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Abstract
The peak fields on the beam axis and the coil 

maximum fields of Nb3Sn superconducting undulators 
(SCUs) were computed for a period length of 16 mm. The 
peak fields at the critical current densities were then 
calculated for a period range of 8 – 32 mm by using the 
scaling law for SCUs. Modification of Nb3Sn strands 
increases the feasible peak fields of Nb3Sn SCUs. To 
achieve this: 1) by reducing the superconducting filament 
size, the flux-jump instabilities at low fields must be 
prevented; 2) the conductor packing factor in the coil 
must be increased to about 0.8 by modifying the strand to 
a rectangular cross section and by reducing the insulation 
thickness. The achievable peak fields at 0.8Jc for Nb3Sn 
SCUs then increase by more than 60% compared to those 
for NbTi SCUs.  

INTRODUCTION
The peak field on the electron beam axis of a short-

period undulator is one of the most important parameters 
for free-electron lasers and synchrotron radiation sources. 
In the recent years, superconducting undulators (SCUs), 
mainly using NbTi superconducting (SC) strands, are 
under development to achieve higher peak fields than 
those of permanent-magnet undulators [1-6]. A 22-period 
NbTi SCU was routinely charged up to near the critical 
current density for stability tests [7]. More recently, a 
100-period NbTi SCU has been installed at the ANKA 
storage ring and operated with a gap of 8 mm [8].  

Since the transition temperature Tc, the upper critical 
field Bc2 and the critical current densities for Nb3Sn SC 
strands are all higher than those for NbTi ones, one may 
expect to reach a higher peak field for an SCU with 
Nb3Sn strands than for a NbTi SCU. Generally, an SCU 
requires a high packing factor for the coil winding and a 
low Cu/non-Cu ratio for the strand, which results in an 
adiabatic SC device. Under the adiabatic condition, the 
enthalpy, which is the heat capacity integral between the 
operating and current sharing temperatures, may play an 
important role in increasing the stability margin to accept 
the heat loads from the electron beam currents. This 
would, of course, depend on the design of the beam 
chamber and the interface between the chamber and the 
SCU. A Nb3Sn SCU at 4.2 K operation has a higher 
enthalpy as compared to a NbTi SCU. A NbTi SCU at 1.8 
K operation will increase the peak field. The enthalpy, 

however, will be significantly reduced.  
In spite of technical difficulties for developing Nb3Sn 

coils, primarily due to the required heat treatments and 
brittleness of the strands, R&D efforts for Nb3Sn SCUs 
have commenced [9, 10]. The achieved quench current 
densities were well below the expected critical current 
densities, mainly because of the flux-jump instabilities at 
low fields [11].  

In this paper, achievable or feasible peak fields were 
calculated on the basis of commercially available Nb3Sn 
SC strands and potential modifications of them. In the 
following section, the peak fields and coil maximum 
fields are computed for an undulator period of 16 mm and 
a gap/period ratio of 0.5. Then, the scaling law is 
introduced for Nb3Sn SCUs [12]. Using the scaling law, 
the achievable peak fields and corresponding critical 
current densities are calculated for a period range of 8 - 
32 mm, and the conclusion is presented in the last section.  

FIELD CALCULATIONS 
Figure 1 is a 2-D schematic of an infinitely long planar 

SCU cross section. The SCU has a period length  along 
the z-axis and a pole gap of g. The coils have a dimension 
of (a x b) and current densities of +J or –J. The upper and 
lower units of the SCU are symmetrical with respect to 
the z-axis. When the yoke is reasonably thick enough, the 
outer (top and bottom) coil windings do not directly 
contribute to the magnetic field distribution in the pole-
gap region. The outer windings exist only for the SC wire 
transitions to the adjacent grooves and continuous 
winding of the coil [5].  

Fig. 1. A 2-D schematic of an infinitely long planar SCU 
in the yz-plane. The SCU has a period length  along the 
z-axis, a pole gap of g, and a coil dimension of (a x b).  
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The vertical peak fields B0 on the z-axis of a 2-D SCU 
were computed for a period length of 16, a pole-gap of 8, 
and five coil dimensions of (a x b), all in mm units, and 
are plotted as a function of the coil current density J in 
Fig. 2. The B(H) data of low-carbon steel for the poles 
and yokes were used for the calculations. Figure 3 plots 
the corresponding coil maximum fields Bm. The critical 
current density Jc for the Nb3Sn coil at Bm, also plotted in 
Fig. 3, limits the highest B0 and Bm. For the selected five 
coil dimensions, see that the range of Jc is approximately 
within 1.8 – 2.2 kA/mm2.

Fig. 2. The vertical peak fields B0 on the beam axis as a 
function of the coil current density J for  = 16 mm, g/  = 
0.5, and five coil dimensions.  

Fig. 3. The coil maximum fields Bm, corresponding the 
peak fields B0 in Fig. 2, and the critical current density Jc
for the Nb3Sn coil.  

THE SCALING LAW  
When the dimensions of a SCU with a constant J  are 

scaled according to a period ratio, distributions of the 
magnetic field B and the magnetic permeability , as well 
as the B0 and Bm, remain unchanged [12]. In addition, the 
dependence of the peak field on the pole gap g is 
approximately given by exp(- g/ ) for g/  > 0.2. The 
maximum fields Bm, on the other hand, increase only 

about 3% from infinity to g/  = 0.2, greatly simplifying 
the scaling law and relevant calculations.  

In order to show the gap dependence of the fields, the 
data for the (5.0 x 5.0) coil in Figs. 2 and 3 are plotted 
again in Fig. 4 with additional computed data for the pole 
gaps of 7 mm and 9 mm. As stated above, the Bm and Jc
for the three pole gaps are approximately independent of 
the pole gap.  

Fig. 4. The computed coil maximum field (left axis) and 
peak field (right axis) for  = 16 mm and three pole-gaps. 
Also the critical current density Jc(Nb3Sn) (bottom axis)
as a function of the SC coil Bm (left axis) at 4.2 K.  

The empirical model of the field-dependent Jc for a 
Nb3Sn strand at 4.2 K, without any strain effects, may use 
the following relation [13]:  

Jc (kA/mm2) = pf 2.8 (Bc2/Bm)0.5(1 – Bm/Bc2)2, (1)  

where pf is the packing factor of the bare SC strand in the 
coil, which depends on the coil design. Also, 21.4 T is 
used for the upper critical field Bc2 at 4.2 K. For a packing 
factor of unity, Jc at 12 T was assumed to be about 1 
kA/mm2 [14, 15]. A pf of 0.56 is used for Eq. (1), as well 
as for the Jc curves in Figs. 3 and 4.  

As seen from Figs. 2 and 3, a larger coil dimension 
gives generally a higher B0 and Bm at a given current 
density. Least square fits of the (5.0 x 5.0) coil data sets 
of Bm and B0 may be expressed as 

Bm = 1.476 + 1.7234 Jn,   (2)  
and

B0 = 0.343 + 0.6167 Jn,   (3)  

for g/  = 0.5 and (0.7 < Jn < 3.0). Here Jn is the reference 
current density for an arbitrarily chosen reference period 

n = 16 mm. From Eqs. (1) – (3), Jc, the highest Bm at Jc,
and B0 at Jc, 0.8Jc, 0.7Jc and 0.6Jc were calculated. Since 
B0 varies approximately as a function of exp(- g/ ), all B0

were calculated at g/ = 0.5 in the remaining parts of this 
paper. It should be noted that the least-square fits, 
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corresponding to Eqs. (2) and (3), for the coils other than 
the (5.0 x 5.0) coil are not listed here. 

Calculations of the peak field at a period  other than at 
n may be extended using the following relation: 

Jn = J / n.    (4)  

ACHIEVABLE PEAK FIELD  
Using the scaling law in the previous section, the coil 

maximum fields Bm and the critical current densities Jc at 
Bm were calculated and are plotted for the period  from 8 
mm to 32 mm in Fig. 5. The coil dimensions in the inset 
key in the figure are those for  = 16, all in mm units. As 
seen in the figure, among the selected coil dimensions, a 
larger coil generally gives a higher Bm, resulting in a 
lower Jc.

The peak fields at Jc in Fig. 5 and at fractions of Jc are 
plotted in Fig. 6. The spread of B0 at a given period is 
much smaller than that of Jc and Bm shown in Fig. 5. And, 
except for the (6.0 x 6.0) coil, the dependence of B0 on 
the coil dimension is almost negligible.  

Fig. 5. The coil maximum fields Bm (right axis) and the 
corresponding critical current densities Jc (left axis) for 
undulator periods from 8 mm to 32 mm and g/  = 0.5. 
The five coil dimensions in the inset key are for n = 16 
mm. 

From the test results of a 22-period NbTi SCU, the 
achieved peak fields at 0.8Jc and near the Jc are shown as 
the data points of an open square and a filled square, 
respectively, at  = 14.5 mm in Fig. 6 [7]. The circle data 
point at the same period comes from the test results of a 
Nb3Sn SCU with a few-periods length [10]. The reason 
that the data point is lower than those calculated for 0.7Jc

is believed to be due to the flux-jump instabilities for a 
strand of larger filament sizes at low fields [15]. The 
filament diameter was estimated to be about 80 m for 
the Nb3Sn strand diameter of 0.8 mm.  

The NbTi coil had a packing factor higher than 0.8 by 
using rectangular SC wires with 25- m-thick kapton 
insulation [5]. Even after further improvement of the 

current density for a NbTi SCU by reducing the Cu/SC 
ratio and by increasing the Jc, the operating current 
density is unlikely to be higher than the data of 0.6Jc for 
Nb3Sn SCUs in Fig. 6. The packing factor for the tested 
Nb3Sn SCU was only about 0.56 by using SC strands 
with a diameter of 0.8 mm [10]. The same packing factor 
was used for the calculations of the data in Figs. 5 and 6. 
There are two reasons for this relatively low packing 
factor: Nb3Sn strands use glass-woven insulation with 
thickness over 60 m, and only round strands are 
commercially available.  

Fig. 6. The peak fields B0 at g/  = 0.5 for the Jc,
corresponding to the data in Fig. 5, and their fractions. 
Two square data points come from the test results of a 22-
period NbTi SCU at 0.8Jc and near the Jc. The circle data 
point comes from the test results of a Nb3Sn SCU.  

If Nb3Sn strands are modified to have a rectangular 
cross section with a reduced insulation thickness of about 
25 m, the packing factor would be higher than 0.8. In 
Fig. 7, coil maximum fields and the corresponding critical 
current densities, calculated for pf = 0.8 and (5.0 x 5.0) 
coil, are plotted including those for pf = 0.56 in Fig. 5. 
Figure 8 compares B0 for the two packing factors at Jc

and 0.8Jc. The new peak fields at 0.8Jc for pf = 0.8, for 
example, are as high as those at Jc for pf = 0.56. Two data 
points, approximately 0.95 T and 1.55 T at  = 14.5 mm, 
compare the peak fields for a NbTi SCU and Nb3Sn SCU, 
respectively, for 0.8Jc and pf = 0.8. The differences are 
more than 60%. 

CONCLUSION 
Modification of Nb3Sn strands would increase the 

achievable peak fields of Nb3Sn SCUs: First, by reducing 
the effective diameter of the SC filaments within the 
Nb3Sn strand, the flux-jump instabilities at low fields 
must be prevented. For 0.8-mm strands, for example, a 
filament size less than 40 m may be required. Second, 
the conductor packing factor in the coil winding must be 
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increased from the currently achievable 0.57 to 0.8. This 
requires a rectangular strand cross section. At the same 
time, the insulation thickness of the strand must be 
reduced to about 25 m. At 0.8Jc, the achievable peak 
fields for Nb3Sn SCUs would then be increased by more 
than 60%, compared to those for NbTi SCUs.  

Fig. 7. The coil maximum fields (right axis) and the 
corresponding critical current densities (left axis),
calculated for pf = 0.8 and (5.0 x 5.0) coil at g/  = 0.5, are 
compared with those for pf = 0.56.  

Fig. 8. The peak fields at Jc and 0.8Jc, corresponding to 
Fig.7, for packing factors, 0.8 and 0.56. Two data points 
at  = 14.5 mm are the peak fields for a NbTi SCU and 
Nb3Sn SCU, respectively, for 0.8Jc and pf = 0.8.  
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