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Abstract
Shorter bunches produce a more coherent radiation and

contain higher harmonic components. Here, based on trans-
verse and longitudinal phase space coupling, a general
method for analyzing the production of very short beam
and searching for compression beamline is presented. With
this method, several beamlines are found and optimized.
The electron beam can be compressed to tens of nanometers,
generating coherent high harmonic radiation.

INTRODUCTION
The coherence of synchrotron radiation depends strongly

on beam length and has been enormously demanded by many
applications. Generally, a beam will radiate coherently while
its length is comparable to the radiation wavelength [1]. For
this reason, shortening bunch length in storage ring has been
studied widely, but the length is still on the order of tens
femtoseconds [1–4]. On the other hand, free electron laser
(FEL), benefiting from the natural microbunching process,
holds the shortest length achieved. Combining these short
bunches with storage rings, and uniting the high brightness
of FEL with the high repetition rate of synchrotron radia-
tion will create a new light source with excellent properties.
However, this combination requires to compress the beam
to a very short length before injecting it into the undulator.
Several compression methods and beamlines have been pro-
posed [5–12]. But the optimization methods vary. In this
paper, we present a general method for analyzing the pro-
duction of very short beam and searching for compression
beamlines. Based on this method, several beamlinems are
found and optimized. The electron beam can be compressed
to tens of nanometers, and very coherent high harmonic
radiation can be generated.

GENERAL METHOD
Transfer matrix is used to analyze the compression prob-

lem. For simplicity, the electron six-dimensional phase
space is shortened to four, (𝑥, 𝑥′, 𝑧, 𝛿)𝑇. Here, the symbol
𝑥 can be either horizontal or vertical direction. Under this
simplification, a general matrix form for both dipole and
quadrupole magnets is

𝑎 =
⎛⎜⎜⎜⎜⎜⎜
⎝

𝑎11 𝑎12 0 𝑎14
𝑎21 𝑎22 0 𝑎24
𝑎31 𝑎32 1 𝑎34
0 0 0 1

⎞⎟⎟⎟⎟⎟⎟
⎠

. (1)
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The symplectic condition tells that only six elements in the
matrix are free. Besides, it can be proved that the prod-
uct of any number of matrix in this type has the same form.
Hence, this matrix is actually a general expression for an arbi-
trary beamline consisting of only dipoles and/or quadrupoles.
Now, we use symbols 𝐴 (with elements 𝐴𝑖𝑗), 𝐵 (with elements
𝐵𝑖𝑗) to express two such beamlines.

Another critical component is the modulator, where an
undulator and a laser cooperate to act like a radio frequency
(RF) cavity. Considering the case that laser incidents with a
small angle 𝑡, the beam energy modulation can be expressed
as

𝛿 = 𝛿0 + ̃𝛿 sin(𝑘𝑧 + 𝑡𝑘𝑥), (2)
with ̃𝛿 = Δ𝛾

𝛾𝑐
the maximum absorbed energy, and 𝛾𝑐 the

beam central energy. 𝑘 is laser wave number. Panofsky-
Wentzel theorem [13] indicates that this energy modulation
will be accompanied by an angular modulation

𝑥′ = 𝑥′
0 + 𝑡 ̃𝛿 sin(𝑘𝑧 + 𝑡𝑘𝑥). (3)

Thus, the linearized transfer matrix for a modulator is

𝑀 =
⎛⎜⎜⎜⎜⎜⎜
⎝

1 0 0 0
ℎ𝑡2 1 ℎ𝑡 0
0 0 1 0
ℎ𝑡 0 ℎ 1

⎞⎟⎟⎟⎟⎟⎟
⎠

. (4)

Here, ℎ = 𝑘 ̃𝛿, is a parameter representing modulation
strength. With 𝑡 = 0, 𝑀 degenerates into a standard modula-
tor, which changes electron energy only.
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Figure 1: Structure of a compression beamline.
Generally, a full compression cell is a modulator sand-

wiched by two beamlines, assuming the upstream one 𝐴 and
downstream one 𝐵, shown as Fig. 1. The complete transfer
matrix can be written into

𝑇 = 𝐵𝑀𝐴 (5)
Hence, the final longitudinal position of an electron is

𝑧 = 𝑇31𝑥0 + 𝑇32𝑥′
0 + 𝑇33𝑧0 + 𝑇34𝛿0, (6)

with
𝑇31 = 𝐴21𝐵32 + 𝐴31(1 + 𝐵34ℎ + 𝐵32ℎ𝑡)

+ 𝐴11[𝐵31 + ℎ𝑡(𝐵34 + 𝐵32𝑡)]
𝑇32 = 𝐴22𝐵32 + 𝐴32(1 + 𝐵34ℎ + 𝐵32ℎ𝑡)

+ 𝐴12[𝐵31 + ℎ𝑡(𝐵34 + 𝐵32𝑡)]
𝑇33 = 1 + 𝐵34ℎ + 𝐵32ℎ𝑡
𝑇34 = 𝐴24𝐵32 + 𝐵34 + 𝐴34(1 + 𝐵34ℎ + 𝐵32ℎ𝑡)

+ 𝐴14[𝐵31 + ℎ𝑡(𝐵34 + 𝐵32𝑡)].
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This equation gives the bunch length after passing through
copression beamline, 𝜎2

𝑠 = 𝑇2
31𝜎2

𝑥0 + 𝑇2
32𝜎2

𝑥′0 + 𝑇2
33𝜎2

𝑠0 +
𝑇2

34𝜎2
𝛿0. The size in each dimension will contribute to final

beam length. A straightforward way to realize bunch com-
pression is keeping only one contribution while evanishing
others.

THREE CASES OF BEAM COMPRESSION
Based on this method, three cases of beam compression

will be discussed in this section.

Pure Dispersive Compression
Pure dispersive compression has the longest and most

successful history. It only utilizes a dispersive section to
change energy modulation into density distribution. Perfect
examples are the coherent harmonic generation (CHG) or
high gain harmonic generation (HGHG) [6,14–21], where
by increasing the modulation amplitude ℎ, a small 𝐵34, hence
𝑇34, is achieved, leading to a compression ratio of 𝑅 =
𝜎𝑠0
𝜎𝑠

= ℎ𝜎𝑠0
𝜎𝛿0

. With a small energy spread 𝜎𝛾0, the beam
can be compressed at a significant ratio. However, it is of
great difficulty to minify 𝜎𝛿0 down to 10−4. Thus, a large
compression requires a very great modulation amplitude,
which indicates a powerful laser.

𝑇33 indicates an alternative way for pure dispersive com-
pression, which may ease the requirements of laser power.
The idea is to use an obliquely incoming laser.
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Figure 2: A variant of CHG.
When laser incidents with an angle, the energy and di-

vergence modulation will be generated. With an 𝑥′ and 𝑧
coupling in beamline, the extra term 𝐵32ℎ𝑡 will contribute
to a smaller 𝐵34. This means a shorter bunch. Figure 2
presents a simple beamline arrangement of this idea, a mod-
ulator followed by a dogleg. The two subfigures at upper-
left and bottom-right corners are the initial and final beam
longitudinal phase space respectively, with both colorbars
representing initial energy deviation. The initially uniform
distributed beam is micro-bunched after passing through the
whole beamline. And final length of a microbunch is deter-
mined by initial energy spread and modulation amplitude.

The compression ratio of this idea is

𝑅 = ℎ𝜎𝑠0
(1 − ∣𝐵32ℎ𝑡∣)𝜎𝛿0

. (7)

It is of great similarity with the CHG case. But under the
same energy modulation amplitude, the final length will be
∣𝐵32ℎ𝑡∣ times shorter in this case. However, at fixed laser
power, ℎ shrinks with the growth of 𝑡, as Fig. 3 shows. This
fact restricts the compression of bunch length greatly.
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Figure 3: Modulation amplitude at various incident angle.
Laser parameter: 𝑃 = 5 MW, 𝑤0 = 398 μm, 𝜆𝑙 = 1.0 μm.

For both CHG and its variant, limited by laser power, the
modulation depth 𝐷 = ̃𝛿

𝜎𝛿0
is typically below 10. And the

harmonic bunching factor
𝑏𝑛 = 𝑒− 1

2 (𝑛𝑘𝑇34𝜎𝛿0)2
𝐽𝑛[−𝑛𝑘(𝐵32𝑡 + 𝐵34) ̃𝛿] (8)

is also hard to improve for a significant 𝜎𝛿0. To reach a
higher harmonic, one more complicated cascaded scheme,
putting two or more beamlines in sequence, is proposed. But
this one is beyond bunch compression, readers interested
can refer to [22–30].

𝑥-𝑧 Coupling Compression
To get a larger 𝑅 with a moderate laser power, taking

advantages of some beam properties helps. For example, un-
der the absence of vertical dispersion and horizontal-vertical
coupling, the vertical beam size in storage ring may be ex-
tremely small [31].

Utilizing this small-size feature means to keep only 𝑇31
nonzero in Eq. 6. Then, the final beam length will be
𝜎𝑠 = 𝑇31𝜎𝑥0. A small 𝑇31 results to a good compression.
Combining 𝑇32 = 𝑇33 = 𝑇34 = 0 with the symplectic condi-
tion, we get

𝑇31 = 1/(𝐴32ℎ + 𝐴12ℎ𝑡). (9)
It is obvious that bunch stretching caused by 𝐴32 contra-
dicts with compressing. By inclining the incident laser, this
contradiction can be alleviated.

Equation 9 indicates a compression ratio of 𝑅 = (𝐴32ℎ +
𝐴12ℎ𝑡) 𝜎𝑠0

𝜎𝑥0
. And final beam bunching factor

𝑏𝑛 = 𝑒− 1
2 (𝑛𝑘𝑇31𝜎𝑥0)2

𝐽𝑛[−𝑛𝑘(𝐵32𝑡 + 𝐵34) ̃𝛿]. (10)
A small transverse size contributes to a large compression
ratio and a high harmonic number.
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Figure 4: Compression beamline using 𝑥-𝑧 coupling.
Figure 4(a) presents a compression beamline making use

of 𝑥-𝑧 coupling. The normally incoming laser means an
inversely proportional relation between 𝑇31 and 𝐴32ℎ. Opti-
mized result of a multi-objective genetic algorithm (MOGA)
code, given in Fig. 4(b), shows clear, too. Great compres-
sion and little bunch stretching require huge dipoles and long
drifts.
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One working point (red dot in Fig. 4(b)) is selected for
test, where beam stretching is well controlled, while well
compression is sacrificed. Figure 5 is the final electron dis-
tribution. The significant difference of beam length results
from various initial horizontal beam size. The left one is
100 times greater than the right.
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Figure 5: Electron distribution after compression.
When laser incidents with an angle, the co-work with

a transversely dispersion section can also compress beam
well [7]. Besides, another effective method called the Off-
Resonance Laser Modulation or Phase-merging Enhanced
Harmonic Generation [8,9], where an undulator with a trans-
verse gradient (called TGU) [10] is used, also takes advan-
tage of small transverse size.

𝑥′-𝑧 Coupling Compression
If the beam angular spread is orders smaller than beam

size, one alternative coupling —𝑥′-𝑧— can be much better
for beam compression.

To get a full analysis of this idea, we follow the path in
Sec . Again, utilizing 𝑥′-𝑧 coupling means to keep only 𝑇32
in Eq. 6. And the coupling coefficient is

𝑇32 = −1/(𝐴31ℎ + 𝐴11ℎ𝑡). (11)
Upon this, the simplest design is given by X. F. Wang, which
uses the tilt term along [11]. The beamline is shown in
Fig. 6(a). Because upstream beamline does not exits, there is
also no bunch stretching. For a long beam, and considering
a sinusoidal energy modulation, the bunching factor of this
case is

𝑏𝑛 = 𝑒−
(𝑛𝑘𝑙𝜂𝑏𝜎

𝑥′)
2

2 𝐽𝑛(𝑛ℎ𝜉𝑏), (12)
where 𝜂𝑏 = − 1+𝜉𝑏ℎ

ℎ𝑡 is the dispersion of dipole, with 𝜉𝑏
dipole momentum compaction. Owing to the tiny angular
spread 𝜎𝑥′, the bunching factor at harmonic number 𝑛 still
has a significant value.
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Figure 6: Two beamlines using 𝑥′-𝑧 coupling.
Another ingenious design reported by C. Feng is presented

in Fig. 6(b) [12]. The idea lies in using a dipole to create a
𝑥′-𝑧 or 𝑦′-𝑧 coupling, and then utilizing energy modulation
and momentum compaction to neutralize original 𝑧 value,
during which the dispersion introduced by first dipole is also
canceled by the dogleg.
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Figure 7: Matched 𝜂𝑑(left) and 𝐿(right) of dogleg at various
bending angle 𝛼 and length 𝑙.

Here, a well compression requires a smaller 𝜂𝑑. But
achieving this needs to increase bending angle of the up-
stream dipole, which will cause a significant beam stretch-
ing. Figure 7 shows the parameter space of dogleg. At a
fixed modulator, a smaller 𝜂𝑑 means the working point moves
closer to the edge in Fig. 7, which corresponds to smaller dis-
tance between the two dopiles of dogleg. With the working
point chosen in Fig. 7, one beam can be greatly compressed,
and up to 35th harmonic can be achieved. Figure 8 gives this
result.
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Figure 8: (a) Beam final phase space and (b) bunching factor.

Typically, the angular spread is over ten times smaller
than the corresponding beam size. Thus it is very helpful
to take advantage of angular spread, and the beam can be
greatly compressed, leading to a very slow decreasing of
high harmonic bunching factor.

SUMMARY
In this paper, based on transverse-longitudinal coupling,

a general method for optimizing and searching for com-
pression beamline is presented. With the optimized result,
electron beam can be compressed at large ratio and up to
35th harmonic can be generated. However, only a beam with
initial length smaller than 𝜆𝑙/2 works, longer one will be
splited into several bunches. And only a linear modulation
can be well compressed, but the energy modulated is si-
nusoidal. This may be relieved by using a two-color-laser
modulator.
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