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Abstract 
The undulator system in the European XFEL is mainly 

comprised 5-m long undulator segments and 1.1 m long 
intersections in between. In intersections the electron 
velocity is faster than it inside an undulator and the opti-
cal phase is detuned. The detune effect is also from the 
undulator fringe field where electron longitudinal speed 
also deviates from the oscillation condition. The total 
detune effect is compensated by a magnetic device called 
phase shifter, which is correspondingly set for a specific 
undulator gap. In this paper we introduce the method to 
set the phase shifter gap for each K parameter according 
to the measured magnetic field. 

INTRODUCTION 
High gain free electron lasers (FELs) using the princi-

ple of Self-Amplified Spontaneous Emission (SASE) are 
so far the only way to generate FEL radiation in the hard 
X-ray range [1-5]. For VUV radiation alternatives such as 
harmonic generation exist generate radiation which lead 
to increased stability [6]. However, aside from such dif-
ferences both require long undulator systems with lengths 
from tens of meters up to about 200 meters depending on 
the radiation wavelength, electron beam and undulator  
parameters. Such a long undulator system cannot be built 
as a continuous device. For practical reasons of manufac-
turing it must be segmented into lengths around typically 
5m maximum.  

For the FEL process the interruption of the undulator 
implies a problem: The longitudinal speed of the electrons 
in the intersection is different to that inside the undulator 
and therefore the optical phase matching between laser 
field and electron motion is perturbed. In a fixed gap 
undulator system such as FLASH [1,2]or LCLS I [3] 
phase matching can be obtained by choosing the intersec-
tion length and tuning the end fields of the undulator 
segments properly. The phase matching in a gap tunable 
system is more complicated since the phase mismatch in 
the intersection changes with undulator gap. With a phase 
shifter, a small magnetic chicane, an additional delay is 
induced in the electron orbit. By properly selecting the 
phase shifter strength and hence the delay the optical 
phase can be matched at any gap [7].  

The European X-ray free electron laser (EXFEL) fa-
cility [5] is a large project driven by a 1.8 kilometer long 
superconducting linac. The SASE FEL is used throughout 
the European XFEL. An electrons beam is accelerated up 
to maximum of 17.5 GeV. Then it is guided through the 
undulator system to generate high quality soft and hard 
X-rays. The radiation wavelength can be changed by 
variation of the undulator gap and in addition the beam 
energy: The hard X-ray range from 0.1 to 0.4 nm is cov-
ered by two undulator lines called SASE1 and SASE2. 
The soft X-Ray wavelength range from 0.4 to 1.6 nm is 
covered by one undulator line called SASE3.  

For all SASE beam lines the undulators and phase 
shifters are well characterized before installation: Undula-
tors were accurately tuned for small trajectory and phase 
errors in the operational gap range [8,9]. After tuning the 
characterization for each segment includes high resolution 
field maps as a function of gap in 0.5mm steps. They are 
the basis for the calculation of device properties such as 
K-Parameter, optical phase errors, trajectory wander etc. 
All phase shifters were well tuned and characterized as 
well [10-13].  

An undulator system comprised of many segments is 
best controlled by the K-Parameter, which directly relates 
to the radiation wavelength, and not by the individual 
gaps, which differ slightly from segment to segment due 
to manufacturing and material tolerances. The K-
parameter plays a key role and needs to be provided with 
an accuracy of .  

PHASE MATCHING STRATEGY 
Practical Situation 

One feature of the undulator system for SASE FEL is 
that all segments must work cooperatively: In order not to 
deteriorate the FEL process the individual K-parameters 
need to be provided with an accuracy determined by 

 where  is the Pierce parameter, which for 
EXFEL is about . Therefore in an undulator 
system the gaps of individual undulator segments need to 
be adjusted so all match the same K.  

On the other side field measurement on undulators is 
made by controlling the gap, which can be directly con-
trolled mechanically with micrometer precision. There-
fore, the K-parameters for each segment needs to be eval-
uated by interpolation from measurements made at differ-
ent gaps. 

Phase Matching Criteria 
Figure 1 illustrates two undulator cells. Each cell is 

subdivided into four regions: On going from left to right 
the beginning of a cell is chosen in the field free region in 
the very left before the undulator. The region from at the 
beginning of the cell to the beginning of undulator bulk 
poles, including the drift space and the undulator fringe 
field, is called entrance fringe. The phase advance in this 
part is . The periodic field region inside the undula-
tor is called bulk field. The phase advance over this re-
gion is . Ideally at the first harmonic the phase ad-
vance in this region is 2  per period. Similar to the en-
trance fringe the region from the end of bulk field to the 
beginning of phase shifter is called exit fringe with the 
phase advance . In the field free region after the exit 
fringe the phase shifter is placed. The phase advance over 
the phase shifter is . Since the phase shifter has very 
low fringe fields [7], it does not interfere with the undula-
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is again field free. Accordingly the phase advance over 
the first undulator cell can be written as  

. 

 
Figure 1: Definition of the different field regions in two 
sample undulator cells. 

Only planar undulators are used at the European 
XFEL, so only the vertical field By plays a role. The hori-
zontal field component Bx resulting from field errors is 
less than  10-3 times smaller than the main field compo-
nent and can be neglected. The energy radiated per unit 
solid angle per unit frequency interval  is 

 [14, 15]. The on-axis radiation of 
a planar undulator  is written as: 

 

,  (1) 

where  is the wave number,  the radiation 
wavelength, c is the speed of light,  the electron charge 
and  the kinetic energy in units of the electron rest mass. 

 is the 1st field integral of . The argument of the 
exponential function in Eq. (1) is the optical phase func-
tion [15]: 

.            (2) 
For convenience a normalized form of , , is used. 

In terms of the optical phase  and the 1st field inte-
gral Eq. (1) is rewritten:  

.                  (3) 
 is complex.  for two undulator segments is the 

vector sum of two complex numbers. Using the normal-
ized form is written as: 

,         (4) 
where  and  denote  of the first and the second 
undulator, respectively. Both undulators and the corre-
sponding radiation are similar but not identical. Each can 
be expressed in complex polar coordinates as: 

 .                                  (5) 
 is the phase of the radiation complex,  and must not 

be confused with the optical phase . 
The total  of two undulators is the complex sum of 

two. Eq (4) is then rewritten as: 
  (6) 

The maximum for  is obtained if the condition: 
                (7) 

is fulfilled where  is an integer. Eq.(7) is the criterion for 
calculating the phase matching. Figure 2 gives an illustra-
tive description.  of the two undulators are plotted in 
the complex plane. If Eq. (7) is fulfilled the resulting  
is longest if  and  are collinear. 

 
Figure 2: Sum of the of two undulators. The length of 

 is maximum if the condition 
 is satisfied. 

In order to explain the relation between the phase of 
the complex , , and the optical phase , we analyse 
an undulator field comprised by an ideal bulk field and 
two ending field. Eq.(3) is expressed by the integral over 
different parts of an undulator as sketched in Figure 1: 

. (8)                        

Where , 
 are the 

contributions to  from the undulator end fields at the 
entrance and exit. In the end field sections the poles have 
different strength from the bulk and the optical field is out 
of resonance.  and  only contribute to the optical 
phase advance  and  but  at resonance their 
contributions to the modulus of  are negligibly small. 
Therefore Eq. (8) is simplified: 

.        (9)                       
The bulk field is expressed by sinus function and ex-

pressed in terms of Bessel functions [16]: 
. (10) 

Where  is the number of periods.  and are the Bessel 
functions of integer order 0 and 1.  

Eq. (10) shows that the contribution from the bulk 
field to the vector potential is real, since the phase ad-
vance per period is 2 . Therefore  and has no 
effect on the phase of . So , is determined by the 
entrance field of an undulator: 

.                                (11) 
Because in an ideal undulator  and 

, the criteria of Eq. (7) for phase 
matching can be written in the format of optical phase: 

.                (12) 
Eq. (12) gives a criterion for the phase matching of two 
undulators: The optical phase from the last bulk pole of 
the upstream undulator should change integral times of 

 to the first bulk pole of the next undulator. However, 
Eq. (12) assumes an ideal bulk field of the undulator with 
results in a phase advance of  per period over the 
whole undulator. In practice phase errors are unavoidable 
and the accuracy of Eq. (12) is affected by field errors. 

tor and the spatial extension is very close to its physical 
length of 230mm only. The region after the phase shifter 
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MATCHING RESULTS 
Comparison of K for Two Undulators 

A SASE undulator system such as SASE1 or SASE2 
of the European XFEL comprises 35 undulator segments 
and 34 phase shifters, which have to be matched together 
by applying the methods derived in the last section. For 
all these components accurate magnetic measurement 
data are available: For all undulators there are accurate 
high resolution field maps. 

For demonstration of the method two undulator seg-
ments, the U40-X005 and the U40-X006 and one phase 
shifter, the PS073, are used. The K-parameter of the two 
undulators is set from 1.5 up to 3.9 with a step size of 0.2. 
The gap for each segment was fitted to match the desired 
K-parameter. Fig. 3 illustrates the required gap of the two 
segments as a function of K. The blue curve shows the 
difference. It is seen that there is an almost constant dif-
ference of about 0.15 mm with a very slight variation with 
gap. It is due to differences in the mechanics, encoder 
initialization and magnet structure and shows the need of 
individual gap adjustment. This is a quite representative 
for other undulator segments as well. 

 
Figure 3: Gap vs. K-parameter for the U40-X005, black 
squares, and U40-X006, red circles. The difference is 
shown by the blue triangles. 

Phase Matching using the  
The condition for proper phase matching is defined by 

Eq. (7). The real and imaginary part of the normalized  
using Eq (3) and the phase  can be calculated. Figure 4 
demonstrates the phase matching using the hodograph 
representation. 

The abscissa represents the real and the y-axis the im-
aginary part in arbitrary units. Two cases representing the 
maximum and minimum K values, 3.9 and 1.7, are cho-
sen for demonstration. Going along a perfect undulator 
the complex evolves along a straight line starting at 0. For 
each K value, two conditions called ‘matched’ and ‘anti-
matched’ are shown. ‘Matched’ fulfils the phase matching 
condition, Eq. (7) i.e. 2nπ. For the ‘Anti-matched’ condi-
tion the phase delay between the undulators is (2n+1) π. 
Results are shown by the left and right plots, respectively. 
The start angle is different to various K value and it de-
pends on the entrance ending field. It is seen that in the 

matched condition the of two the undulators, U40-
X005 and U40-X006, have the same in length and point 
in exactly the same direction and the total length of the 
radiation from two undulators is twice the length of a 
single one and reaches the maximum intensity as illustrat-
ed in Figure 2. In contrast as seen by the right plot in the 
anti-matched condition  of the two undulators have 
again the same length but reverse direction. Therefore the 
total length is zero. It should be emphasized that this 
applies to the forward direction only. The effect of resid-
ual field errors is seen by some small wiggles on the lines 
and resulting small deviations from perfect straightness. 

 
Figure 4: Hodograph of the real and imaginary part of 
the radiation  for two K values. The left plot corre-
sponds matched phasing with 2nπ phase difference. 
The right plot corresponds anti-matched phasing with 
(2n+1)π phase difference leading to zero amplitude in 
forward direction. 

Small differences in the ending fields as well as small 
individual differences in the phase shifter require strict 
matching of undulators and phase shifters. Figure 5 shows 
the required phase shifter gap as a function of the undula-
tor K-parameter. The phase shifter can be operated on 
different phase numbers, , [7]. In order to have a suffi-
ciently large tuning range over the whole operational K 
harmonic number  or larger needs to be used. Fig. 
5 shows the results. Each curve corresponds to a specific 
harmonic number. It is seen that the larger the harmonic 
number the larger the K range. However at large K the 
space between the curves gets smaller and the phase gets 
more sensitive to the phase shifter gap. 

 
Figure 5: The required gap of phase shifter PS073 placed 
between U40-X005 and U40-X006 as a function of the K-
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parameter. The individual curves correspond to different 
phase numbers. Continuous tuning over the whole K-
range requires harmonic numbers 14. 

Phase Matching by Pole 
Phase matching described so far is the most general 

treatment which based on the complex  of the two 
undulators calculated from their measured fields. Under 
the assumption that the bulk structure has zero phase error 
there is a simple alternative using Eq. (12). Only the end 
field contributes. In reality the problem arises how to 
select the boundary between bulk and end fields. The 
applicability of this simplification was again tested using 
the undulators U40-X005 and U40-X006 and the phase 
shifter PS073. 

 
Figure 6: Phase compensation as function of the pole 
number where the bulk field starts. 

Figure 6 shows the required phase compensation of 
the phase shifter as function of the pole number where the 
bulk structure starts. It is seen that depending on the start 
the phase varies significantly from about 50 to 120 de-
grees with an RMS value of 12.9 degrees. There is no 
hard criterion to select a specific pole as the start pole for 
the bulk field. In the bulk structure there is a systematic 
deviation from a 2  phase advance per period. The expla-
nation is that on all European XFEL undulators small 
parabolic girder deformations have been observed, which 
result from changing magnetic forces but they are well 
within the specifications. Therefore different extensions 
of the bulk field leads to different phase matching re-
quirements [10]. Since the curve in Figure 6 has some 
symmetry averaging can be used. The average of the 
requested phase in Figure 6 is 90° and is used to calculate 
the phase shifter gap. Now, using Eq. (12) phase shifter 
gap settings in full analogy to Fig. 5 can be calculated.  

Both methods provide comparable results. Instead of 
reproducing curves such as in Figure 5 a quantitative 
analysis is given in Figure 7. The black curve shows the 
difference of the phase shifter gap setting a function of 
the undulator K-parameter. It does not exceed -7μm. As 
shown by the blue curve the difference of the phase shift-
er correction is less than one degree. These differences 
are negligible and both methods give the same phase 
matching and can be used for the work. 

 
Figure 7: Comparison between the results of two 
matching criteria. The black curve shows the differ-
ence of the required phase shifter gap, the blue curve 
the phase difference of phase shifter. 

CONCLUSION 
In this paper the theoretical basis for the proper match-

ing the optical phase of different tuneable undulator seg-
ments with the help of phase shifters are worked out. It is 
used in large distributed undulator systems for SASE 
FELs. Two matching methods, based on the undulator on-
axis radiation and the optical phase, are derived and com-
pared. We prove to the undulator with identical bulk field 
these two methods are equivalent.  

The matching results for two undulator segements in 
SASE1 are shown as the example. The Gap-K curves for 
2nπ phase matching are illustrated and compared. 
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