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Abstract

We have investigated the evolution of electron beam in
the tapered planar wiggler field with a self-electric field
and self-magnetic fields. In order to suppress the diver-
gence of emittance and spread of the electron beam by
the three-dimensional effects on the off-axis electron and
a self-generated field effects, the tapered and bent wiggler
field is applied. We calculate the emittance, transverse tra-
jectories and Fourier transformation of electron beam us-
ing three dimensional simulation by optimizing the mag-
netic field strength, a tapering parameter and self-field pa-
rameters. This method could be expected to enhance the
efficiency compared to those of a untapered wiggler in a
free-electron laser.

INTRODUCTION

The free-electron laser which the new electromagnetic
generation source have been active areas of research due to
their attractive properties, such as high efficiency, tunable
frequency from microwave to X-ray, and powerfule output.
The quality of the electron beam plays an important role
and limits the operating wavelength, gain, and efficiency.

Free-electron laser operation often requires sufficiently
large gain, which increase when the beam current is in-
creased. In the high-current regime, the electron motion
can be altered by the self-generated field effects [1, 2, 3, 4,
5, 6, 7].

In this work, we study the evolution of electron beam in
the tapered planar wiggler field with self-electric and self-
magnetic fields. To suppress the divergence of emittance
and spread of the electron beam, we apply the tapered and
bent wiggler field.

The emittance, transverse trajectories and Fourier trans-
formation of electron beam are calculated using three di-
mensional simulation by optimizing the magnetic field
strength, a tapering parameter and self-field parameters.

THE SELF-GENERATED FIELD AND
EXTERNAL MAGNETIC FIELD

The scalar potential of planar wiggler magnetic field
with bent pole face is

φ = −Bw

kw
cosh(kxx) sinh(kyy) cos(kwz) (1)
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and ifkxx ≪ 1 andkyy ≪ 1, the wiggler magnetic field is
derived from Eq. 1.
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In order to fulfill Maxwell’s equations the scalar poten-
tial must be a solution of the Laplace equation∇2φ = 0.
Therefore we can find the relation such ask2

x + k2
y = k2

w,
and we choose the case askx = ky = kw/

√
2.

The vector potential of planar wiggler magnetic field
which satisfyBw = ∇×Aw defined as
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The space charge and current of electron beam generate
the self-electric and self-magnetic fields. The Maxwell’s
equations in steady state are

∇ ·E = 4πρ0 , ∇×B =
4π

c
J (4)

The self-generated electric fieldEr(r) induced by the
space charge, azimuthal self-magnetic field induced by the
axial currentJz(r). One can find the self-generated field
from the steady state Maxwell equations.

We assume that equilibrium properties (electron density
and velocity) are uniform in the z-direction with∂nb/∂z =
0 and∂vb/∂z = 0. And there is no equilibrium electric
field parallel to z-direction withE · êz = 0. Wherenb is
electron density andvb is mean velocity of electron. The
radial density and velocity profiles are assumed to be az-
imuthally symmetric about the z-axis. Therefore the den-
sity and velocity profiles can be written as only function
of r, which meansnb(r, θ, z) = nb(r) andvb(r, θ, z) =
vb,z(r)êz.

There is no equilibrium electric field parallel to z-
direction withE · êz = 0.

∇ ·E(r) =
1

r

∂

∂r

(

rEr(r)
)

= 4πρ0(r)

∇×B(r) =
1

r

∂Bθ(r)

∂r
êz =

4π

c
Jz(r)êz

(5)

where ρ0(r) = −efb(r)is charge density,Jz(r) =
−fb(r)evz is axial current density,fb(r) is electron beam
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Figure 1: Electron trajectories and Fourier transformationaw = 1, Θ = 90◦ andκs = 2.
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Figure 2: Electron beam profiles at the exit of the wiggler with (a) electron beam cross section, (b) transverse momentum
variation and (c)x versusx′ phase space. Other electron beam parameter areaw = 1, Θ = 90◦ andκs = 2. Dotted(solid)
line indicater = rb(2rb).

profile function andβb = vbc is the normalized axial ve-
locity of electron.

The self-generated field amplitude depend on the elec-
tron beam profile. We consider Gaussian shape electron
beam. The profile functionfb(r) for the Gaussian density
is

fb(r) =
cnnb

√

2πr2

b

exp

(

− r2

2r2

b

)

(6)

wherenb is electron density,cn = πr2

b is the normalized
factor and the self electric and magnetic field are

Es

r
(r) = −2αr2
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whereα = πenb, ωp = (4πnbe
2/me)

1/2 is plasma fre-
quency of electron beam,ωr = kwcβ is the angular veloc-

ity, rb is the electron beam radius andrw is the cylindrical
waveguide radius.

The scalar potential and vector potential of the self-
generated field which satisfiesEs = −∇Φs and Bs =
∇×As are

Φs = αr2

b

[

Γ− Ei

(
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2r2
b

)

− log

(
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2r2
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As

θ = Φsβbêz

(8)

whereEi(x) =
∫

x

−∞

e
−u

u
du is exponential integrate func-

tion, andΓ = limm→∞

(
∑m

k=1

1

k − log m
)

≈ 0.577 is
Euler-Mascheroni constant.

HAMILTONIAN FORMALISM

The Hamiltonian of relativistic test electron is

H =
√

(cP + eA)2 + m2
ec

4 − eΦs ≡ γmec
2 − eΦs (9)
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Figure 3: Number of electron along the z-axis of wiggler
in 2rb for various tapering parameterΘ of wiggler field.
Other parameters areaw = 1 andκs = 2.

whereP is the canonial momentum,p = P + eA/c is
the mechanial momentum,γ =

√

1 + (p/mec)2 is the
relativistic mass factor,me is the electron rest mass,e
is the electron charge and total vector potential isA =
Aw + As

θ + As

z
.

Conveniently, we introduce the dimensionless potentials,
canonical momentum, and Hamiltonian defined by

Ā =

eA

mec2kw

, Φ̄s =

eΦs

mec2kw

, P̄ =

P

mec
, H̄ =

H

mec
2

(10)

In the dimensionless scalar and vector potential of self-
field, the constantα becomesα = κsk

2
w/4, whereκs =

ω2
p/c2k2

w is the dimensionless strength of the self-field.
Therefore the dimensionless Hamiltonian is

H̄ =
√

1 + (P̄ + Ā)2 − Φ̄s =
√

1 + Σh2

i − Φ̄s

h1 = P̄x + k2

xxy sin(kwx)

h2 = P̄y +
(

1 +
k2

xx2

2
+

k2
yy2

2

)

sin(kwz)

h3 = P̄z + Ās
z

(11)

whereaw = eBw/mec
2kw is a dimensionless wiggler

field amplitude. To correct the electron energy loss in wig-
gler, the wiggler magengtic field is tapered asaw(z) =
aw(0)ft(z), whereft(z) is the tapering profile function

ft(z) =











1 for 0 ≤ z < zt

1 + cn(z − zt) cos Θ

+ (z − zt)
2 cos2 Θ for z > zt

(12)

wherezt is the starting position of wiggler tapering,Θ is
taper parameter, andcn is constant which satisfyft(z =
zf ,Θ = 45o) = 1/2.

The electron orbits can be calculated from the equa-
tions of motion which are derived from the Hamiltonian
of Eq. 11. Fig. 1 shows the electron trajectories in (a) the
(kwx, kwy) plane and (b)(kwx(kwy), kwz) plane, and (c)
the Fourier transformation for a single electon and unta-
pered wiggler case. Other parameters areaw = 1 and
κs = 2 which correspond to the wiggle magnetic field
strengthBw = 1.78 kG and the electron beam current
Ib = 1.47 kA for wiggler periodλw = 6 cm and electron
beam radiusrb = 0.4 cm. In the planar wiggler with bent
pole face, the electrons move periodically not only y direc-
tion but x direction.

We made the incident electron beam using the beam pa-
rameters such as electron beam energyEb = 3 MeV, en-
ergy spreadEs = 5 %, emittanceǫx,y = 10πmm ·mrad.

Fig. 2 shows the electron beam cross section, transevers
momentum variation andx versusx′ phase space at the exit
of the wiggler withaw = 1, Θ = 90◦ andκs = 2.

The number of electron along z-axis of the wiggler in2rb

for the various wiggler parameterΘ is shown in Fig. 3. The
number of electron for the case of the tapered wiggler is
increased about 1.6% compared to that of untapered case.
The wiggler tapering parameter ofΘ = 80◦ was used.

STEADY-STATE SOLUTION

Assume that y component of canonical momentumP̄y =
py − eAy/c is exact constant of the motion. Therefore, we
assume that̄Py = 0 (i.e. py = eAy/c) and interest the
(x, z) plane only. The Hamiltonian of Eq. 11 become

H̄ =
(

1 + P̄ 2

x +
((

1 + k2

x/2
)

sin(kwz)
)2

+
(

P̄z + Ās
z

)2
)1/2

− Φ̄s

(13)

We can find the steady-state solution̄Pz = 0, kwz =
π/2 which satisfyr̄ ′ = ψ ′ = P̄r

′ = P̄ψ
′ = 0 from the

equations of motion derived from the Hamiltonian.

γ =
(

1 +
(

1 +
k2

xx2

2

)2
+

(

P̄z + Ās
z

)2
)1/2

(14)

One can find thekwx0 from Eq. 14.
Fig. 4 shows Poincarè surface of section plot in

(kwz, P̄z) plane atp̄x = 0 for various tapering parameters
andkwx0. In the strong wiggle field regime, the electron
orbits for tapered wigglerΘ = 80o are more stable than
those of a untapered wiggler case.

CONCLUSION

We investigated the evolution of electron beam in the ta-
pered planar wiggler field with a self-electric field and self-
magnetic fields. To suppress the divergence of emittance
and spread of the electron beam by the three-dimensional
effects on the off-axis electron and a self-generated field
effects, the tapered and bent wiggler field was applied. We
calculated the emittance, transverse trajectories, Fourier
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Figure 4:Poincarè surface of section plot in the (kwz, P̄z) plane atp̄x = 0 for (a) Θ = 80o and the variouskwx0, (b)
Θ = 80o andkwx0=0.615 and (c)Θ = 90o andkwx0=0.615. Other parameters areaw = 5, kwrb=0.4 andEb=3 MeV.

transformation and Poincarè surface of section of electron
beam using three dimensional simulation by optimizing the
magnetic field strength and a tapering parameter of axial
guide field. This method could be expected to enhance the
efficiency compared to those of a untapered wiggler in a
free-electron laser.
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