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Abstrc t 

Under a deflecting mode synchronized with an 
accelerating mode in rf cavities, electron beams 
exhibit peculiar behavior in a circular accelerator or 
storage ring. The electric and magnetic fields of the 
deflecting mode produce the effects of beam pinching 
and bunch lengthening. The pinching effect enhances 
the brightness of the synchrotron radiation. Purther- 
more, beam loading under the deflecting mode 
rise to a self-pinching effect and affects 

giy;; 

Robinson’s st,ahi I i1.y. 

Wherl a deflecting mode cavity is used together 
with an accelerating mode cavity under the condition 
that rf phases of both modes are synchronized with 
each other ln a circular accelerator or storage ring, 
synchrombetatron interactions dominate over the beam 
behavior and they can vary tho emittances of 
synchrotron and betatron oscillations. In this paper, 
the variations of the emittances during one revolution 
are derived in the llamiltonian formulation’ of the 
synchro bctatron motions. 

Th? closed orbit distortion at the deflecting 
motii~ cav i ty inlluces significant haam loading effects. 
WI: inves!.igat.e two kinds of these effects, that is, 
thr: sc:lP r,inchirg effect, and Hnbinson’s stabi1lt.y. 

lnt’luence~_of the Deflectir!p,Q!& 

‘l’ho synchro hetatron motions are influenced by 
tt1r t:loc:~ric and magnetic fields of the def lotting 
mode. The influence of the deflecting mode is investi- 
gated in the Hamiltonian formulation of synchro-- 
betat.ron mot ions. The synchrotron and betatron motions 
arc iicscr i hrd in the phase spares ( 0, 6) and 
( x, Px 1, respectively. Here u is the longitudinal 
displacement from the bunch center in the forward 
direction; 8 is the energy deviation defined as 
6 ( I’. b: ,) ) j f5 !) E is the energy of the particle 
and if 0 1s the energy of the reference particle; x is 
ttiib horizontal displacement from thn closed orbit of 
the part.i( 1e with the energy deviation 
1s the canonically conjugate momentum 
cjunt i ty p ( is def infd as 

I-’ 1 p;; -;> 11, 6, , 

0 

6, and p x 
of x. Thf? 

(1) 

Whl!l-i? 

k’ x: horizontal kiiiotic momentum; 
I’ 0 . kinetic moment.um of the roferenco particle; 
; jJ t k(;-~n;z )T;(;t.or of the reference part iclc; 

P ‘0 > : momenSum deviation 
( f’ : kiut?t’;c: momentum of thP particle 1; 

I’ ZT ,e: ~tl?]~‘cls), (2) 
with ~1 an energy dispersion function and s a longi 
tudinal iocrd i nate along the orbit, of the reference 
particle. 

The Ham i 1 t.onian of t he synchro hetatron motions 
urtdc?r the deflecting mode can be written as’ 

,[ i’! , /j; , /(’ , Rrl’sL + K- ( .1 
::,A -’ ‘?/& I I; 

m J 

611 ‘Lp;;T1 ix- ’ IL 1 I’;&Ji,‘- 

p(, j-&;‘1; (.(,s ($; , ,$,.. + @.. ,,,) (5) 
0 . 

where 
K. : curvature c,f the rcforcncc orhi t.; 

K” IK Ii,~:!dlS;< al\,\ (,, (4) 
X : llorizontal displacement from :he rcferencp orbit; 
B ,: bending magnetic field: 
E(X,sl : longitu(iinal electric field amp1 i tutit!; 
k: wave number of the oscillating field; 
q: electric charge of the particle: 
$ s : phase constant; 

9 --- I< ‘y3,,)6, (5) 

d/i, 2 (I ,j;ri j tl’,s- vim’,‘. and ifi) 

y :,: Lorcntz factor of the reference particle. 
The torm /! 0 x i II Kg. (3) refers to thfa phase s I i p due 
to the het.atron motion. 

In order to present the influence of the 
deflecting mode on the particle motions. the canonical 
equations are derived from the llamiltonian described 
above to evaluate the changes of x and p. after pass- 
irlg t.hrough oni: of t tie c:avitit?s, ./I x and .~lp, , <ElS 
fo 1 1 ows : 

ils (7) 

where 
A[‘. $I[ I’,JJi, (8) 

dJrt ?:‘I jf;r; 1, (9) 

’ qV{M Jty ~ yF,.z(t-- r;---.- 
1 
silti $b 3 ill,- @ 1 iltix 1. (10) 

,/I 

<,!I i {Ll‘,, (“y’) I.‘i 1s ,c,., il,, f It, JO. , (1:) 

\'I*! j~'l<,S.SlilS. \'jftY %i!!~"[[iS,s~cjs, ( 12) 

-I-,.. \.(.,. i ! 5,: v: Y ‘, ‘1 I/ ,‘C‘,,. ’ s,; \‘,,.I I( (13) 

f’k tall ‘LS,; c:,. , ii., t;iti I’-‘, C,,l. :r4j 

C‘, p<{y:;: c‘()s ;t cls. s,. ~~f.Xm k.tls, (15) 

Cl, %,~~‘r’lr’(,S~~‘lS~dS, sil _,,, 
\ 

z,, i” 111 S,>lSlll %ls. (16) 
;h 

lj~N,s): ver.tical magnetic field iimplitude; 
% ,,: charact.eri stic 1 mpi;tlani*l? III a vac’uum; .~nd 
/I s : cavity length. 

Conveniently, we designate Vii as tht? magnetic voltage 
whi lc V is termed the accelerating voltage. The 
factors T, exp(j 0 t! and T II exp(j 6 Io are complex 
transit time factors of the electric voltage V(X) 
and the magnetic voltage V j1 (x). respectively. 

Furthermore, the canonical equations of the syn 
chrotron motion give the changes ,of (7 iind d a f t. f: r 
passing around the ring as follows: 

/jr : p+-- $1 ;;:i:l‘) @,, -(Spr) Ad, (17) 
i/'a /I I> 13 ,>I’ 
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36 r: ..l;..)SJd@, 8,. t Q IAri,l, 
t 
gwx 1\ 

4 1 
where h is a harmonic number, 

(18) 

a:n- urn 
I 

-7;. < cu”<? f BP,; (19) 
ri 

a,, is a momentum compaction factor, and n x and 
B x are Twiss parameters of the betatron motion. 

Variations of&j ttancc~ 

?l:t:? cm 1 ttnncus of t.hc synchrotron and betatron 
motions are important for obtaining the beam size. The 
betatron emittance E X and the synchrotron emittance 
El, 1J-c’ tiefined as 

sJ i ).$ ci. / \.’ 
c* - EC? ---- 

wllero 
/3k /3# 1 

(20) 

1,’ \ UrS 1-/3X1),, yn -aTo‘ ’ /&& (2.1) 
and CLAN and & are Tw i ss parame t,crs of the synchrotron 
mot i or:. 

Using Eqs. (7) (211, lb<! variations of the 
i?ln i t tanCt?S E x and e0 during one revolution are 
avera& OVRr several bet.atron and synchrotron 
ojri I lat ion pftricds to qlvo 

(361‘ 
---) ~ AJJal lii.lii;l: t J?f:i)/, (22) 

El ,ii,’ 
Aeg \ 

-’ / ilcJ,d;ii t Jzfd) (‘Jaial, (23) 
F* /Cl 

wllf~re 

A 
k. rl 

7 Al; 
‘!‘,. sin 14. t /ii.: 1 ‘I‘,, Sl~i, f)\ 0,,) 1 (24) -1 

IS 
k+Yrc,, Jcl\ri, \ 

., -.(, .,<,, )‘I‘l,~-w, Oil’. 
L’:3;; y;, 

iz5) 

c- ;;.g;-;(q;q~ 'f,,ciw~~: /!,,I 

~~;!z~ ! 'I‘,, (‘();( (fi. + 0,. , 
I. 

126) 
, ii, 

I< 
;i ,’ E‘oPrr, 

II 1 (27) 

,J ,,(a) (n -0, 2) is the n th order B~ssol function, and 
iI I s t IIt! ;~,npl it udt: of thr: synci~rot ran osci 1 lat1on in 
I,tt(? rn phast: dimension. 

Wh~:n tb!-: particlt! iirierpy , IS S(I high that, 
y I) ;‘. I . !Iq.s. (2%) ilnti (23) approximatr:ly become 

Ql&\~ \ 
AJ,~ ;i !, 

ti il,\ (28) 

AEh , , :\lJ~,!~li ’ Ji,;lM (29.) 
Err ,i,’ 

For pus i t ivi> A wit.11 il,“,j (:, 2.41 (,j,,,: t.iln first. 
%Or-0 0 i .I ,I( hi ), the betatron amittance decreases 
and the synchrotron emi ttance increases. 

I’hcm l!li:ct,ric and magnetic fields have longitudi 
nal distributions differing from each other along the 
part iclfi orbi I. From Eqs. (12) (18). t.hcrc!forc~. Lhii 

i:omplc:x t rans i t 1 ime factors 7’ I; cxp( j 0 ji) and 
, 1 1, nxp(j 0 ,,I niso differ from each other. That is 

why the quan t i tg A has a nol~~;:t’ro f ini tr value under 
the deflecting f:eld. Thus PC? find different longitu 
illa. distributions of the electric and magnetic fields 
ot’ t~ie deflecting mode are essential for varying the 
sgnchrotroo and betatron emi ttances. 

Enh_ac_ement of Brightness 

in t. h 12 h i g h energy region whore the radiation 
damping b~!cnaes f?ffcc t ive on synchrotron and betatron 
OS(:I I lni.ioris, thF? ef fact. of l.hc dot’lccting field cu 
thv beam IS f?xpeCi.Prl t.0 modify rhe damping times of 

the synchrotron and betatron oscillations so that the 
beam size becomes smaller to enhance the brigh‘tness of 
the radiation. 

The damping partition numbers of spnchrotron and 
betatron oscillations, Jb and Jt , can be expressed 
as J, = J,; Jr,(J,,(a) +.l,iar‘~. (30) 

J, ?- Jr* 1 J,> J,ca;i, (31? 
where J,,” and .IG iiro damping partition numbers i n 
the absence of the deflecting field, and the terms 
including j,, are additional terms due to the 
deflecting mode. The qsant.ity ,J il is written 

J,,$!LA, (32) 
0 

where U,, is an average synchrotron radiation energy 
loss per turn. 

The area S of the transverse section of the beam 
is proportional to the product of horizontal and 
vertical beam sizes. Supposing that the vertical 
emittance is proportinal to the horizontal emittance, 
the area S is proportional to the horizontal 
emittance e X at the location where the energy spread 
little affects the beam size. Where S ., is S with no 
deflecting mode, the ratio of S to So is 

s J \(I 
,. 
h, J,,, 1 Jr,J,ia) . 

(33) 

The enerRv snread 6 s can be written as -. . 
I .’ 

(34) 

because 6 is inversely proportional LO the square 
root of J,. llero S So and ~0 are 6s and a with no 
def letting mode, respectively. The synchrotron 
amnlitude a is self consitently evaluated for a given 
value of ,J II using Eq. (34). 

Fi VIIre 1 shows the J ,,-dependence of S /’ S (: .y-. _ I 
and 8 s,‘S~~) with D-O and 0.5. where 11 ~~ 1 ,I xc, 
and a 0-O.1 radian. The solid line indicates 11 -0 
and the broken line indicates D -- 0.5. The area S de 
crcses by a factor of about 3 to 5, and turns to in- 
creasing when ,J I> exceeds 2 or 2.5, because of the 
growth of the synchrotron osci 1 lation amp1 i tude. The 
energy spread 6s gradually increases with J ,), and 
rapidly increases when ,J ,> exceeds ,-It, I,. When 1. he 
energy spread h‘S increases too much, however, the 
particle runs away from the rf bucket, and the beam 
size and the energy spread become meaningless. Prom 
the above results, it is concluded that the brightness 
of the radiation is enhanced about 3 and 5 times for 
D =- 0 and 0.5, respectively, al though the energy spread 
is 3-5 times enlarged. 

- D-0 

- ----- D=O,5 

JD 
Figure 1. ,J jI tIi~ps:itlen~e of 3 arilj 6 :.. 
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Beam Behavior . ..~rld.~.~-BeamLoad.innEffect 

Sel.f-feching Effect 

~qatlons (28) and (29) can be valid even when 
a fi:lite closed orbit distortion exists. The quantity 
,\,; is the complex magnetic 

phzse shift and written as 
voltage including an rf 

$,, I j (<+k)Xc, COSzYC!r~u, (35) 

where I is the beam current;% the coupling impedance, 
,3 the cavity coupling coefficient to the external 
circuit; X, the horizontal displacement of the bunch 
center; and Yr is the tuning angle’ of the deflecting 
mode cavity. 

‘i’hft i-i‘ phase ii is so st!t that. the acceler~t ing 
volr,age is directly proportiorlal to sin 0. The beam 
accepts a maximum decelerating vol tagc with Y -- 0. 
so that the synchronous phase 0 s is Y n /2 for 
positive 0 Xi1 and W--n/2 for negative ‘7 X.1. Then 
t ho cons t fn t A in Bq. (24) becomes 

.I 
qIZ 

------ --k $X ,]‘I’ 

WhCrC? 
?I‘,,,’ I I /3l [_ 

(‘( ,s izIp nl -t COSN 
1. (36) 

_. I I < T,L I ‘I’,<’ “‘I’,.:‘l‘,,CroS~~, (37) 

(Y ~ tan ' ( 'l‘ ;'I‘IJ;;ydH 
i. 

(38) 
i. 

and /I 0 0 i,-- f! I<. Usually ‘1’?, is greater than T/I 
and ,,10 is positive, so that 0 <E<z/~. Then the 
:;;!.f’ pin(:tking condition of positive A is that Ycy 
CY n/Z for positive 0 X0 and that Y > n! - n /2 for 
nt!gat i vf: q x0. Whctn 7 X (:-CO and W .- N /2, wo Ret 
thr: maxirn~~~r set f-pinching rate? .& ,-jd c : 

‘~\n,.\* kl 
r11% 

r/s,, I -\----- --‘I‘( 1 t iOScyI. 
~t!>(>i 1 --,!J, (39) 

Robinson’s Stabi I i_t_y 

The dnflect,ing mode affects the beam to give rise 
1.:) Robinson damping or ant-damping in a different. 
way from the accelerating modo. Suppose that the bunch 
ct:nti,r is passing through the rf cavity with 
horizontally displaced from the symmetry axis by tho 
amount. X .. which is given by 

X .Y,: i r~f?~~ siri! w,ti, (40) 
whcrt: 8 ,,1 is the energy oscillation ampi etude divided 
hy the ;:nt’rp;y of thf! reference particle, 0, is 
syr:chrotr:~n angu I ar frequency. and t is the t. i me. 
P0110win~: WI Ison's formlllation in the accelerating 
mod&‘, ‘Wr! get the complex magnet.ic voltage defined 
in Eq. (35) 

l’li j 1% L ii,, / (1 t /3i (41) 
whorf! 

il,. S,,ccis\vc~“’ I --“,Fy-t 3 sin(I) jbc~osr/,) e”‘, (42) 

ib c&t t (Y , (43) 
;t r,iev I CCPT I, cosv i~OST , (44) 

il :qr j I ,I’ I 2. l:tIl’P+ ! 6 + ,u ‘, [~q,‘~‘n”“l, (45) 

c; t;1riv, ,U :! Q &" (46) 
WI1 

(1) (/ .s t Iit: imx I crating anerrlar frequency; and 
Y 1 tht: loaded Q. The Panofsky Wenzc~l theorem” re 
lates l.he electric and magnetic voltages as follows 

a9 
JX 

jki’,, (47) 

‘I’iic!n wf! ~(i!t tho beam induced voltago f’c#r / XI) 1 J> 7 0’ I” 

NCWS~?P 

~ 7J&~$,S 4 
:! 

ll)(.l,!G:((,’ !~~Gln(/,It~ I”‘..” (48) 

The complex quantity q, traces out an ellipse 
with a semi--major axis a and a semi-minor axis b in 
the complex plane as illustrated in Fig.2 for positive 
‘) x0. The symbols S,,. and 6,.,,, mean the maximum 

and minimum energy deviations divided by the energy 
of the reference particle, which are replaced by each 
other for negative ‘I X $0. For pas itive 7 X *, there 
fore, high energy particles accept a slightly lower 
accelerating vol tagc compared w i th the reference 
particle. For negative 7 X0, low energy particles 
accept a slightly lower accelerating voltage. There 
fore, the positive Al X8, contributes to the Robinson 
damping, while the negative 0 X0 contributes to the 
Robinson anti-damping. 

i, 

(E<O) 
V,jgure 2. Behavior of the beam induced voltage 
v I> for positive 7 X0. The symbols 6,,,.,. and 
6 I”, i”F3R” t,hcA max i mum and minimum cncrgy 
deviations divided by the energy of the 
reference particle, which are rreplaced by t?tlc~tl 
other for negative 7 X0. 

Conciusions 

Heam behavior was studied under tht! dof loctinp; 
mode. The electric and sragnetic f:elds can vary t.he 
synchrotron and bet.atron emittances inversely to each 
other. DiffereI:t. l~)ngitrrdinal distributions Rive 
diffcrcnt transit time factors, which differentyatc 
the effects of the eIc:ctric and magnetic fields. The 
fields induce a beam pinching efft>ct enhancing the 
synchrotron radiation brightness. Furt,hermore, beam 
loading under the deflecting mode gives rise to a 
self-pinching effect and affects the Robinson’s 
stability. 
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