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Abstract
For intense electron bunches traversing through bends, as

for example the recirculation arcs of an Energy-Recovery
Linac (ERL), dispersion matching with space charge of an
arc into the subsequent radio-frequency (RF) structure is es-
sential to maintain the beam quality. We show that beam en-
velopes and dispersion along the bends and recirculation arcs
of an ERL, including space charge forces, can be matched to
adjust the beam to the parameters of the subsequent section.
The present study is focused on a small-scale, double-sided
recirculating linac Mainz Energy-recovering Superconduct-
ing Accelerator (MESA). MESA is an under construction
two pass ERL at the Johannes Gutenberg-Universität Mainz,
which should deliver a continuous wave (CW) beam at 105
MeV for physics experiments with a pseudo-internal target.
In this work, a coupled transverse-longitudinal beam ma-
trix approach for matching with space charge in MESA is
employed.

INTRODUCTION
For intense electron bunches at low to medium energy

traversing through bends, it is essential to understand the
details of space-charge-induced effects to maintain beam
quality throughout the ERL operation [1]. Particularly, cur-
rent dependent dispersion matching of an arc into the subse-
quent RF section has been found to be essential to preserve
the beam quality. Dispersion matching with space charge
has been discussed mostly in the context of high intensity
beams in conventional synchrotrons [2]. For example, [3, 4]
outlined the concept of two different dispersion functions,
one for the beam center, which is not affected by space
charge, and one for the off-center particles. Experiments re-
lated to space charge and dispersion with low energy proton
beams were performed in the CERN PS Booster, matching
the beam from the linac into the synchrotron. Although the
space charge was found to be relevant, it was sufficient to use
the zero-intensity dispersion for the matching of the beam
center, in order to improve the injection efficiency [5]. In this
work, we show that the space-charge-modified dispersion
plays a key role for the adjustment of the 𝑅56 required for
both the isochronous and the non-isochronous recirculation
mode of an ERL.

An important role of the recirculation arc in an ERL is to
provide path length adjustment options to set the accurate
required RF phase of 0◦ to 180° for acceleration and deceler-
ation. Transverse space charge modifies the dispersion func-
tion along the arc and so the momentum compaction which
is the transport matrix element 𝑅56 for the individual parti-
cles. In case the arc settings are chosen for zero-intensity,
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one would end up with a dispersion and bunch length differ-
ent from the design values at a subsequent RF structure [6].
It is therefore necessary to understand the modification of
dispersion due to space charge along the arc in order to do
proper matching into the next lattice section. Longitudinal
space charge also plays an important role, especially for
short bunches and small momentum deviations. Longitudi-
nal space-charge-induced variations in the bunch length or
momentum deviation also affect the transverse space charge
force by varying the local current density and the transverse
beam size through the dispersion.

DISPERSION WITH SPACE CHARGE
In the presence of bending magnets, the horizontal dis-

placement 𝑥 of a particle from the reference particle is writ-
ten as [6]

𝑥 (𝑠) = 𝑥𝛽 (𝑠) + 𝐷0 (𝑠) 𝛿, (1)

where 𝑥𝛽 is the betatron oscillation amplitude, 𝐷0 ≡ 𝐷0 (𝑠)
is the dispersion function, and 𝛿 = Δ𝑝/𝑝0 is the fractional
momentum deviation. The linear dispersion function with-
out space charge 𝐷0 (𝑠) is the solution of the equation [2]:

𝐷
′′

0 (𝑠) + 𝜅𝑥 (𝑠)𝐷0 (𝑠) =
1

𝜌(𝑠) , (2)

which gives the local sensitivity of the particle trajectory to
the fractional momentum deviation 𝛿, and the prime denotes
derivative with respect to distance 𝑠 along the beamline. 𝜌
is the bending radius and 𝜅𝑥 is the linearized horizontal
external focusing gradient.

With space charge, we can write:

𝑥sc (𝑠) = 𝑥sc,𝛽 (𝑠) + 𝐷𝛿, (3)

where 𝐷 ≡ 𝐷 (𝑠) is the dispersion function with space
charge.
Taking the average of Eq. (1) and Eq. (3) and subtracting
them over the symmetrical phase space distribution, such
that ⟨𝑥𝛽⟩ = ⟨𝑥sc,𝛽⟩ = 0, we obtain (see also [4]):

⟨𝑥sc⟩ − ⟨𝑥⟩ = (𝐷 − 𝐷0)⟨𝛿⟩. (4)

For a beam with a momentum distribution centered at the
design momentum the dispersion describing the position
of the beam centroid is space charge independent. This
also explains the experimental results obtained in the CERN
PS Booster [5]. There the dispersion was measured and
matched by changing the beam momentum and recording
the displacement of the beam center.

To observe the effect of space charge on the individual
particle dispersion, we have to compute the second moments
of the beam distribution. Using the assumption that the mo-
mentum deviation is uncorrelated to the betatron oscillations,
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such that ⟨𝑥𝛽𝛿⟩ = ⟨𝑥sc,𝛽𝛿⟩ = 0, we get the expression for 𝐷
by multiplying Eq. (3) by 𝛿 and taking the average over the
phase space. Following a similar procedure for 𝐷 ′ [6]:

𝐷 =
⟨𝑥sc𝛿⟩
⟨𝛿2⟩

=
𝜎16

𝜎66

, 𝐷 ′ =
⟨𝑥 ′sc𝛿⟩
⟨𝛿2⟩

=
𝜎26

𝜎66

. (5)

where the last equalities are written in terms of the beam
sigma matrix [3, 6] as explained following.

Instead of individual particle tracking, we track the rms
beam envelope defined as [3, 7, 8]:

𝜎𝑖 𝑗 = ⟨𝑢𝑖𝑢 𝑗⟩ (6)

where the averages are taken over the phase space vari-
ables and the subscripts i, j run from 1 to 6 representing
𝑥, 𝑥 ′, 𝑦, 𝑦′, 𝑧, 𝑧′. The time evolution of a beam matrix 𝜎𝑠

from 𝑠0 to 𝑠1 along the longitudinal position 𝑠 is given
by [3, 8]

𝜎𝑠1 = 𝑅(𝑠0 → 𝑠1) 𝜎𝑠0 𝑅𝑇 (𝑠0 → 𝑠1), (7)

where 𝑅 is the transport matrix. The space charge kick
is implemented as 𝑅 (𝑠0, 𝑠0 + Δ𝑠) = 𝑅Δ𝑠𝑅

sc, where 𝑅Δ𝑠

is a drift of length Δ𝑠 and 𝑅sc is the space charge kick as
described in Ref. [3, 8, 9].

The effective transverse rms beam radii 𝑋 and𝑌 including
dispersion are:

𝑋2 = 𝜎2
𝑥 + 𝐷2

𝑥𝜎
2
𝛿 , 𝑌2 = 𝜎2

𝑦 + 𝐷2
𝑦𝜎

2
𝛿 , (8)

where 𝜎𝑥 =
√
⟨𝑥2⟩ =

√
𝜎11, 𝜎𝑦 =

√
⟨𝑦2⟩ =

√
𝜎33 are the

rms betatron amplitudes, and 𝜎𝛿 =
√
⟨𝛿2⟩ =

√
𝜎66 is the

rms momentum deviation.
The momentum compaction 𝑅56 is the variation of the

path length with momentum deviation for a relativistic beam:

𝑅56 =
Δ𝐿

𝛿
=

𝐿∫
0

𝐷𝑥 + 𝐷𝑦

𝜌
d𝑠, (9)

which also is the (5,6)th component of the 6 × 6 transport
matrix of the beamline elements. Where 𝐿 is the total path
length of the beamline.

In a beamline with dispersion D, space charge modifies the
path length or time of flight of individual particles following
the space charge dependent phase slip factor 𝜂:

𝜂 =
𝑅56

𝐿

����
𝑠=𝐿

(10)

In this work, we use above discussed beam matrix approach
to obtain the optical functions along a beamline with bends,
including the self-consistent space charge force.

OVERVIEW OF MESA
An overview of the MESA facilities is shown in Fig. 1.

The electron source provides up to 1 mA of a polarized beam

at 100 keV. In the next planned stage of MESA, the elec-
tron source will provide 10 mA of unpolarized beam cur-
rent. This electron source is followed by a spin manipu-
lation system containing two Wien filters. A chopper and
two buncher cavities prepare the bunches for the normal-
conducting milliampere booster (MAMBO), which acceler-
ates them to 5 MeV. In MESA electrons will be accelerated
by two ELBE-type cryomodules each housing two supercon-
ducting TESLA-type cavities with an accelerating gradient
of 12.5 MeV, which results in 25 MeV per pass. There are
four spreader sections for separating and recombining the
beam and two chicanes for injection and extraction of the
5MeV beam.

MARC0

Figure 1: A schematic layout of MESA.

MESA is planned to operate in two modes: external beam
(EB) mode and energy-recovery (ER) mode. In EB mode,
the electron beam will gain 155 MeV with up to 150 μA
beam current by circulating thrice around the accelerator.
The beam is planned to be used for high-precision fixed-
target experiments. The main experiment in the EB mode
will be the measurement of the electroweak mixing angle at
the P2 setup [10]. Similarly in ER mode, the CW electron
beam will gain 105 MeV with 1(10) mA beam current by
circulating twice around the accelerator. The main experi-
ments in the ER mode will be pseudo-internal target (PIT)
experiments in a search for dark photons with high luminos-
ity [11]. In ER mode, 100 MeV of the beam energy can be
recovered by decelerating the beam in the superconducting
cavities and using this recovered energy to accelerate further
bunches [12]. Both operational modes set high demands on
beam quality and stability. Mainly, a low momentum devia-
tion is required to achieve higher precision of experiments.
The main prerequisite for sustaining beam quality is a proper
beam transport through the injection arc (MARC0), which
is a 5 MeV, 180°, first-order achromat with flexible 1st or-
der momentum compaction 𝑅56 required for the different
isochronous and non-isochronous recirculation modes.

SIMULATION RESULTS
In this section, we present the solutions for the beam en-

velopes, dispersion and momentum compaction with space
charge in MESA. Estimation of space charge effects is done
for a typical set of beam parameters listed in Table 1 [6].
Note that we are using an idealized lattice for the MESA
beamline ignoring magnet misalignments and multipole er-
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Figure 2: Evolution of (a) horizontal beam envelope, (b) vertical beam envelope, (c) dispersion, and (d) momentum
compaction along the MARC0 beamline for I = 0, 1, 10 mA including transverse and longitudinal space charge.

rors for the simulations. Additional studies are required to
include these effects.

First, we compute the horizontal and vertical beam enve-
lope, and dispersion profile along the MARC0 arc for “zero”,
1, and 10 mA current and an rms momentum deviation of
10−4, accounting for coupled transverse-longitudinal space
charge. The injection arc of MESA (MARC0) is suppose
to be a dual purpose 5MeV arc with finite momentum com-
paction 𝑅56 for energy recovery and external beam mode.
A nominal design of arc should deliver fixed beam parame-
ters with zero dispersion after first cryomodule for energy
recovery operation. Figures 2 (a)–(b) show the variation of
horizontal and vertical transverse envelopes along 𝑠, for 𝐼 =
1, and 10 mA in MARC0. It can be seen from Fig. 2 (c) that
with longitudinal and transverse space charge the dispersion
is significantly modified for non-zero currents. The sign
reversal of 𝐷𝑥 may contribute to phase mismatch at the en-
trance of the RF section due to changes in the time of flight
of particles (see Eq. (9) and Eq. (10)). Thus, it is important

to consider both longitudinal and transverse space charges
for optimal matching.

Table 1: Beam Parameters for the Injection Arc of MESA.

Parameters [unit] Symbol Value

Kinetic energy [MeV] E𝑘 5
Bunch charge [pC] 𝑁𝑞 0.77/7.7
RF frequency [GHz] 𝑓rf 1.3
RMS momentum deviation [%] 𝜎𝛿 0.01
Half bunch length [ps] 𝑧𝑚 4.2
Normalized emittance [𝜋 mm mrad] 𝜖𝑛𝑥,𝑛𝑦 2/6
Momentum compaction [m] R56 0.14

Second, we compute the beam envelopes and dispersion
along the full MESA beamline to observe the effect of space
charge mismatch. Figure 3 (a)-(b) shows the horizontal and
vertical beam envelopes with space charge for I = “zero”,
1, and 10 mA in MESA. It can be seen from Fig. 3 (c)-(d)
that dispersion with space charge is significantly modified
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Figure 3: Evolution of (a) horizontal beam envelope, (b) vertical beam envelope, (c) horizontal dispersion function, and
(d) vertical dispersion function along the MESA beamline for I = 0, 1, 10 mA including transverse and longitudinal space
charge.

for non-zero currents from the designed values. Also, there
appears to be a strong mismatch in the beam envelopes and
dispersion near PIT experiment at s = 175 m and in the fur-
ther arcs. This strong effect of space charge at high-energy
arc (105 MeV) can be expected from Fig. 2 results that space
charge induces a mismatch between the beam envelopes
and non-zero dispersion at the end of the 5 MeV low en-
ergy injection arc which leads to the strong mismatch in the
beam envelopes in the further arcs during acceleration and
deceleration and distorts the phase space.

In this work, we optimize the lattice parameters of
MARC0 to get fixed values of 𝛽𝑥,𝑦 , 𝛼𝑥,𝑦 , 𝐷𝑥 , 𝐷

′
𝑥 and 𝑅56

at the end so we can estimate the mismatch in the beam
envelopes and dispersion in the further arcs. While the trans-
verse dispersion functions 𝐷𝑥 and 𝐷 ′

𝑥 need to be zero at
the end of the arc, the longitudinal dispersion is fixed at a
finite value of 𝑅56 = 0.14m in order to use the arc as part of
a bunch compressor to achieve a short bunch length at the
start of the first superconducting RF section.

As can be seen from Fig. 2, MARC0 consists of two
double-bend achromats (DBA) [13]. It controls both trans-
verse beam confinement and longitudinal phase space to
compress the bunch. A set of four quadrupoles at the start of

the arc matches the first DBA to the MAMBO injector. The
central part of the arc between the two DBAs contains three
quadrupoles to again match the Twiss parameters. A total
of 15 quadrupole gradients are available knobs to optimize
the lattice.

Table 2: Example current, the horizontal and vertical beta
functions mismatch respectively, and the horizontal disper-
sion mismatch from the design value at the end of MARC0
with space charge [6].

I (mA) Δ𝛽𝑥

𝛽𝑥
(%) Δ𝛽𝑦

𝛽𝑦
(%) Δ𝐷𝑥 (m)

1 3.0 2.6 0.037
5 17.5 17.3 -0.017
10 39.7 41.0 -0.046
10 (matched) 0 0 0

Table 2 illustrates the horizontal beta function mismatch
Δ𝛽𝑥/𝛽𝑥 and the vertical beta function Δ𝛽𝑦/𝛽𝑦 mismatch
from the design value respectively, and the horizontal dis-
persion mismatch Δ𝐷𝑥 from the design value at the end
of MARC0 with space charge for 1, 5 and 10 mA. Here,
Δ𝛽𝑥 = 𝛽sc,𝑥−𝛽𝑥 , Δ𝛽𝑦 = 𝛽sc,𝑦−𝛽𝑦 , and Δ𝐷𝑥 = 𝐷sc,𝑥−𝐷𝑥 .
We can see from the last column of Table 2 that current de-
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Figure 4: Horizontal beam envelopes along the (a) 30 MeV recirculation arc (b) 55 MeV recirculation arc (c) 80 MeV
recirculation arc, (d) 105 MeV internal arc of MESA for I = 1, 10 mA when the beam is matched with space charge in the
5 MeV injection arc MARC0.

pendent dispersion is non-zero at the end of MARC0 which
might lead to emittance growth in the RF section because of
longitudinal-transverse phase space coupling.

We use a simple “random walk” routine to optimize all
lattice parameters to get the matched solution of MARC0
with space charge. Note that 𝐷 ′ should be considered for
optimization of 𝐷 in the beamline with space charge. 𝐷 ′

must be zero at the central quadrupole of the achromat to
achieve zero dispersion at the end of the last dipole. A new
set of quadrupole strengths is obtained with corrections of
up to 15% in the original quadrupole to get the matched
solution.

The above results show the beam envelopes and dispersion
mismatch from the design values due to space charge effects.
Thus, to estimate the intensity limitations due to space charge
in MESA, first we match the beam in the MARC0 using the
random walk scheme as discussed above, and then track
that matched beam through high energy recirculation arcs.
Figure 4 shows the horizontal beam envelopes along the 30,
55, 80, and 105 MeV recirculation arcs of MESA for I = 1,
10 mA when the beam is matched with space charge in the
MARC0. It can be seen that if all the lattice parameters of
the beamline are matched properly with the subsequent RF

structure in the presence of space charge at the injection,
there is no mismatch between the beam envelopes due to
space charge in the high-energy recirculations arcs of MESA.

CONCLUSION

This study shows that the proper matching of the injec-
tion arc into the RF section of an ERL is important with
space charge. We showed how space charge modifies the
dispersion function along the arc and so the momentum com-
paction which leads to change in the path length of electrons.
A “random walk” scheme was employed to get the matched
parameters with space charge at the subsequent RF section
of an arc. In subsequent recirculation arcs of MESA, the
beam energy is much higher than the injection energy. It is
shown that MESA has no intensity limitations due to space
charge if the beam is properly matched with space charge at
the injection. The future application of this work is to pre-
dict the longitudinal space-charge-induced microbunching
instability in MESA, which depends on the details of the
dispersion function along the arcs [14].
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