luminosities of 2 · 1035 cm−2s−1 (at 10 TeV) are reached
by colliding single high-intensity 𝜇+ and 𝜇− bunches with
populations of 1.8 · 1012 muons per bunch at the time of in-
jection into the collider ring. The muon bunches are formed
by depositing protons on a target, followed by 6-dimensional
cooling. The subsequent accelerator complex consists of a
low-energy part for an initial acceleration to an energy of
about 60 GeV, and a high-energy part on which this paper
focuses. A chain of rapid cycling synchrotrons (RCS) is
foreseen to accelerate two counter-rotating bunches in stages
of 0.30 TeV, 0.75 TeV and 1.5 TeV to finally 5 TeV at a rep-
etition rate of 5 Hz, before injecting them into the separate
collider ring. The accelerator chain is sketched in Fig. 1.
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Figure 1: Schematic of the chain of rapid cycling-
synchrotrons for the high-energy acceleration complex.

This design is fully driven by the muon decay. The muon
lifetime at rest of 𝜏𝜇 = 2.2 µs is time-dilated by the extremely
fast acceleration which extends the lifetime by the relativistic
Lorentz factor 𝛾, which reaches 4.7 · 104 at an energy of
5 TeV. A further challenge besides the fast acceleration is
the high bunch population. Around 2.7 · 1012 muons per
bunch at the beginning of the RCS chain have to be acceler-
ated to meet the target beam parameters [2] in the collider.
Strong transient beam loading is expected due to the large
peak current. For the studies, we extended the longitudinal
macro-particle tracking code BLonD [5, 6] to the regime of
multi-turn wakefields in multiple RF stations per ring. We
observe the impact of these intensity effects on the longi-
tudinal stability and the resulting RF power requirements.
Single- and multi-turn wakefields are analyzed for the single
bunches. We cover both the fundamental mode (FM) and
higher-order modes (HOMs) of the RF cavities, including
the beam power deposited into these HOMs.

BEAM AND RF PARAMETERS
A selection of preliminary parameters for the RCSs is

listed in Table 1. Since the different RCSs are foreseen to
use the same cavity type, our studies focus on the first RCS
where the bunch population is highest. The RCS1 and RCS2

Table 1: Example parameters for the muon RCSs assuming
a 90 % survival rate per RCS and an RF system at 1.3 GHz.
Values for RCS4 are draft parameters.

RCS1 RCS2 RCS3 RCS4

Circumference [m] 5990 5990 10700 35000
Injection energy [TeV] 0.06 0.30 0.75 1.50
Ejection energy [TeV] 0.30 0.75 1.50 5.00
Acceleration time [ms] 0.34 1.10 2.37 6.4
Revolution period [µs] 20.0 20.0 35.7 117
Number of turns 17 55 66 55
Δ𝐸 per turn [GeV] 14.8 7.9 11.4 64
Bunch intensity [1012] 2.7 2.43 2.2 2.0
Bunch length [1𝜎, ps] <45 <33 <28 <17
Bunch current [mA] 21.7 19.5 9.9 3.0
Target 𝜀L (4𝜎) [eVs] 0.31 0.31 0.31 0.31
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are supposed to share the same tunnel as they have the same
circumference and layout [7]. The bending in the first RCS
is provided by normal conducting magnets. The RCS2 to
RCS4 are planned as hybrid RCSs where normal conducting
magnets cycling from −𝐵nc to +𝐵nc are interleaved with
strong fixed-field, superconducting magnets.

Beam Parameters
The bunch populations for both 𝜇+ or 𝜇− are between

2.7 · 1012 in RCS1 and 1.8 · 1012 in RCS4. For each RCS,
a decay loss of 10 % per RCS is presently assumed, even
though these values have yet to be adjusted to optimize the
RF parameters and bunch matching at a later stage. In the
tracking code, a randomized deletion of particles according
to their time-dilated decay rate (∝ 1 − exp[−Δ𝑡/(𝜏𝜇𝛾)])
per time step Δ𝑡 is implemented to include the effect of
decreasing beam intensities. The target bunch length at
1.5 TeV is only 1𝜎z = 5 mm, with a normalized longitudinal
target 4𝜎 emittance of 𝜀L = 0.31 eVs [2]. The line density
𝜆 of the muon bunch can be described by [8]

𝜆(𝑡) = 𝜆0

[
1 −

(
𝑡

𝜏𝑙

)2
]𝜈

, (1)

where 𝜈 defines the bunch shape and 𝜏l represents the full
width at half maximum (FWHM) bunch length. A parabolic
bunch is e.g. described by 𝜈 = 1. For 𝜈 = 0.5, one obtains
a bunch where 𝜏l = 4𝜎rms. For the simulations, we gen-
erate a bunch such that 𝜏l corresponds to an emittance of
𝜀L = 0.31 eVs (4𝜎) and tails represent a longitudinal distri-
bution with 𝜈 = 2.5. This is motivated by the assumption
that muons, due to the absence of synchrotron radiation due
to the large mass, behave more like protons and not electrons.

RF System Parameters
The muon decay rate and the resulting strict gradient

requirements [9] strongly impact the parameters of the RF
system. Around 30 distributed RF stations are needed per
RCS to reduce the otherwise excessive synchrotron tune
between RF stations for stable synchrotron oscillations and
phase focusing. For given injection and ejection energies and
for a fixed survival rate of 90 %, the acceleration times 𝜏acc
and average accelerating gradients𝐺acc that must be supplied
along the full circumference of each RCS (including areas
without RF) are fully determined. The acceleration times
range from 0.3 ms to 6.4 ms (Table 1). Assuming a constant
energy gainΔ𝐸 per turn (Table 1), the corresponding average
gradients are 𝐺acc = 2.4 MV/m, 1.3 MV/m, 1.1 MV/m and
1.8 MV/m, respectively. Together with the strong impact of
intensity effects, high-gradient superconducting structures
must be used. An ILC-like 1.3 GHz cavity, also known as
TESLA cavity [10], is designed for high bunch charges and
gradients and therefore selected to be tested in simulations.
The cavity has nine cells, a length of 1.0 m and a geometry
factor 𝑅/𝑄 of 511Ω. For a synchronous phase of up to
𝜙s = 45° and the energy gains per turn Δ𝐸 of Table 1, the
installed RF voltages 𝑉RF = Δ𝐸/cos(𝜙s) in RCS1 to RCS4

are respectively 20.9 GV, 11.2 GV, 16.1 GV and 90 GV at
least. A maximum cavity voltage of 30 MV [10] (and thus an
accelerating gradient of 30 MV/m) translates to 700 (RCS1),
380 (RCS2), 540 (RCS3) and 3000 (RCS4) cavities.

BEAM-INDUCED VOLTAGES
For single-turn intensity effects, the beam-induced volt-

age can be obtained by determining the short-range (SR)
and FM beam loading contributions separately, as shown
in [9]. The SR wakefields, which include the informa-
tion of all HOMs, are computed according to the theory
of K. Bane [11]. The longitudinal wake function 𝑊L,SR
is approximated for bunch lengths much smaller than the
cavity cell length 𝐿, i.e., for 𝜎z/𝐿 < 0.1. The contribu-
tion of the FM is computed using a resonator model [5],
with resonator frequency 𝑓RF = 1.298 GHz (at an integer
harmonic of the revolution frequency), loaded quality fac-
tor 𝑄L (𝑄L,0 = 2 · 106 for steady-state beam loading com-
pensation [12]), and the shunt impedance (calculated from
𝑅/𝑄 and 𝑄L) as input. However, for the muon bunches
with 𝜎z ≤ 13 mm, and 115 mm long cells, the condition
𝜎z/𝐿 < 0.1 is not always fulfilled.

Therefore, we describe the wakefields more accurately
with the possibility to include multi-turn effects by calculat-
ing both FM and HOMs through a resonator model and then
summing the individual induced voltage contributions. The
information about HOMs is listed in literature [13, 14] but
can also be obtained through simulations of the cavity struc-
ture with codes such as CST [15] or ABCI [16]. Figure 2
shows an example of the induced voltage in RCS1 (param-
eters from [13,14] and Table 1) at injection (red), together
with the charge line density 𝜆(𝑡) (in arb. units, light-blue
dotted) for a bunch length of 1𝜎z = 13 mm. For comparison,

Figure 2: Normalized bunch charge density (light-blue dot-
ted) and induced voltages per cavity in RCS1 versus time
normalized to 1𝜎z/𝑐. The voltages combining resonators
for both FM (black dashed) and HOMs is shown in red, the
sum of the FM and single-turn effects from SR wakefields
from [9] in blue. Bunch center at time 𝑡 = 0.

the contributions from the FM itself (black dashed line) and
the voltage when the SR contribution according to [11] is
added to the FM (blue solid) are also shown. Both induced
voltages agree well in amplitude and position in the region
of the bunch and reach almost 10 % of the cavity voltage
without beam. The deviation for 𝑡𝑐/𝜎z > 2 is due to the
long-range RF voltage induced into the HOMs.
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LONGITUDINAL STABILITY
Previous studies [9] indicate that the effect of these single-

turn wakefields does not excite instabilities. Here, we in-
vestigate the influence of the multi-turn wakefields of the
HOMs. Their build-up from turn to turn strongly depends
on the quality factor 𝑄 of each mode at angular frequency
𝜔, as it is proportional to the cavity filling time 𝜏fill = 2𝑄/𝜔
and therefore to how fast the wakefields decay with respect
to one revolution period. In other words, multi-turn effects
contribute when the loaded quality factor is larger than the
harmonic number of the RF system.

Preliminary results from tracking simulations investigat-
ing the effect of the quality factors of the HOMs on the
longitudinal emittance are illustrated in Figs. 3 and 4. Fig-
ure 3 (a) shows the voltage induced into the HOMs accumu-
lated over the in total 17 turns in RCS1, using the parameters
from [13, 14] for a frequency range up to 6.7 GHz. For
each mode, a quality factor in the range of 𝑄 ≈ 104 is as-
sumed. The voltages of up to 0.9 MV decay until the bunch

Figure 3: (a) Induced voltage into HOMs per cavity in
RCS1 (red) and normalized bunch charge density (blue dot-
ted) versus time normalized to 1𝜎z/𝑐, bunch center at time
𝑡 = 0. (b) RF power induced into HOMs versus time in
RCS1.

Figure 4: Left axis: Relative emittance growth at the end of
the cycle with respect to the emittance at injection for various
scaled quality factors𝑄′ normalized to𝑄 from [13,14] (blue
crosses). Right: HOM power losses versus 𝑄′/𝑄 (red dots).

passes again one revolution period later, and the relative
longitudinal emittance growth due to the HOMs is small
with Δ𝜀L/𝜀L ≈ 1 %.

To investigate the influence of the quality factor of the
HOMs in view of a damping scheme design, we apply a
factor to their original values. Factors 𝑄′/𝑄 between 10−2

and 105 are applied. In Fig. 4, the blue crosses represent
the relative emittance growth Δ𝜀L/𝜀L versus 𝑄′/𝑄. For

𝑄′/𝑄 ≤ 101, the emittance growths are around 1 %. This
growth increases significantly for 𝑄′/𝑄 ≥ 100, where 𝑄′

roughly corresponds to the harmonic number of RCS1 (and
RCS2) of 2.6 · 105. In this case, the decay time exceeds one
revolution period, as expected.

BEAM-INDUCED POWER LOSSES
Of equal importance is the power induced into the HOMs.

The average HOM power loss 𝑃HOM per bunch during ac-
celeration is calculated from the longitudinal wake function
𝑊L as [17]

𝑃HOM = −𝑘 | | ·
𝑞2

𝑇rev
; 𝑘 | | =

∫
𝑊L (𝑡) · 𝜆(𝑡) , (2)

with longitudinal loss factor 𝑘 | | , bunch charge 𝑞 and revolu-
tion period 𝑇rev that is equal to the bunch spacing. This wake
function is simply obtained from the total induced multi-turn
voltage due to HOMs. The induced power versus time in
RCS1 for 𝑄′/𝑄 = 1 is depicted in Fig. 3 (b). Despite fluc-
tuations because of an initial distribution mismatch, 𝑃HOM
stays relatively constant through the full acceleration cycle
with a peak power of 8.8 kW, averaged over the acceleration
time, which is in agreement with previous simulations [9].
Equivalent induced powers during the acceleration cycle for
different 𝑄′ are plotted in Fig. 4 (red). With 𝑄′/𝑄 ≤ 101,
the peak power deposited in the HOMs remains at around
8.8 kW. For factors larger 𝑄′/𝑄 = 10 and consistent with
the increasing emittance growths, the induced power builds
up and values exceed 11 kW.

To handle these peak power losses, high-power HOM
couplers with well defined quality factors will be required.
It is important to keep in mind that 𝑃HOM is averaged over
the revolution period. The duty cycle is much lower because
of the repetition rate of the 5 Hz, i.e., less than 1 % for RCS1
to RCS3. For a design of high-power HOM couplers, the
consequences of these large differences between peak power
and CW limit have to be investigated.

CONCLUSION
Preliminary simulation results of the intensity effects dur-

ing the acceleration of high-intensity muons in a chain of
rapid-cycling synchrotrons for a future muon collision fa-
cility have been presented. High bunch populations up to
2.7 · 1012 muons lead to strong transient beam loading. In-
duced voltages were calculated for single and multi-turn
effects using a resonator model and are on the order of MV
per cavity. The effect of multi-turn wakefields due to HOMs
on the longitudinal stability is investigated and the power
which is induced into these HOMs is studied as a function
of their quality factors. Best results, with powers of around
9 kW, were obtained for quality factors scaled below 105.
Above, the emittance growth and induced power due to the
HOMs increase. With the duty cycle being below 1 %, the
effect of these large powers on the CW limit of the HOM
couplers is being investigated.
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