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 Brief (and incomplete) history of envelope perturbation

 Overview of envelope perturbation around the matched beam

 KV envelope equations

 Stability analysis
 Krein-Gelfand-Lidskii-Morse strong stability theorem

 A new theory for general linear coupled dynamics

 Generalization of the Courant-Snyder theory

 Time-dependent canonical transformation is used 

 Phase advance determines the stability
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 I. Hofmann et al., Stability of the KV distribution in long periodic 
transport systems, Part. Accel. 13, 145 (1983).  

 Linearized Vlasov analysis

 J. Struckmeier and M. Reiser, Theoretical studies of envelope 
oscillations and instabilities of mismatched intense charged-particle 
beams in periodic focusing channels, Part. Accel. 14, 227 (1984).  

 Linear perturbation around envelope equations

 S. Lund et al., Stability properties of the transverse envelope 
equations describing intense ion beam transport,  PRAB 7, 024801 
(2004).

 A systematic analysis of the mismatched modes

 O. Boine-Frankenheim et al., Parametric sum envelope instability of 
periodically focused intense beams, PoP 23, 090705 (2016).

 Coupled mode sum instabilities for unsymmetrical focusing

 Y. T. Yuan  Inclusion of dispersion (PRL, 2017)

 Ji Qiang  Extension of envelope instability model to 3D (PRAB, 
2018)
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Basic setupBasic setup
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Governing equationsGoverning equations
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 The dimensionless parameter 𝐾௕ is the self-field perveance defined either in terms of 
line density 𝑁௕ or bunch current 𝐼௕ or line charge density 𝜆௕ as

 The total emittances (100% or rms edge emittances) are  given by

 KV Envelope equations:

 Periodic matched-beam solutions (believed to have the smallest maximum excursion)



Linearized perturbation equationsLinearized perturbation equations

 Small perturbation about the matched envelopes:

No skew

 From Floquet theorem:

 Usually, stability is determined by the eigenvalues of the real symplectic matrix: 

Phase advance of the mode 
oscillations per lattice 

Growth factor

 In the matrix form:

18



Jürgen 
Moser 
(1958)

Mark Krein
(1950, 1955)

Israel Gelfand
(1955)

A stable symplectic matrix is strongly (structurally) unstable*
iff eigenvalues collide with different Krein signatures.

Victor Lidskii
(1955)

Krein-Gelfand-Lidskii-Morse strong stability theoremKrein-Gelfand-Lidskii-Morse strong stability theorem

Eigenvector

19* A small perturbation in parameter alters the topological character of the trajectories



Case 1:Case 1:
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Case 2:Case 2:
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Case 2:Case 2:

1st collision  No immediate break up  (bypassing each 
other)
 Very sensitive  Cannot be measured by eigenvalue
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Case 3:Case 3:






Case 4:Case 4:
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Location of eigenvaluesLocation of eigenvalues
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 Mathematically, this problem is identical to the two-dimensional linear 
oscillator without space charge treated by Courant and Snyder.

[From M. Reiser’s textbook]

Lattice resonance
(Parametric)𝜙ଵ or 𝜙ଶ locked to 𝜋

Confluent
resonance

𝜙ଵ = 𝜙ଶ, or𝜙ଵ + 𝜙ଶ = 2𝜋



Location of eigenvaluesLocation of eigenvalues
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 Mathematically, this problem is identical to the two-dimensional linear 
oscillator without space charge treated by Courant and Snyder.

[Based on Courant-Snyder’s original paper 
and E. Forest’s textbook]

Coupling is 
assumed weak. 
Transfer matrix 

differs only 
slightly

[From M. Reiser’s textbook]

Lattice resonance
(Parametric)𝜙ଵ or 𝜙ଶ locked to 𝜋

Confluent
resonance

𝜙ଵ = 𝜙ଶ, or𝜙ଵ + 𝜙ଶ = 2𝜋
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Envelope 
Eq.

Courant-Snyder 
invariant

Phase advance 
rate

Transfer 
matrix

Ernest Courant 
(1958)
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Courant-Snyder theory for 1D uncoupled dynamicsCourant-Snyder theory for 1D uncoupled dynamics
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CW Rotation 
matrix

Lab. frame

C-S frame

CW Rotation 

Rotation in nomalized phase space
coordinates
Rotation in nomalized phase space 
coordinates

[Adopted from G. Franchetti]
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Lee Teng
[Lebedev-Bogacz, 10]

[Ripken, 70; Mais-Ripken, 87; Wiedemann, 
99] 
[Teng, 71; Edward-Teng, 73]
[Sagan, 99]
[Wolski, 06 &14]
[Lebedev-Bogacz, 10]

Motivated by the great 
success of C-S theory

What about 2D coupled dynamics case? What about 2D coupled dynamics case? 



Space-charge is even more difficut to handle  Space-charge is even more difficut to handle  

Today’s talk

32

David Chernin
(SAIC)



H did t li d di t ?

( )

How did we get normalized coordinates? 
 Time-dependent canonical transformation 
S(s)

Target 
Hamiltonian : describing flow of S

S’ belongs to tangent 
space of Sp(2n,R)

33

H. Qin RCD

H. Qin et al., PRL 111 (2014), PRAB 17 (2014) 



Generalized theory has the similar structuresGeneralized theory has the similar structures
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Generalized theory has the similar structuresGeneralized theory has the similar structures

Envelope 
function

Envelope matrix
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Generalized theory has the similar structuresGeneralized theory has the similar structures

Envelope 
equation

Matrix envelope 
equation

Envelope 
function

Envelope matrix

36



Generalized theory has the similar structuresGeneralized theory has the similar structures

Phase advance 
rate

Phase advance 
rate

Envelope 
equation

Matrix envelope 
equation

Envelope 
function

Envelope matrix
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Generalized theory has the similar structuresGeneralized theory has the similar structures

Phase 
advance

4D symplectic
rotation

Phase advance 
rate

Phase advance 
rate

Envelope 
equation

Matrix envelope 
equation

Envelope 
function

Envelope matrix
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Generalized theory has the similar structuresGeneralized theory has the similar structures

Transfer 
matrix

Transfer 
matrix

Phase 
advance

4D symplectic
rotation

Phase advance 
rate

Phase advance 
rate

Envelope 
equation

Matrix envelope 
equation

Envelope 
function

Envelope matrix
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Generalized theory has the similar structuresGeneralized theory has the similar structures

Transfer 
matrix

Transfer 
matrix

Invariant Invariant

Phase 
advance

4D symplectic
rotation

Phase advance 
rate

Phase advance 
rate

Envelope 
equation

Matrix envelope 
equation

Envelope 
function

Envelope matrix
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Coupled lattice stability conditionCoupled lattice stability condition

 Envelope equation has no matched solution  the lattice is
unstable.

 Envelope equation has a matched solution  the symplectic
rotation phase advance P(L) determines the spectral and 
structural stabilities.

 A spectrally stable lattice is strongly (structurally) unstable iff
eigenvalues of P(L) collide with different Krein signatures.

[H. Qin and M. Chung et al, PoP 22 (2015)]

Eigenvector of

41

Eigenvector of



Comparison: 𝑴ሺ𝑳ሻ vs. 𝑷𝑻ሺ𝑳ሻComparison: 𝑴ሺ𝑳ሻ vs. 𝑷𝑻ሺ𝑳ሻ

42

Based on 𝑀ሺ𝐿ሻ Based on 𝑃்ሺ𝐿ሻ









Ernest Courant 
(1958)

 Its four sets of eigenvalues, eigenvectors, signatures:

Courant Snyder stability conditions for weakly coupled
lattice
Courant-Snyder stability conditions for weakly coupled  
lattice

One-turn (lattice period) phase advance

43



1. Self-resonance in the x-direction:

2. Self-resonance in the y-direction:

3. Sum resonance:

4. Difference resonance:

 Different signature  Half-integer/Integer Resonance 

 Different signature  Half-integer/Integer Resonance 

Four possibilities of resonances (Krein collisions)Four possibilities of resonances (Krein collisions)

 Different signature  Sum resonances

 Same signature  Difference resonance

44



Envelope perturbation in terms of linear coupled
dynamics  
Envelope perturbation in terms of linear coupled 
dynamics  

45

 First, we put the perturbation equation into “Hamiltonian form” 

 Then, we can obtain quadratic “envelope mode Courant-Snyder invariant”:

 Also, we can obtain “4D symplectic rotation”:

 4D Hyper-ellipsoid

Matrix version of Twiss 
parameters



Parametrization of the symplectic rotationParametrization of the symplectic rotation

 Interpretation of the coupled dynamics in terms of the 4D rotation 
is under way, and will be presented elsewhere. 

Overall phase
Euler rotations

Pauli matrices

46

If 𝛽 is 0, then there is no coupling



 Stability of high intensity beam transport in a periodic focusing 
lattice is of significant importance.

 Stability analysis in terms of Krein collision and linear coupled 
dynamics (phase advance matrix) is under way.

 Courant-Snyder theory has been generalized to linear coupled 
transverse dynamics:
 Envelope function  Envelope matrix

 Envelope equation  Matrix envelope equation

 Phase advance 4D symplectic rotation

 CS invariant  Generalized CS invariant

 Transfer matrix  (Back transform)×4D rotation×(normal 
form) 

ConclusionsConclusions

47



Thank you for your attention ! 



Back Up Slides



Step I: Envelope Matrix and Matrix Envelope Equation Step I: Envelope Matrix and Matrix Envelope Equation 

: matrix envelope equation

: phase advance rate

50

: Envelope matrix

scalar

H. Qin et al., PRL 111 (2014), PRAB 17 (2014) 



Step II: Phase Advance MatrixStep II: Phase Advance Matrix

Dynamics is trivial:

: P is not only a simplectic, but also a rotaion matrix

: Cosine/Sine-like 
matrices

51

: Phase advance matrix

H. Qin et al., PRL 111 (2014), PRAB 17 (2014) 



Step III: Transfer MatrixStep III: Transfer Matrix

Dynamics is trivial:

: without loss 
of generality

52H. Qin et al., PRL 111 (2014), PRAB 17 (2014) 



Step IV: InvariantStep IV: Invariant

Dynamics is trivial:

Invariant of the dynamics that is 
quadratic in phase-spece 
coordinate:

Arbitrary constant 
positive-definite matrix: A special case of

equal eigen-emittances

53

Matrix version of Twiss 
parametersH. Qin et al., PRL 111 (2014), PRAB 17 (2014) 
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