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ANALYTICAL SOLUTION OF PHASE SPACE EVOLUTION OF
ELECTRONSIN A SASE FEL

N. Nishimori*, JAERI, Ibaraki, Japan

Abstract

| present an analytical solution for the phase space evolu-
tion of electrons in a self-amplified spontaneous emission
Free Electron Laser (FEL) operating in the linear regime
before saturation, by solving the one dimensional FEL
equation together with the solution of the cubic equation,
which represents the evolution of the FEL power. The ana-
lytical solutions for the phase space evolution are comple-
mentary to the solution for the optical evolution and hold
until the optical amplitude grows greater than one-tenth of
the amplitude in saturation. The amplitude in saturation
obtained from a time dependent numerical calculation in
which the analytical solutions are used as the initial values
is shown to be equal to that obtained in the conventional
theories.

INTRODUCTION

A self-amplified spontaneous emission (SASE) free
electron laser (FEL) has been developed worldwide as an
intense coherent x-ray radiation source[1, 2, 3]. The devel-
opment has been supported by extensive theoretical studies
[4, 5, 6], which can account for various types of experimen-
tal results such as the exponential increase of SASE power
with the undulator length [1]. However, those studies have
mainly focused on the property of the radiation field, and
the phase space evolution of electrons of a SASE FEL has
been studied only in numerical simulations so far [6].

In this paper, | present an analytical solution for the
phase space evolution of electrons in a SASE FEL op-
erating in the linear regime before saturation, by solving
the one dimensional (1D) equations of electron motion to-
gether with the solution of the cubic equation, which rep-
resents the evolution of SASE power. The solutions for
the energy and phase changes of electrons are respectively
represented by sum of three independent terms similarly to
the solution of the cubic equation; an exponentially grow-
ing term, an exponentially decaying term and an oscillating
term. The 1D Maxwell equation results in the same field
gain as the solution of the cubic equation, when the solu-
tion for the electron phase is substituted into the Maxwell
equation. The solutions for the phase space evolution are
thus complementary to the solution for the optical evolu-
tion. The present solutions hold until the optical ampli-
tude grows greater than one-tenth of the amplitude in sat-
uration. The field in non-linear regime near saturation is
obtained from a numerical calculation which uses the ana-
lytical solutions astheinitial values and solvesthe 1D FEL
equations. The peak amplitudein saturation obtained in the
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calculation agreeswell with those obtained in conventional
theories [5, 6].

1D FEL EQUATIONS

The present study starts with the Colson’s dimension-
less FEL equations under the slowly varying envelope ap-
proximation (SVEA) [7]. Some of the variables used in the
present study are however defined differently from those of
Colson’s variables, as described later in this section. The
simplest situation is considered in the present study where
the electron pulse has a rectangular shape with density of
n. and an initial energy of yymc? with no energy spread.
The electron pulse length is assumed to be longer than the
slippage distance N,, A. Here N,, is the number of undula-
tor periods, A = A\, (1 + a2))/(2+2) isthe resonant wave-
length, A\, = 27/k,, isthe period of the undulator and a.,
is the undulator parameter. The fundamental FEL parame-
ter in MKSA unitsis given by

p= %[eawF\/ne/(e(ﬂn)/(llckw)]2/37 1)

where F is unity for a helical undulator or Bessel func-
tion [JJ] for a planar undulator [5]. The dimensionless
timeis defined by 7 = ct/\,, sothat 7 = 1 corresponds
to the trangit time of light through the undulator period.
The longitudina position of the ith electron is defined by
Ci(T) = [2i(t) — ct]/A, so that §¢ = 1 corresponds to A.
The dimensionless field envelope is defined by

_ 2T Ay

a(¢,7) = E(¢, ) explio(C,7)], (2

Yo2me?
with phase ¢(¢,7), which is equivalent to the Colson’s
dimensionless field envelope [8] divided by 2N2 and to
the Bonifacio's envelope [5] multiplied by (4mp)2. Here
E(¢,7) isthe rms optical field strength. The dimension-
less energy and phase of the ith electron are respectively
defined by 11;(7) = 4m[vi(t) — 0] /70 and (1) = (kw +
k)z;(t) — wt, where k = 27/ is the wave number of the
resonant wavelength .

In the present definition, evolutionsof a(¢, 7), u;(7) and
; () are respectively given by [8]

dudiir) = a[G(7), T]exp[ity(T)] +c.c., (3
%7(.7) = Ni(T)a (4
6(1(@3 T _ —(4mp)®(exp[—ityi (1)) ¢, (ry=c- ()

The angular bracket indicates the average of al the elec-
tronsin the volume V" around ¢.
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PHASE SPACE EVOLUTION

The lasing process in FELs starts with formation of a
uniform field in time and space. This process is known as
the spectrum narrowing in the frequency domain [4] or as
the longitudinal phase mixing in the time domain [9]. The
evolution of the uniform field before saturation is repre-
sented by three complex roots of the cubic equation [5, 8].
Thefield in 7 for the steady-state region where { < —7 is
given by

Ja(0)[e)

a(T) — [exp(47rprei”/6) +

exp(—4mpre” ™) + exp(4mpre=i7/2)](6)

The ith electron interacts with the field in the steady-
state region due to the slippage, and the energy modula-
tion a 7’ during 67’ is given from Eq. (3) by du;(7')
[a(r")e" (") 4 c.c.]67'. Herethelinear regime before sat-
uration is defined as the regime where the electron phase
remains almost unchanged due to the weak FEL field, i.e.,
(") ~ 1;(0). The energy modulation in the linear
regime is expressed by S (') ~ [a(7")e¥(©) + c.c.]o7’.
The energy change of the ith electron at time 7, u;(7), is
given by the sum of those modulations during 7:

wi(T) = /OT{a(T')exp[iz/fi(O)] +ccldr. ()

The integration of Eq. (7) after substitution of Eq. (6)
yields
2la(0)]
3(4mp)
{e2™V307 cos[ih(0) + ¢(0) + 2mpr — /6]
—em2mV3eT cos[1;(0) + ¢(0) + 2mpr + /6]
+ cos[1;(0) + ¢(0) — dmpr + 7/2]}. (8)
The first term in the right hand side of Eq. (8) is the ex-
ponentially growing term, the second is the exponentially
decaying term, and the third is the oscillating term.

The phase modulation at 7' during 67’ is given from Eq.

(4) by 6¢;(7") = pi(r")o7'. The phase change of the ith
electron at time 7 is given by the sum of those modulations

during 7:
/ i (7)dr'.
0

The integration of Eq. (9) after substitution of Eq. (8)
yields

wi(T)

Atpi(7) = i(7) — ¥i(0) ©)

2]a(0

2
{237 cos[h;(0) + ¢(0) + 2mpr — 7/3]
e 2T cos[yh;(0) + G(0) + 2mpT + /3]
+ cos[¢;(0) + ¢(0) — dmpr + 7]} (10)

Arpy(T)
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Equation (10) has the exponentialy growing term, the ex-
ponentially decaying term and the oscillating term, simi-
larly to Eq. (8). Equations (8) and (10) are the analytical
expressions for the phase space evolution in a SASE FEL
operating in the linear regime; only numerical solutionsfor
those have been obtained previously [6].
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Figure 1. Electron distributions in a phase plane of
X = Ai(r)(dmp)?/[|a(0)|exp(2my/3pr) /3] and Y =
i (1) (47p) /[|a(0)| exp(27+/3p7) /3] derived from Egs.
(8) and (10) for 4mpr = 2,3,4,6,10. The center of the
electron microbunch is located at (X,Y) = (0, —1) when
Awpr > 4.

Using Egs. (8) and (10), one can study the distribution of
electronsin alongitudinal phase space. The electrons con-
tained in the resonant wavelength at = = 0 are numbered
from the front to back along the propagating direction in
the present study. The relative position between two adja-
cent electrons is represented by ¢;(0) — ¢;+1(0) > 0, and
the relative phase between two adjacent electrons is given
by ¥:(0) > vi41(0), since ¥;(1) = 2mG(7) + kwzi(t)
by definition. One can calculate the values of Egs. (8) and
(10) for each ¢ and plot the point in a phase space of A, (1)
and p; (7). The point rotates counterclockwise in the phase
space, as ¢ increases. The distribution of the electrons at
timeinstant 7 in alongitudina phase space of

— Au 3(4mp)?
X Ai(7) |a(0)|€27r\/§f1‘r an
and
Y = u(r)—odTe) (12)

|a(0)[e2mv3er

iselliptical as shown in Fig. 1. The shape of the distribu-
tion gradually changeswhen 47p7 < 4 and remains almost
constant when 4rwpr > 4.

The gain of the steady state field in the linear regime
before saturation where | Ay, (7)| < 1 is obtained by sub-
stitution of Eq. (10) into Eq. (5) asfollows:

da(T) 47p|a(0)]e*©)
or 3
— exp(—4mpre™ /6 —ix/6)

+ exp(dmpre™ ™% —ir /2)].

[exp(4mprei™ S + in/6)

(13)
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Equation (13) is the same as da(7) /07 obtained from dif-
ferentiation of Eq. (6). This means that Egs. (8) and (10)
are complementary to Eq. (6). The magnitudes of the gain
and phase shift are almost constant when 47 p7r > 4.

EVOLUTION IN HIGH GAIN REGIME

In this section, the field and electron phase space evolu-
tions are studied in the high gain regime, which is defined
by 47wpT > 4 where the exponentially growing terms only
survive in Egs. (6), (8) and (10). In this case, the field is
given by

a(T) ~ |a(30)|627n/§p7€i¢(7),
where ¢(7) = 2mpr + ¢(0), and the energy and phase
changes of the ith electron are respectively given by

(14)

a(0)]e27V3er T

pi(T) ~ % cos [3(0) + o(7) — EL (15)
a(0)|e27V3rT T

() ~ N cosfin(0) + 60 - 5. )

The shape of the distribution in alongitudinal phase space
of X and Y issimply represented by the ellipse X2 4 Y2 —
V3XY = 1. The dlipse rotates clockwise as ¢(7) in-
creases linearly with 7. The electrons are lined along the
elipse counterclockwise as the identification number i in-
creases. The electron at the microbunch center satisfies the
condition of Ay;(7) = 0. The electron just in front of
the electron at the microbunch center satisfies the condi-
tion of Aw;_1(7) < 0 for the bunch to be formed. Thus
the microbunch center in the high gain regime is located at
(X,Y) = (0,-1) inFig. 1 and the electronsinside the mi-
crobunch are concentrated around ;(0) + ¢(7) — 7/3 =
/2 when 4mpr > 4.
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Figure 2: Electron distributionsin a phase plane of A, (7)
and yu;(7) derived from Egs. (8) and (10) when 47p7 = 10
(crosses), 11 (open squares), 12 (open circles). The time
evolution of four different electrons, initial phases of which
are;(0) (solid line), ¥;(0) 4+ 7/2 (dotted line), v;(0) + =
(dash-dotted line) and v;(0) + 37 /2 (dashed line), are also
shown. The FEL parameter p = 0.00447 and |a(0)| =
7.1 x 1075 p3/2 are used.

The evolution of the electron distribution in a longitu-
dina phase space of Aw;(7) and u;(7) is shown in Fig.

2, where p = 0.00447 and |a(0)| = 7.1 x 1075p%/% are
used. Those values are typical parameters in JAERI FEL
[10]. The crosses are the distribution when 47pr = 10,
the open squares when 47pr = 11 and the open circles
when 47 pT = 12. Thefigure also shows the time evolution
of four different electron particles, initial phases of which
are;(0) (salid line), v;(0) + 7/2 (dotted line), v, (0) + =
(dash-dotted line) and ;(0) + 37/2 (dashed line). One
can find that the ellipse expands exponentialy in size due
to the exponential increase of |a(7)| and rotates clockwise
due to the linear increase of ¢(7). The intersection of the
ellipse and the line Ay, (1) = 0 where i;(7) < 0 isthelo-
cation of the microbunch center. The exponential decrease
of the energy of the microbunch center corresponds to the
exponential decrease of the energy of the microbunch as a
whole. The energy radiated by the microbunch is used for
the field amplification.

The field gain in the linear regime where |A;(7)| <
1 isgiven by Eq. (13). However, the gain deviates from
Eg. (13) in the non-linear regime near saturation where
the amplitude grows and |A;(7)| < 1 does not hold any
more for some electrons. The threshold amplitude for the
non-linear regime can be roughly estimated from Eq. (5) in
which Egs. (14) and (16) are substituted as follows:

§latn)]

(4mp)? —  _{cos{: . |(l(7’)|
Bumpr) PO O 2
cosli0) + 6(r) = /3 r1mcs (47
00()  _ GmpP o lalr)
Oampr) a0 O
coslil0) + 6(r) = /3} ) 1. (19

One can calculate the values of the right hand sides of Egs.
(17) and (18) as a function of the value of |a(7)|/(47p)?
and find that Eq. (13) beginsto deviate from Eqgs. (17) and
(18) around |a(7)|/(47p)? = 0.15. In the caculation the
value of 1;(0) + ¢(7) isuniform over 2.

SATURATION

One can calculate the efficiency and amplitude in the
non-linear regime near saturation by solving the time de-
pendent 1D FEL equations together with the initial values
given by Egs. (14), (15) and (16). In the high gain and lin-
ear regime, where dwpr, > 4 and |a(7.)|/(47p)? = x for
x < 0.15, Eq. (14) isrewritten by

a(7s)
(4mp)?
The energy and phase of the ith electron at 7, are derived

from substitution of Eq. (19) into Egs. (15) and (16) and
are respectively given by

|a‘(0)| eQﬂ'ﬂpTz €i¢(7—z) — xei¢(7'z).
3(dmp)?

(19)

1i(72) ™
oy " cos{ti(0) + (7)) — 5} (20)
bi(ra) ~ i(0) + 2w cos{¥i(0) + 6(rs) — ). (2D)
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Figure 3: The amplitude gain 9[|a(7)|/(47p)?]/0(4mpT)
(solid line) and phase shift d¢(7)/d(4mpT) (dotted line)
calculated numerically from the 1D FEL equations given
by Egs. (22), (23), (24) and (25) as a function of 47p(T —
To.1). Theinitia valuesfor the calculation are derived from
Egs. (19), (20) and (21).

Solving the 1D FEL equations numerically with the ini-
tial values given by Egs. (19), (20) and (21), one can cal-
culate the phase space evolution of electrons and the field
evolution. The equationsfor 7 > 7, are written asfollows:

wi(7)
T = o MO ) o), (22
d(4mpT) (4mp)?
di(r)  _ pi(7)
d4rpr) — 4wp’ (23)
el
(4mp)® ]
Olampr) —(cos[¥i (1) + &(7)])¢,=¢ (24)
0¢() = (47Tp)2 sin|y; (1 T
Figure 3 shows 9[la(r)|/(4mp)?]/d(4mpT) and

0¢(1)/0(4mpr) as a function of 4wp(r — 7,) when
x = 0.1. It is found that 9[|a(7)|/(47p)?]/O(4mpT)
decreases down to 0 when 47p(1, — 70.1) = 3.7. Here 7,
is the time when the efficiency and amplitude reach their
peaks and the amplitude gain turns to negative.

Integration of O|a(7)|/0(4mpT) from 4mwpry 1 to dmpT,
yields

0 D)
/ d(ampr) =

1.08(4mp)>.
TPTO.1 8(47Tp7—)

The peak amplitude is thus given by
la(my)| = 1.18(4mp)?, (26)

which agrees well with the peak amplitude of the SASE in
the steady-state regime obtained in a numerical calculation
[5]. Equation (26) does not depend on .

CONCLUSION

The phase space evolution of electronsin a SASE FEL
operating in the linear regime before saturation where

MOPOS29

|A;(7)] < 1 has been solved analytically from the 1D
FEL equation. The evolutions of Av;(7) and w;(7) are
represented by sum of three independent analytical solu-
tions similarly to the evolution of the SASE field; an ex-
ponentially growing term, an exponentially decaying term
and an oscillating term. The distribution in a longitudinal
phase space of Aw;(7) and u;(7) expands exponentialy
with time in size, rotating clockwise linearly in the high
gain regime where 47pr > 4. These expansion in size
and clockwise rotation corresponds to the exponentia in-
crease of the amplitude and linear increase of the phase
of the radiation field, respectively. The microbunch cen-
ter is located where Av;(7) = 0 and p;(7) < 0, and the
energy of the microbunch center decreases exponentialy,
which corresponds to the exponential increase of the SASE
power. The analytical solutions hold until the optical am-
plitude grows greater than one-tenth of theamplitudein sat-
uration. A numerical calculation which solvesthe 1D FEL
equations together with initial values given by the present
analytical solutions results in the peak amplitude in satu-
ration |a(7,)| = 1.18(4mp)?, which agrees well with the
conventional theories.

ACKNOWLEDGEMENTS

The author would like to acknowledge valuable discus-
sions with S. Hiramatsu at KEK, H. Hama at Tohoku univ
and E. Mineharaat JAERI.

REFERENCES

[1] V. Ayvazyan et d., PRL 88, 104802 (2002).
[2] C.Limborg, NIM A 507, 378 (2003).
[3] T.Shintakeetal., NIM A 507, 382 (2003).

[4] Kwang-Je Kim, PRL 57, 1871 (1986); NIM A 250, 396
(1986); Kwang-Je Kim and Ming Xie, NIM A 331, 359
(1993).

[5] R. Bonifacio et al., Riv. Nuovo Cimento 13, 9 (1990).

[6] E.L. Saldin, E.A. Schneidmiller and M.V. Yurkov, in The
Physics of Free Electron Lasers, (Springer, Berlin, 2000),
pp. 48-54.

[7] W.B. Colson and SK. Ride, Phys. Lett. 76A, 379 (1980).

[8] W.B. Colson, in Laser Handbook, edited by W.B. Colson,
C. Pellegrini, and A. Renieri (North Holland, Amsterdam,
1990), Vol.6, pp. 115-193.

[9] N. Nishimori, R. Hgima, R. Nagai and E.J. Minehara, NIM
A 507, 79 (2003).

N. Nishimori, R. Hgima, R. Nagai, and E.J. Minehara, PRL
86, 5707 (2001); NIM A 483, 134 (2002).

(10



