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1 INTRODUCTION The Fourier spectrum s(w) of a(t) 

Noise of controlled spectral form promises various APPUCA- 
tions in accelerator physics. In connection with A cooling 
mcchan.i6m the equilibrium momentum distribution6 csn 
be shaped, e.g. to increase Landau damping of collective 
longitadinal or transverse instabiBtics. In stochastic cx- 
traction schemes, special ahapcs of the diffusion function 
help to control the spill time independently of the diffusion 
velocity around the rcsonencc. Our generator produces 
voltage step sequences thnt arc repeated periodically and 
consist of 4096 different single steps. The sequences Arc 
digit61 Fourier transforms of the desired spectral smpli- 
tudcs with random phases. The spectra consist of 2048 
frequency lines in the desired spectral range. Amplitudes 
and line spacings arc such that phase space trnjcctorics Are 

stochastic (Chirikov’s criterion) under normnl conditions. 
A first Application of synthetic noise WAS A measurement 
of the cooling force of the ESR cooler. 

2 THE NOISE GENERATOR 

2.1 Hardware Configuration 

The herdwsrc of the generator consists of n memory card 
with A storage capability of 4096 words, a clock, and A 
12 bit DAC. The memory is reed out sequentially in a 
recirculating mode, i.e. the first word follows the last word 
without break. The readout frequency is controlled by the 
clock and is variable in the range 0 - 80 kHz. The anslog 
signA1 from the DAC consists of nenrly rectangular voltngc 
steps (rise time z 2~s). 

2.2 Low-Frequency Spectrum 

The principal idea is that random time sequences can be 
specified in A way that their spectra nrc of arbitrary form. 
WC show how the frequency spectrum (the usual Fourier 
transform) of the signs1 is related to its dlacrele Fourier 
transform. We denote the number of voltngc steps by N 
and the sampling (clock) rate by t,. The sampling frc- 
qucncy is defined by w, = 2*/t,. The generator signal can 
be modclled M the convolution (denoted by *) of A unit 
rectangle r(f) of length t, with A finite series of dcltn im- 
pahcs which is periodically repeated: 

a(t) = r(t) * 5 Ne a,, 6 (t - (kN t n)t,). (1) 
it=-m n=O 

OD N-l 
k(w) = 2w. x c 6, sin(~,t0’2)6(w - (kN + m)w,) 

k=-cc tn=O 

(2) 

COnSiStS Of equidistant, di6CrCtC hC6 At A distance CqUAl 

to the repetition frequency w, = w,/N. The scqacncc of 
coefficients & is just the discrete Fourier transform (DFT) 
of the time sequence a,,: 

N-l 
6, = c a,e2*imn/N, (3) 

This relation Allows the easy construction of time sc- 
qucnccs from customer modcllcd spectra. The fact thst 
a(t) is rcnl leads to the condition &N-, = 8:. Therefore 
only lines up to the Nyquist frequency w,/2 can be chosen 
arbitrarily. Mirror lines appear beyond the Nyqaist fit- 
qucncy. Furthcmlorc, the spcctram contains A form factor 
sin(wl,/2)/w which is due to the rectangular shape of the 
voltage steps. In order to get A sequence a, of spectrsl 
lines up to the Nyquist frequency, the time sequence a, 
must be the DFT of 

m 
6,, = arm e il nl 

2 sin( mr/N) (4) 

The phases &, nrc chosen nt rnndom. Above harmonics of 
the snmpling frequency, the low-frequency part reappears 
quslitntivcly but is suppressed by the form factor. 

2.3 Quality of Low-Frequency Spectra 

WC have measured the low-frequency spectra using an HP 
Dynnmic Signnl dnalyzcr. The measured Amplitudes At 

frcqaencics below 100 kHz are quantitatively described by 
cq. (2). Figure 1 shows n chimney-like spectrum (ns it 
could be used in stochnetic extraction) with A sampling 
frequency of 25 kHz. Mirror frequencies and their supprcs- 
sion according to the form factor arc clearly risible. Single 
lines can be seen in fig. 2. The rtccpncrr is > 35 dB bc- 
tween individunl lines which hare A typical spacing of A 

few Hz. It is limited by the resolution of the DAC. De- 
pending on the Application, anslog low-PASS filtering msy 
sometimes be dcsirnblc in order to get rid of mirror fre- 
quencies. BCCAUSC of the finite steepness of anslog filters, 
only roughly 90 % of the Nyquist range cm be effectively 
employed, anyway. 
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Figure 1: Typical noise spectrum for stochastic cxtrnction 

Figure 2: Single lines resolved at the edge of a spectrum 

2.4 RF Mixing 

To get n useful rf signal, R local oscillator (LO) and a 
(preferably SSB) mixer arc needed. ln order to preserve 
the excellent quality of the low-frequency spectra the mix- 
ers and the following nmplificrs must be driven below their 
nominal power. Non-lincaritics of the mixers or amplifiers 
lead to undesired spectral bands nt hnrmonics of the LO 
frequency and smear out sharp edges in frequency spcc- 
tra. Care must be taken either to eliminate these bnnds 
or to ensure that they do not interact with the bcnm nt 
harmonic5 of the revolution frequency. 

3 BEAM DYNAMICS WITH 
SYNTHETIC NOISE 

When a coasting beam in a storage ring is excited by rf 
noise, the evolution of the momentum distribution can be 
described by a diffusion equation. However, this may not 
be true for excitation spectra consisting ofindividusl lines. 
If there were only one line, the result would be synchrotron 
motion with a well-defined scparntrix in phase space. It 

has been known for some time that if a dynnmical system 
is excited simultaneously by scvcrnl oscillators at different 
frequencies, the result is chaotic motion in phase space, 
if the height of the individual ‘would-be scparatriccs’ (the 
bucket height) is comparable to their distance. This is usu- 
ally referred to ns Chirikov’s criterion. Chirikov’s numcri- 
cal experiments have shown that the random walk through 
phase space cnn be well described by means of a diffusion 
constant cnlculatcd from the mean power as though the 
spectrum were continuous 11). 

The height of the ‘would-be scparatriccs’ is proportionnl 
to (P/N)‘/‘, where P is the mean squared voltngc seen by 
the beam. If the sensitivity of the kicker is constant over 
the spectral rnngc of the noise, P is directly proportional 
to the electrical power at the input port. Let us now as- 
sume that a brond spectrum with a sharp edge at some 
frequency w. is applied. Then the question arises whether 
phase spncc is distorted beyond energies corresponding to 
we because of the presence of discrete lines. WC intend to 
resolve this question using numerical simulations. 

4 MEASUREMENTS OF THE 
ELECTRON COOLING FORCE 

One method to measure the cooling force of nn electron 
cooler is to excite the bcnm with rf noise nnd then to mca- 
sure the equilibrium momentum distribution q, which is 
given by the relation 

where ql is the cffcctivc longitudinal cooling force, v the 
mcnn beam velocity, nnd D the diffusion function. Precise 
nicn5urcn~cnts of Fll over a lnrgc rnngc of relntive vcloci- 
tics nrc fensiblc, if the slope of ln 8 remains siguificnntly 
large. Therefore the ratio of the cooling force nnd the 
diffusion should be kept npproximntely constnnt, nnd bc- 
CRIISC the cooling force vnrics with velocity, the npplicntion 
of coloured noise should enhance the precision of cooling 
force mcnsurcmcnts. Up to now, snch measurements hnvc 
only been performed with bnnd-limited white noise. 

It is useful to describe the cooling force in R frnmc which 
is co-moving with the mcnn longitudinal velocity w of the 
electron beam. Bccansc of the nccclcration of the electron 
bcnm by a dc voltage, its velocity distribution $J, becomes 
non-isotropic. It is commonly written ns a Bi-Mnxwcllinn: 

( 
2 

$c(%, VT, 
v2 + v2 

tJ,)ocxp -5 - = 
q 2v: ) 

(6) 

The longitudinnl velocity ~11 can be smaller thnn the trnns- 
verse velocity VI by orders of magnitude. From the theory 
of magnetized cooling 131 WC expect that the cooling force 
rises lincnrly from zero to a maximum at an electron vc- 
locity clo5c to ~11. Hence wtl is an important measure of the 
quality of the electron cooling device. 

At the ESR cooler ring [4], WC excited n 12gXc5’+ bcnm 
(energy 243 McV/n, 10’ pnrticlcs) with synthetic rfnoisc. 
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Figure 3: Schottky spectra with white and coloured noise 

The noise spectra were symmetric around a frequency 
which was close to the 26 lh harmonic of the mean particle 
revolution frequency. The Schottky spectra were measured 
at the 49” harmonic. Figure 3 allows the comparison of 
a spectrum resulting from an excitation with band limited 
white noise (above) and from a power spcct.rum of trian- 
gular shape (below). 

The spectrum obtained with colourcd noise allows a sig- 
nificantly more precise evaluation of the cooling force, bc- 
cause the slope of the distribution function is larger. WC 
determined ln q after subtraction of background noise and 
by performing a polynominl fit (see figure 4). The cooling 
force was then calculated nccording to cq. (5). WC draw 
the following conclusions from the resulting curve: 

l The force has both a distinct maximum and a min- 
imum at velocities u, in the co-moving frnmc of 
-7100 m/s and $6200 m/s, respectively. (We define 
Y, to be zero at the zero of the cooling force.) The 
corresponding electron energies arc approximately 
0.13 mcV. This confirms earlier mcnsurcmcnts [2], 
and shows that WC operate the ESR cooler in the 
regime of magnetized cooling. 

l The height of the maximum at negative velocity is 
larger than the absolute height of the minimum at 
positive velocity. This tendency has also been ob- 
served at the LEAR cooler [5], and at the TSR of 
Heidelberg (61. W c d o not have a strnightforward cx- 
planation for this observation. 

Frequency 

Figure 4: ln 9 and D from lower spectrum of fig. 3 
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Figure 5: Fit in arbitrary units from fig. 4 

. 
l Ncnr the edge of the noise spcctrnm the stntrstlcs IS 

too poor to allow an interpretation. Measurements 
with a brondcr excitation spectrum, somcwhnt hrghcr 
beam current nnd larger mcnsuring time arc expected 
to yield better information about the cooling force at 
higher velocities. 
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