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Abstract

A proposed laser-plasma based electron source [1] using
laser triggered injection of electrons is examined. The
source generates ultrashort electron bunches by dephasing
background plasma electrons undergoing fluid oscillations
in a plasma wake. The plasma electrons are dephased by
colliding two counter-propagating laser pulses. Laser in-
tensity thresholds for trapping and optimal wake phase for
injection are calculated. Numerical simulations of test par-
ticles, with prescribed plasma and laser fields, are used to
verify analytic predictions and to characterize the quality
of the electron bunches.

1 INTRODUCTION

The characteristic scale length of the accelerating field in
a plasma-based accelerator [2] is the plasma wavelength,
�p[m] ' 3:3 � 104n

�1=2
e [cm�3] wherene is the plasma

density. In such short wavelength accelerators (typically
�p � 100�m), production of electron beams with low mo-
mentum spread and good pulse-to-pulse energy stability re-
quires femtosecond electron bunches to be injected with
femtosecond synchronization with respect to the plasma
wake. Although conventional electron sources (photocath-
ode or thermionic RF guns) have achieved sub-picosecond
electron bunches [3], the requirements for injection into
plasma-based accelerators are presently beyond the per-
formance of these conventional electron sources. Novel
schemes which rely on laser triggered injection of plasma
electrons into their own plasma wake have been proposed
[4] to generate the required femtosecond electron bunches.

Recently a new optical injection scheme was pro-
posed [1] which uses two relatively low intensity counter-
propagating laser pulses in addition to a pump laser pulse
for plasma wake excitation. This colliding pulse scheme
has the ability to produce femtosecond electron bunches
with low fractional energy spreads using relatively low in-
jection laser pulse intensities compared to the pump laser
pulse (a2inj � a2pump � 1). Here a = eA=mc2 '

8:5 � 10�10�[�m]I1=2[W/cm2] is the normalized vector
potential,I is the laser pulse intensity and� is the laser
wavelength. The colliding pulse concept also offers de-
tailed control of the injection phase through the position of
the forward injection pulse with respect to the pump pulse,
the beat wave velocity via the injection pulse frequencies,
and the number of trapped electrons via the injection pulse
intensities.

2 PHASE SPACE ANALYSIS

The colliding pulse optical injection scheme employs three
short laser pulses (shown in Fig. 1): an intense (a2

0
' 1)

pulse (denoted by subscript 0) for plasma wake genera-
tion, a forward going injection pulse (subscript 1), and a
backward going injection pulse (subscript 2). The pump
pulse generates a plasma wake with phase velocity near
the speed of light. The injection pulses collide some dis-
tance behind the pump pulse. When the injection pulses
collide, they generate a beat wave with a phase velocity
vb = �!=�k ' �!=2k0, where the frequency difference
of the injection pulses is�! = !1�!2 and the wavenum-
ber difference is�k = k1 � k2 with k1 ' jk2j ' k0.
During the time when the two injection pulses overlap, the
slow beat wave injects plasma electrons into the fast plasma
wake for acceleration to high energies.

The colliding pulse injection mechanism can be studied
using a Hamiltonian approach. The electron motion in the
plasma wake is described by the Hamiltonian

H(;  ) =  � �'
�
2 � 1

�1=2
� �( ); (1)

where mec
2 is the electron energy and�' = (1 �

!2

p=!
2

0
)1=2 is the plasma wake phase velocity (group veloc-

ity of the pump pulse). Here!p = kpc = (4�e2ne=me)
1=2

is the plasma frequency with�e the electron charge,me

the electron mass, andc the speed of light. It is assumed
that' = (1 � �2')

�1=2 � 1. The scalar potential of the
plasma wake is assumed to have the form�( ) = �o cos 
where the wake phase is = kpz�!pt and the normalized
wake potential amplitude is�o = e�o=mec

2. The ampli-
tude of the wake potential is determined by the pump pulse
amplitude and shape. The normalized axial momentum of
the electron in an orbitH of the plasma wake is

(�z) = �'
2

'[H+�( )]�'
�
2'[H + �( )]2 � 1

�1=2
:

(2)
The boundary between trapped and untrapped orbits is
given by the separatrix orbitH( = ';  = �) =
�1' + �o.

The colliding injection pulses lead to formation of a
beat wave with phase space buckets (separatrices) of width
2�=�k ' �0=2 (much shorter than those of the wake field
�p). The motion of the electron in the beat wave is de-
scribed by the beat wave Hamiltonian,

Hb(;  b) =  � �b[
2 � 2

?
( b)]

1=2; (3)
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Figure 1: Normalized potential profiles of the pump laser
pulsea0, the plasma wake�, forward injection laser pulse
a1, and the backward injection laser pulsea2.

where�b = �!=c�k = (�2 � �1)=(�2 + �1) is the
beat wave phase velocity, b = �k(z � �bct) is the beat
wave phase, and2

?

( b) = 1 + â2
1
+ â2

2
+ 2â1â2 cos b

with â1 and â2 the rms amplitudes of the forward and
backward injection pulses respectively. The separatrix or-
bit in phase space of the beat wave Hamiltonian has the
value ofHb( = b?(0);  b = 0) = 

?
(0)�1b where

b = (1� �2b )
�1=2. The maximum and minimum normal-

ized axial momentum of an electron in a beat wave orbit
(extrema of the separatrix) are

[(�z)beat]max=min = b�b?(0)� 2b(â1â2)
1=2
: (4)

The threshold injection laser pulse intensities required
for trapping of background plasma electrons into the
plasma wake can be estimated by considering the effects
of the plasma wake and the beat wave individually and re-
quiring resonance overlap, namely that the maximum mo-
mentum of the beat wave separatrix exceed the minimum
momentum of the plasma wake separatrix and the mini-
mum momentum of the beat wave separatrix be less than
the fluid momentum of electrons in the plasma wake. The
maximum and minimum momentum of an electron in a
beat wave orbit are given in Eq. (4). The momentum of
an electron undergoing fluid oscillations is given by Eq.
(2) with H = 1. The momentum of an electron in a
trapped orbit of the plasma wake is given by Eq. (2) with
H � H( = ';  = �) = �1' + �o, and for an electron
in a trapped and focused orbit, the momentum is given by
Eq. (2) withH � H( = ';  = �=2) = �1' . A trapped
and focused electron orbit is one where the wake phase re-
mains in a range such that the transverse electric field due
to the plasma wake is always providing a focusing force on
the electron.

Requiring resonance overlap yields the threshold beat
wave amplitude parameter for trapping plasma electrons

(â1â2)
1=2
th =

1�H

4b(�' � �b)
; (5)

and the optimal wake phase for injection

cos opt = �
�1

o

�
b (1� �'�b) ?(0)�

1

2
(1 +H)

�
:

(6)
HereH = �1' + �o for a trapped plasma wake orbit and
H = �1' for a trapped and focused plasma wake orbit.

For example, if�o = 0:7 and�beat = 0, then(â1â2)
1=2
th '

0:25 for injection of plasma electrons into a trapped and
focused orbit.

Minimizing the injection pulse amplitudes (operating
near the threshold amplitude given by Eq. (5)) will mini-
mize the laser powerP [GW ] ' 21:5(airi=�i)

2 required
for trapping and is therefore important for the experimental
realization of this injection scheme. For illustration, if the
injection pulses have a wavelength of 0.8�m and a spot
size of 15�m, then the injection laser pulse power required
for trapping isP < 1 TW.

3 NUMERICAL STUDIES

To further evaluate the colliding pulse scheme and to test
the analytic predictions for the trapping thresholds pre-
sented in Sec. 2, the motion of test particles in the com-
bined wake and laser fields was simulated by numerically
solving the equations of motion for the electrons using an
adaptive stepsize Runge-Kutta method.

We assume the laser pulses are linear polarized funda-
mental Gaussian beams with half-period cosine longitudi-
nal envelopes. The polarizations of the laser pulses are cho-
sen to bêe

?0 = x̂ andê
?1 = ê

?2 = ŷ such that~a0 �~a2 ' 0
and thus there is no beating (no wake generation) from the
interaction of the pump pulse and the counter-propagating
injection pulse. The plasma wakefields produced by the in-
jection pulses can be neglected (�1 � �2 � �0) since the
injection pulse amplitudes required for trapping are much
less than the pump pulse amplitude and the pulse lengths of
the injection pulses can be chosen to provide poor coupling
between the plasma response and the injection pulses.

Assuminga2
0
< 1, the axial and radial components of

the electric field (to lowest order in pump pulse amplitude)
due to the excited plasma wake near the waist of the pump
pulse areEz = (mec

2kp=e)�0 exp[�2r
2=r2s0] sin and

Er = (mec
2=e)(4r=r2s0)�0 exp[�2r

2=r2s0] cos , where
�o = �a2

0
=4 andrs0 is the pump pulse spot size. The radial

electric field will provide a focusing force for an electron at
a plasma wake phase ofcos > 0 and a defocusing force
for cos < 0.

The plasma was assumed to be initially homogeneous
and cold such that the test particles were loaded uniformly
with no initial momentum. Unless otherwise stated, the
parameters used in the numerical simulations are listed in
Table 1. Simulations indicate good agreement with analytic
estimates, Eqs. (5) and (6).

The fraction of loaded test electrons which become
trapped as a result of the colliding injection pulses was
found to peak at an injection wake phase (plasma wake
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Table 1: Simulation Parameters
Plasma wavelength�p 40�m
Pump laser strengtha0 0.94
Plasma wake potential�o 0.7
Pump pulse lengthL0 = �p 40�m
Pump pulse wavelength�0 0.8�m
Laser spot sizers0 = rs1 = rs2 15�m
Injection laser pulse strengtha1 = a2 0.3
Injection pulse lengthL1 = L2 = �p=2 20�m
Injection pulse (forward) wavelength�1 0.83�m
Injection pulse (backward) wavelength�2 0.80�m

phase where the maxima of the injection pulses collide)
of  opt ' �1:0 which agrees well with the analytic pre-
dictions Eq. (6). Significant trapping of electrons occured
for an injection wake phase region of�1:5 <  inj < 1:5.
This indicates that the two colliding injection pulses must
be synchronized with the plasma wake with an accuracy of
� 10 fs, which is not a serious timing constraint for present
laser technology.

The quality of the electron bunch can be examined as
the beat wave amplitude parameter(â1â2)

1=2 is increased
beyond the threshold value for injection into a trapped and
focused orbit, Eq. (5) withH � �1' . Fig. 2(a) shows
the fraction of loaded test electrons which become trapped
and focused, as well as the bunch duration for trapped elec-
trons versus the beat wave amplitude parameter. As an
example, for a plasma density ofne = 7 � 1017cm�3,
the maximum fraction corresponds to a bunch number of
Nb � 0:5 � 107 electrons. Fig. 2(b) shows the asymp-
totic fractional energy spread�= hi and the transverse
normalized rms emittance of the electron bunch versus the
beat wave amplitude parameter. As expected, the rms phase
spread (bunch duration) is constant for a highly relativis-
tic bunch, the fractional energy spread is asymptotic for
large interaction lengths, and the transverse normalized rms
emittance is conserved for large pump laser spot size.

4 SUMMARY

The colliding pulse optical injection scheme has the ability
to generate ultrashort electron bunches by colliding laser
pulses to dephase background plasma electrons undergo-
ing fluid oscillations in a plasma wake. Simulations indi-
cate femtosecond electron bunches with low fractional en-
ergy spread (< 10%) and low normalized transverse emit-
tance (� 1mm mrad) can be produced. The colliding pulse
scheme requires relatively low laser power compared to the
pump pulsea2

1
� a2

2
� a2

0
, and allows for detailed control

of injection process through the injection phase (position of
the forward injection laser pulse), beat wave velocity (fre-
quencies of the injection laser pulses), and the beat wave
amplitude parameter (injection pulse intensities).
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Figure 2: (a) Fraction of loaded test electrons which be-
come trapped and focused (solid line) and bunch duration
(dashed line) versus beat wave amplitude parameter. (b)
Asymptotic fractional energy spread�= hi (solid line)
and normalized transverse rms emittance"?(mm-mrad)
(dashed line) of trapped electron bunch versus beat wave
amplitude parameter.
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