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> High-intensity charged-particle beam in a periodic solenoidal focusing field
= Beam physics applications

» Nonlinear resonances and chaotic motions of envelope oscillation
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The dynamics of the charged particle is easily analyzed
in the Larmour frame, which rotates with the Larmour
frequency around the axis of the solenoid

Much simpler and cheaper
Rotationally symmetric

For a given beam emittance, the solenoid aperture
required is smaller than that of the quadrupole
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The dynamics of the charged particle is easily analyzed
in the Larmour frame, which rotates with the Larmour
frequency around the axis of the solenoid

Much simpler and cheaper
Rotationally symmetric

For a given beam emittance, the solenoid aperture
required is smaller than that of the quadrupole

* Normalized envelope equation

» Introduce the dimensionless parameters and variables,
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€

S VeS

> With symmetric envelope radius, 7,(s) = r,(s) = 1,(s)

» The normalized envelope equation
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» Space charge defocusing; K = #jmcz : Perveance
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> 0= f;‘% : depressed phase advance 5
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Nonlinear resonances and chaotic motions of envelope oscillation for propagation over 300 lattice periods
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perveance (K) parameter advance (o) initial condition
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High-intensity charged-particle beam physics All points are plotted in every S lattice

period (Poincare surface of section plots)

- i : with different envelope initial conditions
Nonlinear resonances and chaotic motions of envelope oscillation for propagation over 300 lattice periods
Envelope oscillations Space charge Focusing field Vacuum phase Matched beam
perveance (K) parameter advance (o) initial condition
hase plane 7, -1’
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High-intensity charged-particle beam physics All points are plotted in every S lattice

period (Poincare surface of section plots)

i i i i : with different envelope initial conditions
Nonlinear resonances and chaotic motions of envelope oscillation for propagation over 300 lattice periods
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High-intensity charged-particle beam physics All points are plotted in every S lattice

period (Poincare surface of section plots)

i i i i : with different envelope initial conditions
Nonlinear resonances and chaotic motions of envelope oscillation for propagation over 300 lattice periods
Envelope oscillations Space charge Focusing field Vacuum phase Matched beam
perveance (K) parameter advance (o) initial condition
hase plane 7, -1’
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High-intensity charged-particle beam physics All points are plotted in every S lattice

period (Poincare surface of section plots)

- i - i : with different envelope initial conditions
Nonlinear resonances and chaotic motions of envelope oscillation for propagation over 300 lattice periods
Envelope oscillations Space charge Focusing field Vacuum phase Matched beam
perveance (K) parameter advance (o) initial condition
hase plane r, -1,’
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High-intensity charged-particle beam physics All points are plotted in every S lattice

period (Poincare surface of section plots)

- i - i : with different envelope initial conditions
Nonlinear resonances and chaotic motions of envelope oscillation for propagation over 300 lattice periods
Envelope oscillations Space charge Focusing field Vacuum phase Matched beam
perveance (K) parameter advance (o) initial condition
hase plane r, -1,’
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High-intensity charged-particle beam physics All points are plotted in every S lattice

period (Poincare surface of section plots)

- i - i : with different envelope initial conditions
Nonlinear resonances and chaotic motions of envelope oscillation for propagation over 300 lattice periods
Envelope oscillations Space charge Focusing field Vacuum phase Matched beam
perveance (K) parameter advance (o) initial condition
hase plane 7, -1’
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High-intensity charged-particle beam physics

Nonlinear resonances and chaotic motions of envelope oscillation

All points are plotted in every S lattice

period (Poincare surface of section plots)
with different envelope initial conditions
for propagation over 300 lattice periods

Enve|ope oscillations Space charge Focusing field Vacuum phase Matched beam
perveance (K) parameter advance (o) initial condition
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> Halo formation of transverse particle-core model
» Halo formations
» Uniform density charged particle motions

» Gaussian density charged particle motions of matched beam
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Halo formation of transverse particle-core model

Halo formations of particles along the linac
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Halo formation of transverse particle-core model

Halo formations of particles along the linac

e
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Halo formation of transverse particle-core model

Halo formations of particles along the linac

—» Beam emittance growth and particle losses in accelerators
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Halo formation of transverse particle-core model

Halo formations of particles along the linac

——» Beam emittance growth and particle losses in accelerators ——
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Halo formation of transverse particle-core model

Halo formations of particles along the linac

~» Beam emittance growth and particle losses in accelerators —> Radioactivation
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Halo formation of transverse particle-core model

Halo formations of particles along the linac

~» Beam emittance growth and particle losses in accelerators —> Radioactivation

+ Uniform charge density
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Halo formation of transverse particle-core model

Halo formations of particles along the linac

—» Beam emittance growth and particle losses in accelerators —— Radioactivation

» Uniform charge density

Beam core oscillates periodically in
Matched every lattice ;F))eriod ’
Envelope Mis-matched Beam core oscillates because Envelope oscillation
of initial mismatch
&
n-th order resonance Space charge effect Parti
article frequency




Halo formation of transverse particle-core model

Halo formations of particles along the linac

—» Beam emittance growth and particle losses in accelerators —— Radioactivation

» Uniform charge density

Beam core oscillates periodically in
Matched every lattice period
Envelope Mis-matched Beam core oscillates because Envelope oscillation
of initialgr{nismatch Resonance
n-th order resonance Space charge effect :
Particle frequency




Halo formation of transverse particle-core model

Halo formations of particles along the linac

—» Beam emittance growth and particle losses in accelerators —— Radioactivation

Uniform charge density

Envelope

Matched

Beam core oscillates periodically in
every lattice period

Mis-matched

n-th order resonance

Beam core oscillates because
of initial mismatch
&
Space charge effect

Envelope oscillation

Resonance

Particle frequency

Non-uniform charge density (Gaussian)
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Halo formation of transverse particle-core model

Halo formations of particles along the linac

—» Beam emittance growth and particle losses in accelerators —— Radioactivation

Uniform charge density

Envelope

Matched

Beam core oscillates periodically in
every lattice period

Mis-matched

n-th order resonance

Beam core oscillates because
of initial mismatch
&
Space charge effect

Envelope oscillation

Resonance

Particle frequency

Non-uniform charge density (Gaussian)

Envelope

Matched

Gaussian density profile

Non-linear space charge force
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Halo formation of transverse particle-core model

Halo formations of particles along the linac

—» Beam emittance growth and particle losses in accelerators —— Radioactivation

« External : periodic solenoidal magnetic focusing field

Uniform charge density

Envelope

Matched

Beam core oscillates periodically in
every lattice period

Mis-matched

n-th order resonance

Beam core oscillates because
of initial mismatch
&
Space charge effect

Envelope oscillation

Resonance

Particle frequency

Non-uniform charge density (Gaussian)

Envelope

Matched

Gaussian density profile

Non-linear space charge force
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Halo formation of transverse particle-core model

Uniform density charged particle motions




Halo formation of transverse particle-core model

Uniform density charged particle motions

Equation of motion (Larmor frame)



Halo formation of transverse particle-core model

Uniform density charged particle motions

Equation of motion (Larmor frame)

x"'(s) + Kk,(s)x(s) — KF(x,rp) =0
()

Tp2(s)

F(x, 1) = for x(s) < 1, (s), % for x(s) > 1, (s)



Halo formation of transverse particle-core model

Uniform density charged particle motions

Equation of motion (Larmor frame)
(phase plane x/r,-x")

x"'(s) + Kk,(s)x(s) — KF(x,rp) =0
()

Tp2(s)

F(x, 1) = for x(s) < 1, (s), % for x(s) > 1, (s)



All points are plotted in every S lattice
period (Poincare surface of section plots)
with different particle initial conditions

Uniform density charged particle motions for propagation over 300 lattice periods

Halo formation of transverse particle-core model

Equation of motion (Larmor frame)
(phase plane x/r,-x")

x"'(s) + Kk,(s)x(s) — KF(x,rp) =0

x(s)

Tp2(s)

F(x,1p) =

for x(s) < 1, (s), % for x(s) > 1, (s)



All points are plotted in every S lattice
period (Poincare surface of section plots)
with different particle initial conditions
for propagation over 300 lattice periods

Halo formation of transverse particle-core model

Uniform density charged particle motions

Equation of motion (Larmor frame)
(phase plane x/r,-x")

x"'(s) + Kk,(s)x(s) — KF(x,rp) =0

x(s)

Tp2(s)

F(x, 1) = for x(s) < 1, (s), % for x(s) > 1, (s)

Matched core — test particles
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Halo formation of transverse particle-core model

F(x,1p) =

Matched core — test particles
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1.0}
0.5},

>  0.0K
-0.5¢
-1.0f
-1.5}

Uniform density charged particle motions

Equation of motion (Larmor frame)

(phase plane x/ry,-x")

x"'(s) + Kk,(s)x(s) — KF(x,rp) =0

x(s)

Tp2(s)

for x(s) < 1, (s), % for x(s) > 1, (s)
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All points are plotted in every S lattice
period (Poincare surface of section plots)
with different particle initial conditions
for propagation over 300 lattice periods
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All points are plotted in every S lattice
period (Poincare surface of section plots)
with different particle initial conditions

Halo formation of transverse particle-core

Uniform density charged particle motions for propagation over 300 lattice periods
. . _ 5t resonance core
Equation of motion (Larmor frame) Mismatched core ~ test particles
(phase plane x/r,-x") — test particles (plot in every 5 period)
x"'(s) + Kk,(s)x(s) — KF(x,rp) =0 k=3
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Halo formation of transverse particle-core model

Gaussian density charged particle motions of matched beam
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Halo formation of transverse particle-core model

Gaussian density charged particle motions of matched beam

Space charge field of gaussian density particles
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Halo formation of transverse particle-core model

Gaussian density charged particle motions of matched beam

Space charge field of gaussian density particles

For Gaussian charge density,

p(x)

by 2 yﬂ
- 2mo L0y P (_ﬁ B E)
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Halo formation of transverse particle-core model

Gaussian density charged particle motions of matched beam

Space charge field of gaussian density particles

For Gaussian charge density,

p(x)

by 1.2 yﬂ
= exp| —— — —
2mo 0y P 203 20}

For symmetric case, o, = V20, = \/foy

rZ
exp(— G 2)
r

p(r) = p—
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Halo formation of transverse particle-core model

Gaussian density charged particle motions of matched beam

Space charge field of gaussian density particles

For Gaussian charge density,

p(x)

by 1.2 yQ
= exp| —— — —
2mo 0y P 203 20}

For symmetric case, o, = V20, = \/foy

o) = A r2
p(r = 0.2 exp( Grz)
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Halo formation of transverse particle-core model

Gaussian density charged particle motions of matched beam

Space charge field of gaussian density particles Equation of motion (real frame)
For Gaussian charge density ~ Coupled equation of motion
0= g (-5 - L) s
pRx) = 2mo 0y P 203 20} K Foox(x,y) = 2 1- iz x

{ x"(s) = 24/i;(8)y'(s) = S Fsex(,y) =0
_ orioR

n ! K
V') + 26X ) = hey(09) =0 | gy =220

When pg#0, y' =y"=0

For symmetric case, o, = V20, = \/foy

rZ
exp(— G 2)
r

p(r) = p—
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Halo formation of transverse particle-core model

Gaussian density charged particle motions of matched beam

Space charge field of gaussian density particles Equation of motion (real frame)

For Gaussian charge density ~ Coupled equation of motion

(x) = A ex - v
PR = 2mo 0y P 202 203

{ x"(5) = 21, (8)y'(s) = S Fecx(2,y) =0
Y"(8) + 2y/16,()x'(5) = S Ficy (x,¥) =0

1— e T/0f
Foex(x,y) =2 72 X

_ orioR

Esc,y(x' y)=2 72 y

When pg#0, y' =y"=0

For symmetric case, o, = V20, = V20 | Radial equation of motion  (real frame)

rZ
exp(— G 2)
r

p(r) = p—

r""(s) + 1, (s)r(s) —g (@) =0

— e T/

Fe(r)=2

y'=y"=0
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All points are plotted in every S lattice
period (Poincare surface of section plots)
with different particle initial conditions

Gaussian density charged particle motions of matched beam for propagation over 300 lattice periods

Halo formation of transverse particle-core model

Transverse particle motions (real frame)

Radial tion of motion

(phase plane r/r,-r')

— e T%/0}
1—e

" (s) + K, (s)r(s) — ngc(r) =0 Fye(r) =2
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Halo formation of transverse particle-core model
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Halo formation of transverse particle-core model

Gaussian density charged particle motions of matched beam

Transverse particle motions (real frame)

P/(8) + 1, (r(s) — 5 Fie(r) = 0

1— e T/0f

Fe(r) =2

4

-4

-4 -2 0 2 4
R

K=2.3, 0, =115 ,0 = 90°
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Halo formation of transverse particle-core model

Gaussian density charged particle motions of matched beam

Transverse particle motions (real frame)

SR

PI($) + 1y (r(s) — 5 Fie(r) = 0

n
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Halo formation of transverse particle-core model

Gaussian density charged particle motions of matched beam

Transverse particle motions (real frame)

B | | | i | With n<2 ; n=1 (linear), n=2 (2" order)

-> 1""(s) + 0, %1(s) ~r3 - el%envS ; y~gEioLs

, K — % < Resonance condition >
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-> 0, = 90° : 4*order resonance
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Halo formation of transverse particle-core model

Gaussian density charged particle motions of matched beam

Transverse particle motions (real frame)

B | | | i | With n<2 ; n=1 (linear), n=2 (2" order)

-> 1""(s) + 0, %1(s) ~r3 - el%envS ; y~gEioLs

K — % | < Resonance condition >
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Halo formation of transverse particle-core model

Gaussian density charged particle motions of matched beam

Transverse particle motions (real frame)

SR
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-> 0, = 90° : 4*order resonance
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Halo formation of transverse particle-core model

Gaussian density charged particle motions of matched beam

Transverse particle motions (real frame)
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< Resonance condition >
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Halo formation of transverse particle-core model

Gaussian density charged particle motions of matched beam

Transverse particle motions (real frame)
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All points are plotted in every S lattice
period (Poincare surface of section plots)
with different particle initial conditions

Gaussian density charged particle motions of matched beam for propagation over 300 lattice periods

Halo formation of transverse particle-core model

Transverse particle motions (real frame)

CouEIed eguation of motion

{ x"'(5) = 2416, ()Y (5) = 5 Ficx (x,) =0
Y'"(8) + 2/, (5)x'(5) = S Ficy (,y) =0

1—e T/

Foex(x,y) = ZTJC

1—e /0%
Foey(x,y) = 2




All points are plotted in every S lattice
period (Poincare surface of section plots)
with different particle initial conditions

Gaussian density charged particle motions of matched beam for propagation over 300 lattice periods

Halo formation of transverse particle-core model

Transverse particle motions (real frame)

Coupled equation of motion

{ x"'(5) = 2416, ()Y (5) = 5 Ficx (x,) =0
Y'"(8) + 2/, (5)x'(5) = S Ficy (,y) =0

1—e T/

Foex(x,y) = ZTJC

1—e /0%
Foey(x,y) = 2

Many test particles with different initial conditions



All points are plotted in every S lattice
period (Poincare surface of section plots)
with different particle initial conditions

Gaussian density charged particle motions of matched beam for propagation over 300 lattice periods

Halo formation of transverse particle-core model

Transverse particle motions (real frame)

Coupled equation of motion

{ x"'(5) = 2416, ()Y (5) = 5 Ficx (x,) =0
Y'"(8) + 2/, (5)x'(5) = S Ficy (,y) =0

1—e T/

Foex(x,y) = ZTJC

1—e /0%
Foey(x,y) = 2

Many test particles with different initial conditions
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Halo formation of transverse particle-core model

Gaussian density charged particle motions of matched beam

K=3, 0o =45.5°,0 = 12°
o
. . — =026
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All points are plotted in every S lattice
period (Poincare surface of section plots)
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Halo formation of transverse particle-core model

All points are plotted in every S lattice
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Halo formation of transverse particle-core model

Gaussian density charged particle motions of matched beam

All points are plotted in every S lattice
period (Poincare surface of section plots)
of a single particle for propagation over
300 lattice periods
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Halo formation of transverse particle-core model

Gaussian density charged particle motions of matched beam

All points are plotted in every S lattice
period (Poincare surface of section plots)
of a single particle for propagation over
300 lattice periods
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Halo formation of transverse particle-core model

All points are plotted in every S lattice
period (Poincare surface of section plots)

Gaussian density charged particle motions of matched beam

of a single particle for propagation over
300 lattice periods
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Halo formation of transverse particle-core model All points are plotted in every © lattice

period (Poincare surface of section plots)
of a single particle for propagation over
Gaussian density charged particle motions of matched beam 300 lattice periods
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« The periodic solenoidal focusing field is important for several reasons.
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« The periodic solenoidal focusing field is important for several reasons.

Halo formations

v Uniform charge density

Envelope

Mis-matched

n-th order resonance

Beam core oscillates because of
initial mismatch
&
Space charge effect

Envelope oscillation

Resonance

Particle frequency

v" Non-uniform charge density (Gaussian)
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« The periodic solenoidal focusing field is important for several reasons.

« Halo formations

v Uniform charge density

Envelope

. Envelope oscillation
. Beam core oscillates because of
Mis-matched . .
initial mismatch Resonance
&
n-th order resonance Space charge effect Particle frequency

v Non-uniform charge density (Gaussian)

Envelope

Matched

Gaussian density profile Non-linear space charge force
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ummary

« The periodic solenoidal focusing field is important for several reasons.

« Halo formations

v Uniform charge density

Beam core oscillates because of Envelope oscillation
Mis-matched L .
Envelope initial rgsmatch Resonance
n-th order resonance Space charge effect Particle frequency
v Non-uniform charge density (Gaussian)
Envelope Matched Gaussian density profile Non-linear space charge force

= Symmetric gaussian -> radial motion
= Non symmetric gaussian -> coupled motions of x, y -> many test particles / single particle motions
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« Transverse particle beam dynamics
- particle-core model compare with PIC simulation of self-consistence

» Longitudinal beam dynamics

* Apply to the beam halo and beam loss measurement design input
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Thank you for your attention !

61th ICFA Advanced Beam Dynamics Workshop
on High-intensity and High-brightness Hadron beams (HB 2018)

In Daejeon

Yoolim Cheon and Moses Chung,

Intense Beam and Accelerator Laboratory (IBAL),
Ulsan National Institute of Science and Technology (UNIST)
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