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Abstract
In 2023, a review of the LHC octupolar resonance driving

terms at injection was carried out, motivated by two observa-
tions: (i) unwanted losses during the injection process with
strongly powered octupoles and (ii) an expected reduction in
emittance growth from e-cloud effects in simulations with
weaker octupolar resonances. The MAD-NG code was used
to simultaneously optimize the main octupolar resonances:
4Qx, 4Qy, and 2Qx-2Qy by adjusting 16 quadrupole fami-
lies and 16 octupole families, for a total of 32 parameters.
These knobs were introduced as parameters in the transfer
map, allowing the Jacobian required by the optimizer to
be calculated in a single pass, saving 32 additional optics
evaluations and avoiding finite difference approximations.
Constraints on tunes, amplitude detuning, and optics around
the machine were also considered as part of the optimization
process. This paper reviews the parametric optimization
with MAD-NG and compares the results with MADX-PTC.

INTRODUCTION
The review of the LHC octupolar resonance driving terms

(RDTs) at injection was carried out in 2023 [1–4], motivated
by the observation of undesirable losses during injection
related to strongly powered octupoles, and by the will to re-
duce the emittance growth from e-cloud effects with weaker
octupolar resonances. The MAD-NG code [5, 6] was used
to simultaneously optimize the main octupolar resonances:
4Qx, 4Qy, and 2Qx-2Qy by adjusting 16 quadrupole families
and 16 octupole families, for a total of 32 parameters.

To avoid any confusion, the following acronyms are used
throughout this paper: MAD-X refers to the CERN code [7,
8], MADX-PTC refers to E. Forest’s PTC/FPP library [9–11]
embedded into MAD-X, and the keyword MADX refers to
the special environment within MAD-NG that emulates the
behavior of the global workspace of MAD-X.

To ease optimization with many knobs, MAD-NG of-
fers a unique feature called parametric differential maps
build from the generalized truncated power series algebra
(GTPSA) [12], which combined with other well-designed
features helps simplify the overall process:

1. Load MAD-X files of LHC sequences and injection
optics into MADX environment with appropriate setup.

2. Create a parametric phase-space and link the knobs,
e.g., magnet strengths, to the phase-space parameters.

3. Optimize the constraints by varying the knobs using the
derivatives of relevant quantities versus these knobs.

4. Restore the knobs as scalars with optimized values.
∗ laurent.deniau@cern.ch

Each of these steps will be detailed in the following sec-
tions, starting from the preliminary setup performed by the
script snippet below, where the LHCB1 and LHCB2 sequences
and the optics file of MAD-X are directly read, translated
and loaded into the special MADX environment in MAD-NG.
The sequences are modeled with thick lens elements and a
proton injection beam is created and attached to them:
local pb450=beam{particle='proton',energy=450}
MADX:load'lhc_seq.madx '
MADX:load'inj_optics.madx '
MADX.lhcb1.beam = pb450
MADX.lhcb2.beam = pb450
MADX.lhcb2.dir = -1 -- set LHCB2 as reversed

PARAMETRIC MAPS
Setting up parametric phase-space in MAD-NG is simple,

even when everything has been loaded inside the MADX envi-
ronment. For convenience, we start by defining the lists of
variable and parameter names of the 6D parametric phase-
space such that they can be accessed by name everywhere:
local vars = { -- variable names (strings)

-- 6 canonical variables of phase-space
'x','px','y','py','t','pt'

}
local prms = { -- param./knob names (strings)

-- 16 strengths of trim quadrupoles families
'kqtf.a12b1 ','kqtf.a23b1 ',⋯,'kqtf.a81b1 ',
'kqtd.a12b1 ','kqtd.a23b1 ',⋯,'kqtd.a81b1 ',
-- 16 strengths of octupoles families
'kof.a12b1 ' ,'kof.a23b1 ' ,⋯,'kof.a81b1 ',
'kod.a12b1 ' ,'kod.a23b1 ' ,⋯,'kod.a81b1 ',

}

From these lists, we can define the parametric phase-space
with nv=6 variables of order mo=5 and np=32 parameters of
order po=1 named after the knobs in the optics file, and where
the list of names must satisfy #vn=nv+np. The order of the
variables must be mo=4+1 as we want to optimize octupolar
resonances at order 4 using their derivatives versus the knobs
from order 5.
-- DA map representing parametric phase-space
local X0 = damap {nv=#vars,np=#prms,mo=5,po=1,

vn=tblcat(vars,prms)}

The next step is to link the knobs defined in the optics
file to the parameters defined in the phase-space by replac-
ing the knobs (scalars) in the MADX environment with their
corresponding parameters (GTPSA) from the phase-space.
Thanks to MAD-NG’s deferred expressions and physics sup-
port for polymorphism, which simplifies the whole process
through automatic handling by the track and twiss com-
mands. This is achieved by the loop hereafter that replaces
the knobs in MADX by the sum of knobs and parameters with
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Interlude on DA maps
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Figure 1: Schematic representation of parametric maps with
6 variables (𝑥, 𝑝𝑥, 𝑦, 𝑝𝑦, 𝑡, 𝑝𝑡) of order 2 and 3 parameters
(𝑘1, 𝑘2, 𝑘3) of order 1, all made from GTPSA (row-wise).

identical names such that initial conditions (e.g., injection
optics) are preserved. It is important to note that any attribute
of the lattice elements that might affect the constraints can
be used transparently as parameters, not only the strengths.1

-- convert scalars to GTPSAs within MADX env.
for _,knb in pairs(prms) do

MADX[knb] = MADX[knb] + X0[knb]
end

Figure 1 shows a schematic representation of a phase-space
of 6 variables of order 2 and 3 parameters of order 1. Each
variable is a row-wise GTPSA that represents a truncated
analytic function in the variables and parameters as multi-
variate Taylor polynomials. Each parameter is defined as
GTPSA of order 1, independently of the order of the param-
eters in the variables set by po, with their first derivative set
according to its position in the phase-space. Matrix codes
like MAD-X use similar representation but are organized
block-wise as shown by the orbit column vector 𝐸, the 1st
derivatives matrix 𝑅, and the 2nd derivatives tensor 𝑇. This
representation is not well suited for higher orders as shown
in Fig. 2 where tensor sizes grow exponentially, making
it difficult to carry out optics calculation at order 4. But
MADX-PTC also uses TPSA to perform such high order
computation, but supporting hundreds of variables and pa-
rameters with non-uniform orders is a unique feature of the
GTPSA library [6,12] which is an integral part of MAD-NG.

PARAMETRIC NORMAL FORMS
In order to optimize the octupolar resonances, we need to

analyze the non-linear normal forms of the parametric one-
turn map obtained from the track command, and performed
by the function get_nf below. Since the objectives imply
keeping the tunes and the amplitude detuning under control,
we need to run get_nf once to save these reference quantities.
-- function to compute non-linear normal forms
local function get_nf()

local _, mflw = track {sequence=lhc, X0=X0}
return normal(mflw[1]):analyse()

end

1 Lengths and positions might also be useful parameters for optimization.

Figure 2: Number of coefficients stored in DA maps as a
function of the number of variables 𝜈 and orders 𝑛 using
TSPA (top) and Matrix (bottom) representations.

-- save reference values
local nf = get_nf()
local q1ref = nf:q1{1}
local q2ref = nf:q2{1}
local q1jref = nf:anhx{1,0}
local q2jref = nf:anhy{0,1}

The following MADX-PTC macro is equivalent to the get_nf
function for comparing the quantities obtained:

get_nf(seqname) : macro = {
use, sequence=seqname;
ptc_create_universe;
ptc_create_layout , model=2, method=4,

exact=true, time=true;
select_ptc_normal , q1=0, q2=0;
select_ptc_normal , anhx=1,0,0;
select_ptc_normal , anhy=0,1,0;
select_ptc_normal , gnfu=4,0,0;
select_ptc_normal , gnfu=-4,0,0;
ptc_normal , normal, no=4, icase=56;
ptc_end;

}

The algorithm for the calculation of the non-linear normal
forms can be found in Refs. [11,13]. MAD-NG’s paramet-
ric non-linear normal forms and analysis implementations
are variants based on the Lie operators of the GTPSA li-
brary [12], and widely presented [2, 14–18].

PARAMETRIC OPTIMISATION
The main difference between the optimization with MAD-

NG and MADX-PTC is the order of the DA map representing
the phase-space, which is one order higher in the former to
extract the exact Jacobian from the fifth order of the para-
metric normal form. The downside is that for each itera-
tion of the optimizer, MAD-X has to run the MADX-PTC
script above 1+32 times to approximate the Jacobian with
finite differences, whereas MAD-NG only needs to run it
once. If we consider the map sizes ratio between order 4
with no parameter and order 5 with 32 parameters to be
1260 × 33/(2772 + 1260 × 32) ≈ 0.97, and a computational
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time almost linear in size, the two methods should be equiv-
alent. However, while MAD-NG physics is the same as
MADX-PTC with exact and time set to true as in the get_nf
macro above, it is about 30 times faster on average.

The following script shows the match command2 being
executed in an attempt to satisfy constraints specified as
equalities and expressed as lambda functions returning val-
ues to be compared with zero, i.e., the targeted/reference
values must be subtracted. The optimizer will vary the val-
ues of the variables according to results returned by the
command invoked once (or 33 times) for each iteration.
match {
-- compute non-linear normal forms
command := get_nf(), -- returns nf used below
-- compute Jacobian from parametric maps
jacobian = \nf,_,J =>

for k=1,32 do -- fill [10x32] J matrix
J:set(1,k, nf:q1{1,k} or 0)
J:set(2,k, nf:q2{1,k} or 0)
J:set(3,k, nf:anhx{1,0,0,k})
J:set(4,k, nf:anhy{0,1,0,k})
J:set(5,k, nf:gnfu{"2002",k}.re)
J:set(6,k, nf:gnfu{"2002",k}.im)
J:set(7,k, nf:gnfu{"4000",k}.re)
J:set(8,k, nf:gnfu{"4000",k}.im)
J:set(9,k, nf:gnfu{"0040",k}.re)
J:set(10,k,nf:gnfu{"0040",k}.im)

end
end,
-- variables in MADX env. to use as knobs
variables = {

{name=prms[1] , var='MADX[prms[1]]' },
⋯,
{name=prms[32], var='MADX[prms[32]]'},

},
-- target constraints as equalities to zero
equalities = {

{name='q1' ,expr=\nf->nf:q1{1}-q1ref},
{name='q2' ,expr=\nf->nf:q2{1}-q2ref},
{name='q1j1',expr=\nf->nf:anhx{1,0}-q1jref},
{name='q2j2',expr=\nf->nf:anhy{0,1}-q2jref},
{name='f2002r',expr=\nf->nf:gnfu"2002".re},
{name='f2002i',expr=\nf->nf:gnfu"2002".im)},
{name='f4000r',expr=\nf->nf:gnfu"4000".re)},
{name='f4000i',expr=\nf->nf:gnfu"4000".im)},
{name='f0040r',expr=\nf->nf:gnfu"0040".re)},
{name='f0040i',expr=\nf->nf:gnfu"0040".im)},

},
} -- close match

The key point is the function jacobian which is called once
(if present) in place of the 33 calls to obtain the Jacobian J
required by the optimizer. It queries the analyzed normal
forms with the extra argument k representing the index of
the parameter, e.g., nf:gnfu{"2002",k} returns the complex
value 𝜕𝑓2002/𝜕𝐾𝑘 from fifth order, where 𝐾𝑘 is the strength
associated with the 𝑘-th parameter of the phase-space.

Finally, once a suitable solution has been found, we restore
the knobs/strengths as scalars in the MADX environment for
further use.
-- restore knobs within MADX env. as scalars
for _,knb in pairs(prms) do

MADX[knb] = MADX[knb]:get0()
end

2 MAD-NG’s match command follows the same “structure” as in MAD-X.

Figure 3: Dynamic aperture for beam 1 old (top) and new
(bottom) LHC injection optics (beam 2 has similar results).

COMPARISON WITH MADX-PTC
The comparison of MAD-NG versus MADX-PTC gives

similar results for RDTs calculation. The reference values
are computed in about 9 s on the author’s laptop for both
codes, however, MAD-NG tracks a fifth-order phase-space
with 32 parameters which involves about 34 times as many
calculations. Full optimization could also be achieved by
both codes, but it took 21 evaluations of get_nf and 195 s
for MAD-NG, while MADX-PTC took 342 evaluations and
2730 s to converge, i.e., being ≈ 14 times slower overall.

The key figure of merit of an optics design in the non-
linear regime is the Dynamic Aperture (DA), i.e., the mini-
mum transverse amplitude at which particles start to become
unstable. Figure 3 shows the DA for the old (top) and the new
(bottom) optics versus horizontal and vertical tunes, demon-
strating the superiority of the new optics with optimized
octupolar resonances. The operational experience with the
new injection optics is reported in Ref. [4], demonstrating
an improvement on lifetime.

CONCLUSION
We detailed the procedure for optimizing the main oc-

tupolar resonances 4Qx, 4Qy, and 2Qx-2Qy for the LHC
injection optics, taking advantage of MAD-NG parametric
maps and normal forms. We also showed how this optimiza-
tion improved the dynamic aperture for beam 1 with similar
results for beam 2. Further work will be done soon on the
optimizer of MAD-NG and compared to MAD-X.
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