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Abstract

Coherent x-ray production achieved by a seeded free
electron laser (FEL) with cascaded high gain harmonic
generation (HGHG) is important for next generation de-
velopment of synchrotron light sources. We examine the
feasibility and some features of FEL emission seeded by
a high order harmonic of an intense infrared conventional
laser source (HHG). In addition to the intrinsic FEL chirp
phenomenon, the longitudinal profile and spectral band-
width of the HHG seed are modified significantly by the
FEL interaction well before saturation occurs. This smears
out original attosecond pulselet structure. As an example,
we describe a cascaded HGHG scheme for coherent x-ray
FEL generation that is seeded by the twenty-seventh har-
monic of an ultrashort 800 nm laser pulse with 10 fs rms
duration. By cascading two stages of HGHG, 15 GW peak
power FEL emission at 0.3 nm can be produced with 90
MW peak power radiation at 0.1 nm via the non-linear har-
monic generation.

INTRODUCTION

Short-wavelength Free-electron Lasers (FELs) are per-
ceived as the next generation synchrotron light sources.
Self-Amplified Spontaneous Emission (SASE) [1, 2, 3, 4],
is the dominating approach to produce an x-ray FEL
(XFEL). While it has good transverse coherence, the SASE
FEL pulses are composed of a series of ultrashort spikes
due to a short longitudinal coherent length. To improve the
longitudinal coherence, various approaches have been pro-
posed. Among them, a cascaded high gain harmonic gen-
eration (HGHG) FEL [5, 6, 7, 8, 9, 10] looks promising by
invoking high order harmonic generation of an infrared (ir)
laser (HHG) as the seed. In this paper, we study an HHG
seeded FEL. This is of particular interest [11], since HHG
can provide a uv to soft x-ray seed, making a coherent hard
XFEL feasible.

HHG SEEDED HGHG FELS AT LCLS

HHG Seed: Attosecond Structure and Smearing
Effect

HHG generates an electric field comprised of multiple
harmonic orders, s and multiple time pulselets, n expressed
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as the following double summation [12, 13]:

EHHG(t, z) =
∑

s

Es,0e
i(ksz−ωst)e−iBsω2

st2

×
N∑

n=−N

e
− t2n

4σ2
t,0 e−αsω2

s [(t−tn)−z/c]2, (1)

where for each order, s we sum over the temporal sequence
of 2N + 1 pulselets for which n ∈ [−N, N ]. Because
of temporal coherence of a group of harmonic orders, the
pulselets can exhibit attosecond structure (with periodicity
of τ/2), limited by the relative amplitudes and phases of the
different harmonic orders. The order dependent parameter,
Bs accounts for the small intrinsic chirp that characterizes
each harmonic order [14]. In Eq. (1), tn = nτ/2 with τ
being the period of the unchirped ir pulse (2.67 fs at 800
nm); σt,0 is the ir pulse rms duration; ks and ωs are the
wavenumber and angular frequency of the s th harmonic;
and αs = (4σ2

t,sω
2
s)−1 with σt,s being the rms duration

of each pulselet in the HHG pulse. Typically σt,0 ≈ 10
fs and τ/20 ≤ σt,s ≤ τ/2 for a single pulselet, where
the lower limit assumes relative phase synchronization of a
harmonics group [12, 15]. In this paper, we consider only
a single harmonic order, s as the carrier frequency and for
simplicity, we negelect the harmonic chirp (Bs ≈ 0). The
HHG field expression then simplifies to:

E(t, z) = Es,0e
i(ksz−ωst)

N∑

n=−N

e
− t2n

4σ2
t,0

× e−αsω2
s [(t−tn)−z/c]2 , (2)

which represents an attosecond pulselet train (APT) de-
rived from the amplitude modulation of carrier frequency,
ωs. We use σt,0 = 10 fs and σt,s = τ/8 ≈ 334 at-
tosecond in the Fourier-transform limit. In this case, it
is important to note that, although the central carrier fre-
quency of the seed is a single harmonic, the transform
limited seed spectrum also includes components from sev-
eral neighboring harmonic orders [16]. A multi-pulselet
HHG seed is the sum of many single pulselets. We ad-
dress the single pulselet at tn = 0 for n = 0 so that
Es(t, z = 0) = Es,0 exp(−iωst − αsω

2
st2), assuming for

simplicity that the single harmonic pulselet is transform-
limited, i. e., σt,sσω,s = 1/2, so that the rms bandwidth
σω,s =

√
αsωs. Since each pulselet is ultra short, the spec-

tral bandwidth is broad. The seeded FEL solution reads
[17]

EFEL(t, z) = E0,FELeρ(
√

3+i)kwz (3)

MOPPH063 Proceedings of FEL 2006, BESSY, Berlin, Germany

186 Seeded FELs



× ei(ksz−ωst)e−[αs,f (z)+iβs,f (z)]ω2
s(t−z/vg)2 ,

where vg = ωs/(ks + 2/3kw) is the group velocity of the
FEL light,

αs,f (z) =
1

4σ2
t,s,f (z)ω2

s

, (4)

and

βs,f (z)2 = αs,f (z)
σ2

ω,s,f (z)
ω2

s

− αs,f (z)2 (5)

with
⎧
⎨

⎩
σt,s,f (z) = σt,s

√
3+6R(z)2+4R(z)4

3[1+R(z)2]

σω,s,f (z) = σω,s√
1+R(z)2

, (6)

with
R(z) ≡ σω,s

σω,GF(z)
, (7)

and

σω,GF(z)≡

√
3
√

3ρω2
s

kwz
. (8)

Here σω,GF(z) is the rms bandwidth of the FEL Green
function for a coasting electron beam with ρ being the
Pierce parameter [1]. The transform limit also means that
αs,f (0) = αs, βs,f (0) = βs = 0, σt,s,f (0) = σt,s, and
σω,s,f (0) = σω,s. The FEL-interaction intrinsically gener-
ates a chirped FEL waveform,

〈(t−〈t〉)(ω−〈ω〉)〉 =
βs,f (z)
2αs,f(z)

=
R(z)2

2
√

3[1 + R(z)2]
. (9)

The emittance of the FEL light at any position, z, is con-
served, ε ≡ {〈(t − 〈t〉)2〉〈(ω − 〈ω〉)2〉 − 〈(t − 〈t〉)(ω −
〈ω〉)〉2}1/2 = 1/2, indicating that the FEL emission is fully
coherent longitudinally [17].

We introduce the critical location, zc, where the FEL
Green function bandwidth reduces to the pulselet initial
bandwidth, i.e., R(zc) = 1. Recall that, the power gain
length LG = λw/(4

√
3πρ), hence, if σω,s/ωs > 3

√
2ρ,

then zc < LG. For large enough z, where R(z) 
 1, the
FEL has

⎧
⎪⎨

⎪⎩

σt,s,f (z) → 1√
3σω,GF(z)

σω,s,f (z) → σω,GF(z)
〈(t − 〈t〉)(ω − 〈ω〉)〉 → 1

2
√

3

, (10)

i.e., the final characteristics are determined by the FEL in-
teraction. In accordance with Eq. (6), the FEL interaction
rapidly reduces the seed pulselet bandwidth, extending its
duration [16].

HHG-HGHG FELs at LCLS
Considering the feasibility of an HHG seeded HGHG

XFEL, we use an ir laser at 800 nm with σt,0 = 10 fs.
We choose the 27th harmonic as the seed to interact with
an LCLS-type high brightness electron bunch [18]. The

initial pulselet is assumed to have σt,s = τ/8. Assum-
ing a Fourier-transform limited single harmonic pulselet,
we have σω,s = 1/(2σt,s). The relative rms bandwidth is
σω,s/ωs ≈ 2.4 %. Due to the FEL interaction, accord-
ing to Eq. (7), the FEL bandwidth decreases. For the
scheme shown in Fig. 1 with parameters in Table 1, we
have ρ = 0.54 % and λw = 0.2 m, we have zc ≈ 1.6
m. Considering that the first modulator is 25 m long and
the power gain length is about 3 m, attosecond structure is
smeared out within a short distance [16]. Consequently, the
HHG seed resembles a conventional harmonic seed gener-
ated via wave-mixing in a solid such that we can ignore
initial attosecond structure, at least as a good approxima-
tion.

In Fig. 1, we show the generic configuration of an HHG
seeded cascaded HGHG FEL. It has the following features.

Figure 1: Schematics of an HHG seeded cascaded HGHG
FEL. In this scheme an HHG seed of 30 nm is used. After
two stages of HGHG and a final amplifier, we obtain 15
GW at 0.3 nm, and 90 MW at 0.1 nm.

1. We need multiple stages. During each stage the nth
harmonic of the seed laser will be produced at the end of the
radiator, and then this harmonic will be used as the seed for
the next stage. In reality, n cannot be too large due to that
stability consideration [7, 9]. In our paper we use n = 10 to
achieve stable performance, and we need only two stages.

2. Conceptually, the device is composed of two parts: a
converter [19] and an amplifier. The converter, consisting
of several stages, converts the seed laser to the designed
wavelength step by step. Then at the end, an amplifier ex-
ponentially amplifies the radiation obtained from the last
stage to saturation.

3. Except for the first modulator and the last amplifier,
each stage only converts the light to its nth harmonic. Ex-
ponential growth is not required as long as the harmonic
power is high enough to be used as the seed for the next
stage.

4. The phase mixing induced by the emittance in the
dispersion section is much smaller than that in an undula-
tor. For an HGHG FEL, bunching is produced mainly in
the dispersion section; while for a SASE FEL, bunching is
produced in the undulator. Therefore, the emittance effect
turns out to be less important in an HGHG FEL than in a
SASE FEL [10].
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5. Since we need to cascade several stages of HGHG,
we need some extra components. Each stage will consist
of one modulator, a dispersion section (a small chicane),
and one radiator. The physics process in each stage will be
the same as in Refs. [5, 6]. During the process, the output
radiation has disturbed the coincident part of the e-bunch.
Therefore, to achieve the best efficiency in the next stage of
HGHG, we need use a fresh region of the e-bunch. To do
this, the laser (i.e., the output radiation from the previous
HGHG stage) is shifted to the front part of the same e-
bunch, so that the laser will interact with a fresh part of the
same e-bunch. i.e., we use a magnetic shifter to relatively
delay the electron bunch.

As mentioned above, this conceptual design uses the
27th harmonic of the 800 nm ir pulse with σt,0 = 10 fs.
Assuming the input seed peak power of 5 MW, with two
stages of HGHG and a final amplifier, we obtain a 15 GW
FEL at 0.3 nm, and 90 MW at 0.1 nm via nonlinear har-
monic generation [20, 21]. In this example, the 27 th har-
monic pulselet interacts with an LCLS-type electron beam
[18] (normalized emittance εn = 1.2 π mm-mrad, relative
energy spread σγ/γ0 = 1.13×10−4, energy E0 = 10 GeV,
and peak current Ipk = 3, 400 Amp). In the 25 m modu-
lator of the first HGHG stage, the HHG seed is amplified,
and simultaneously modulates the electron beam energy.
A small chicane then converts the energy modulation into
density microbunching at 30 nm. This microbunched elec-
tron beam then traverses the 8 m radiator which is resonant
at 3 nm (the 10th harmonic of the original 30 nm seed).
This microbunched electron beam first coherently radiates
at 3 nm and then exponentially amplifies this 3 nm radia-
tion to a peak power of 5 GW, which is used to seed the
next HGHG stage. In the second stage, the 5 GW, 3 nm
seed energy modulates the electron beam in the 5 m mod-
ulator. The energy modulation is converted into density
microbunching at 3 nm via a second small chicane. This
density modulated electron beam initially radiates coher-
ently in the 5 m radiator, resonant at 0.3 nm (the 10 th har-
monic of the 3 nm seed). At the end of the 5 m radiator, the
0.3 nm radiation is amplified to 0.1 GW, which is further
amplified in the 22 m final amplifier, resonant at 0.3 nm.
At the amplifier exit, the FEL is well into saturation, and
the system finally produces 15 GW, 0.3 nm radiation. Due
to the microbunching at 0.3 nm, there are substantial har-
monics. The third harmonic emission at 0.1 nm has a peak
power of 90 MW.

As shown in Fig. 1, we consider an HHG seed with a
wavelength of 30 nm, and a peak power of P in = 5 MW. As
we will discuss later, the corresponding start-up shot-noise
power is only about Pnoise ≈ 70 W. Thus the input seed
laser power dominates the shot-noise power. This domi-
nance is necessary, because even though there is only neg-
ligible noise power in the initial stage, the signal-to-noise
ratio of the final radiation at 0.3 nm can be degraded [22].
A simple estimate shows that the noise-to-signal (NTS) ra-
tio at the seed will be amplified by n2

tot times for the nth
tot

harmonic generation. In this case, the two stage approach

1st stage 2nd stage Amplifier
λr (nm) 30 3 3 0.3 0.3
λw (cm) 20 6 6 3 3

dψ
dγ 0.2 0.4
σγ

γ0
1.13 × 10−4

Lw (m) 25 8 5 5 22
LG (m) 3 2 2 3 3

has an overall ntot = 100, hence, the NTS ratio will be
amplified by 104 times. Hence for the final radiation at 0.3
nm, the NTS ratio will be about 14 %.

After two HGHG stages, we have generated 0.3 nm ra-
diation, and this 0.3 nm radiation is amplified to saturation
with a peak power near 15 GW in a final amplifier stage.
The parameters for the electron beam and the radiation are
given in Fig. 1. The number in the first row stands for the
output power and wavelength of the radiation of each stage.
The output power of one stage is the input power of the next
stage, though diffraction has been taken into consideration
in the simulation. The e-beam parameters are printed be-
low the schematic device. The relative local energy spread
σγ/γ0 given in Fig. 1 is the initial relative local energy
spread before the e-beam enters the first modulator. This is
increased by spontaneous radiation [23]. We take this into
account in the simulation [21].

In Table 1, the first row gives the radiation wavelength
λr ; the second row, the undulator period λw, and the third
row the dispersion strength dψ/(dγ) with ψ being the pon-
deromotive phase in the radiator. The fourth row gives the
initial relative local energy spread σγ/γ0. In our simula-
tion, quantum diffusion [23] has been taken into account
[21]. The fifth row gives the length of the undulators (mod-
ulators, radiators, and the amplifier) Lw. For example, the
last amplifier has a length of 22 m. The sixth row gives
the power gain length LG in each undulator without en-
ergy modulation. The table has three boxes; the first two
boxes are for the two convertor stages and the last one is
for the amplifier. For the two convertor stages, the left col-
umn gives the parameters for the modulator and the right
column those for the radiator; the numbers in the middle
stand for the dispersion strength dψ/(dγ). For example,
the left column in the second box stands for the modulator
of the second stage. The table shows that in the modulator
the resonant radiation has a wavelength of 3 nm, the mod-
ulator has a period of 6 cm, the length of the modulator is
5 m, and the corresponding power e-folding length without
energy modulation is 2 m. The right column shows that the
radiation in the radiator has a wavelength of 0.3 nm, the
radiator has a period of 3 cm, the length of the radiator is
5 m, and the corresponding power e-folding length is 3 m.
In the middle, i.e. 0.4, stands for the dispersion strength
dψ/(dγ).

Table 1: Parameters for the undulator, the dispersive sec-
tion and the electron bunch.
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Start-up Noise Issue

First, we need to compute the effective start-up noise
power for the fundamental SASE guiding mode [24, 9]

P Start−up
SASE = C1

2LG

Lw
π

(
2λr

Lw

) √
3
√

3ρ

Nw
(11)

× eZ0Ipk

4π
N2

wγ2 K2

(
1 + K2

2

)2 [JJ ]2ωr,

where the coupling factor is found to be [24],

Cm(a) ≈
√

3
πa2

exp
[
− 1

a
√

1 + a2

(
βm,0 + βm,1

1
a2

)]
,

(12)
where, m is the index referring to a certain mode being
excited; a =

√
4ρkwkrR0 is the scaled beam size with

kw = 2π/λw, kr = 2π/λr, and R0 the hard edge of an
electron beam. The above formula is a good approxima-
tion, when a > 0.25. Within such range, βm,0 = 1.093,
and βm,1 = −0.02 for the fundamental guiding mode. In
Eq. (11), LG is the power gain length; Lw the undulator
length; λr the radiation wavelength; Nw the number of un-
dulator period; Z0 the vacuum impedance; Ipk the peak
current; ωr(= c2π/λr) the radiation angular frequency
with c the speed of light in vacuum. The Bessel factor

[JJ ] = J0

[
a2

w

2(1+a2
w)

]
− J1

[
a2

w

2(1+a2
w)

]
, with aw = K/

√
2,

and J0 and J1 are the zeroth order and first order Bessel
function, respectively. Approximately, K ≈ 93.4Bwλw is
the undulator parameter with Bw the peak field of the un-
dulator in units of Tesla and λw in units of meter.

In the above SASE calculation, the bandwidth of the fun-
damental guided mode is σω,GF for z = 2LG according to
Eq. (8). However, the seeded FEL has a different band-
width of σω,s,f (z = 2LG) according to Eq. (6). Hence,
the true start-up noise power in the seeded FEL bandwidth
is

P Start−up
Seeded = P Start−up

SASE

σω,s,f (z = 2LG)
σω,GF(z = 2LG)

. (13)

Considering the first modulator, the Pierce parameter is
ρ ≈ 5.4 × 10−3; the scaled beam size is a ≈ 0.8, which
gives the coupling coefficient to be C1 ≈ 0.3. The SASE
effective start-up noise power in the fundamental guided
mode is P Start−up

SASE ≈ 400 W; however, since σω,s,f (z =
2LG) ≈ 2.0 × 10−3 and σω,GF(z = 2LG) ≈ 1.2 %, the
true start-up noise power in the seeded FEL bandwidth is
only about P Start−up

Seeded ≈ 70 W.

DISCUSSION

In this paper, we explored the details of an HHG seeded
FEL. For simplicity, the HHG seed is modelled as an at-
tosecond pulselet train (APT). Bandwidth reduction, in-
trinsic to the FEL interaction, smears out the initial at-
tosecond structure of the seed within a very short distance,
z < LG. The seeded FEL remains coherent, if we do not

consider the accompanied noise power and electron beam
non-uniformity [10]. The true start-up noise power in the
seeded FEL bandwidth, P Start−up

Seeded is only about 70 W.
Since the HHG seed has a power of Pin = 5 MW, the
noise-to-signal ratio at the final radiation λr = 0.3 nm
is still only about 14 %, even though it has n2

tot = 104

(ntot = 100) times amplification, i.e., the effective noise
level is increased from the initial 70 W to 0.7 MW.
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