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Abstract 

In general, cyclotron inflectors stro~~xly collplr 1 II<’ t\vvo transverse 

subspaceb. This l<zads t 0 a growth in emitt.a~~rr projections for a 

twam with 110 initial corwlation !wl,Wf’ell tht, t\vo transvvr.i:’ sutl- 

sparci. Only in thr- casv of t.hc~ hlCll,,r (hyp+~rbolriid) 11~llwlor 1% tht>rv 

no Prnittallcc~ growth. \I ‘0 tavix ~rradr calculatiol~s using an opli113ir;1- 

Lion routiirr~ 1,) match a given Iwam through t hi’ ilsii~l Ilidp(4ic Md 

it11~1 inflec.lor ill 3 i.yc-lo:rorl asiaI injwti0rr systrvi.. \[‘I, find tlrdt in 
1110 limit \vl~f~rt~ all tllv cmit.t;tni‘+’ is due to 3 beam’s ayial arlgrll;tr 

mocrrnt 1~~11 (for i~sa~npl~~. from 311 f;(:H SOII~C~), ~n;~t(~liill~ with no 
cmittanw I;rm’t 11 i, p<,5sihle ~~LC’II in the C~LS+B of 111irr0r 0r ipil~al infliv 

t,ors. Mortvwi~r, any on<’ 01‘ t II<% trvr, transvcrsr tw~ilt,a~~~~i~s c1rcrlIati~lg 
in thta cycl~~troil can hP iratlc~ srndll~~r tliau ttLii hi.)urc(x r~rnitt.ancc while 

nlainttining the sum of the rrnittanws constarlt. ‘l’his is actiic~vrt! 1)) 
rotnting the matching quadrupolc~ with respwt 10 the inflw tar and 

rrtu11i11g. 

Introduction 

Various inflectors have been invented for injrcting a beam through 

an axial transport linr and into a cyclotron. t’nr a beam with no 
initial corre:xtion between the two transvt,rsc subspa~~s. the: Mii;l~: 
(hyperboloid) inflwtor’ 1s the best choice frclm thr point of view of 

optics alone. Spiral and mirror inflcrtnrs. ho\vrvrr. tech have their 
own advantages* and so arc often chosen dcspit,c t.htt fact that they 

worsen the hcam enrittancr. A4 point which is r?ftcxn ovvIookw1 is that 
not ail typvi of hourcc5 hav0 u1Icorwl;r.,C *ran~vf~w iihspwe~. I;or 

rsample, iii! as;;rll,v syrnnlr~t,ric- inuv’r whcrc cl~;\rgy cuihanp t&iv 

p!aw ITI~idr’ a IIJ!C~OICI;LI 5pId Lvill l!a~v an (~111it1,mw (~~has~~ ipa~‘v 

ar+w f T) in ant= fransvww tlirwtion giwli 1,x.’ 

where (0 is tt1.P intrinsic crnittanrc (due to ion t~,rI1Il(,r’ltllr.c’), r is the 
be;un ratliuh at the wlc~noi~i twit and pJ is t.h~t lwam :igidity dividw~ 

hy the sol~~:~oitl fivltl. III t,his cask. )‘I4 = -r2.s # ()(I,,, E ozi/\/‘;i;;;;, 

a!lil 611 = .r2. CT*4 s ZJ/‘, Pk.) and i~eglert ill@ tliis i’ac! Iwdi IO an 

ovr~r-rst,inl;ltioil of thr emittancn growth thrcirlgll tllc itc:livt.or. 
L\‘v hnvcl iltv<~,<tigat<~d c:;cloi :‘,)ii 111;3tcliir’g ill ‘~11111 , \;trc.n1w: na111, I> 

WIlCI.(~ j I) tt = F,,. il, .: T’;., = 0. and \vii~~i~ :I]) f,) - (1. I’,,, = ti. 

I’.~:~ = f I (tht, siKn tlq)( IIC!S upon whvthrr I’IP Srjlll rc holw~~id fii~ltl 

is parailcl or ar~tipilri~~l~~l to the’ Learn diwri icili), (‘,tlciil:itiolis lv(~i‘~~ 

j~~rformcd usi;lg a cornputr~r rode h;~~tt up~in ‘I’I~AliSOl”I’I1.” I.ik(b 

‘I‘tt AILSPORT. t.his COUP is baled upon tIlc> ti~ili1111~11bi011i~l n-ttlatris 

formalism. hut in this appIicat,ion, TR ANSOI”I‘R 11as two ;~dvant;tgc+ 
ovw TIIANSI’OR’I t 1) 7he trar.sport sy>i(tr11 is :Irlilrcc! ilk a FOR- 

TRAN subroutine. TtAs allow rnuc!~ greatw Ac~s~bil~ty iu c!<xfnirlg 
both the transport systwn ar\tl thr fitting c.onst.r,lints. (2) TR AN- 

SOP’I’K has the capzthility of using thtl infinitr>imal 1 ransftlr matrix 

approarh.” TICS was origilral:y introduccvl tii ~~fiiciv11tI> dral with thv 

:i-tlinleilsioria1 ipa~0~ chargcl forws 0f b~:ricliril lwltmh; in our ;rI)plii3 

tion it allows ~IIC’ IO twiit optical elcmr~nts, 81~~11 ilh a vnrying axial 

magndir firld :+IL(I a. spiral iliflrctor. where it 16 not p~~ssiblp to lh ritv 

down an annlgfic 1 rallsfrr nlatris. Thv il,finitwiIn;iI tl.;ill>fvr. :~lat:.ix, 
F (,s). c ii,, IIf. ~if’llll”ll .I\ l,lxl I)///. \v:li~rl. RI i? 1 t,t, lI<‘ii.t1’1 ill~rtris 

Ironi .C to ,i i- ri\ SII(~ 1 ji; i’>(, iil~~ili it:; r7;ltris. [III- ir III,I’~~Y vl(,111~~111~ 

a.w ~-al~-ula~:tt 1)~ nllrlltri( al:y iol\,inF: 

tlrritl5 1- I’ir ~~ 01”’ 

L\Tc hA\.l~ ~il(~lll ,‘“I;!” I! 1111’ v;iryirlq ,iii;~l li.,lil q II~I 111~ \iilllilcl 

(rlllilarltl~‘l ljl(Y t I’l/li”>, (~,115i,llrt rii.4p,rli tri Ii<, II i i ,!,<,I l!llllNinr il!l’, 

‘l‘li j\ .YSOl’ l’li. l-or t llfl~.l Ili’tr C,liPi E‘ is. 

0 1 0 0 0 0 
0 0 Ii’!2 I< 0 0 

0 0 0 I 0 0 
-I<‘/” -Ii II (1 0 0 

0 0 0 0 (j ! 
0 I) 0 0 (‘1 iI 

vary-irlg axial fiblId I 

I - ,$'I(' 0 (, 1 --('It .Y li/ .1 0 (I II II .S 0 ii 1 
(‘I\’ (I !) 1 0 0 

-. ,I; Ii / :l (I II 0 0 “//I 
~ ’ >1)lr;il ,~illi~~l~ir) 

whrw I< = l/p. il is Tl16’ illflrrtor .li.igtll, q Sir (,\/:l). !’ 

cos (s/A), s is the independent variable and ii S~‘I tt-, wro at t I.<, 

inflwtor +3tra.nie. For the spiral irlflwtor., t hi’ t\l’l) 11.an41;br mat rivw 

1 CI 0 0 0 0 
II I h 0 0 0 

-li; I! 1 0 0 0 
0 I I) 0 

0 G 0 0 I II 

0 0 ---I/A 0 0 I 

‘1 (1 (! 0 0 0 
0 1 (’ 0 0 0 

0 0 I 0 0 0 

0 II ii I 0 II 

0 0 0 0 I II 

.o 0 Ii.1 0 (1 ! 

Inust be used at the elltrantr and exit rrhpcrti~t~l~ 10 ~r~~nhf~~rlll to tl.~ 
proper variables. The F matrices are drriv*~rl front t !I(’ w~~Il-I~~~o~v~~ 
ccIuation\ of nlot jon ’ ‘fhcy mirror i:iflvtilr II;I~ I)~11 iliv~lrIwr;ilcul i!jt~~ 
TRANSOI”I‘R using tll*a tr~irlfcr matrix of Ilvf. i;. 

\\‘e have confinrd ollr attcrLt]on to tnntcI:illg ill t!~(, l-dil~,c~~~~ir~l!;lI 

subspace (2~~ .c’. y3 y’l. In this cast ii is convcuicllt 10 ~~YIII~I~ tl~,~ CJ-- 

clotron as a dipole with a field inricv n = I/L. ‘l.Ii:‘i yii~l~.li I’, : \fi-li. 

Matching is achirvcd by varying thr strrzngtlls a~(/ orlvtltatilllt 01 

quadrupolcs plawd titLfC>ri, thi% r,lit rancc ilitu tlLl> c\ cl~)trtri~‘h ,ixi,ll III+ 
nrlic field while trying to nlinimi7v 1.1 is T’:).j,JIr .JJ. j/l3 illI< jj.. ‘i’lt<’ IiLl- 
tvr ‘1 i)ararl~l?t,CrS are. respcrlivcly. horizontal ‘)i’:itll hick at Ior-;iti~an5 

i:L the cyclotron sc’parittwl by !)U”/L,,- !)f uilmli II .il,<l \~~~rtic;ll t)(h.illi 

,izpi. at location< scparatwi II:,. 90°jr<,. hlir.iilll/iitl~,l~ \us ;wrfort~i~vi 
hy thr: If~ast-vrluart3 subrnntilhr II(‘l.St’ frcb111 t18v 15fSI. ‘ilirai;, 

(‘ircillating cwitlanws ill thr rgclotriin ,1,(* c :rl~~r~I,~!~~tl 1’1oii1 

‘J - “rr,2,,,,i,’ 

(whe1e I,,,,, is the Il:axillllilu twsrrl sim ovt’~ out’ lt~~tc~‘la)~l oscillatio!)) 

iuld similarly for cu. Thr, IPaso:L fnr d.,iinilig r~mill a.(.(5 in thi-. ~v,iy i5 
that, in cyclotrons ‘h.!tcsrr tnrris ii.‘ 7 1 scpar;lt~~il. Iwt.il /r0:1 ~):I;Is~Y ;LIBI;I~> 
lwi~0111~~ rnixild ar~tl ho l.!iv Inatrhrd rllipw !I/%( f:iliw lilli~l 

111 our calcillatiorl~ U’P :iswI iill illjc( tv:I lu~2111 viii-l my i:f ‘27 hi,‘,’ 
,iri~l o.il~ltr~lll pCi~arl(~li~r:, 11 I!! lulla ,ill/l I,,, _I ;‘. ‘I 11/~~./~ \‘.lil*,. 
~.orrrspond. mow 01 IPIS, tv tlir- .!I) \lv\’ II ~.y(,lo’ri~ir hi-111:: II<‘- 
slgncd at TRIlJhfF.’ CJasr I with f, T fy and rio T !, roi.l<‘lati~l:l~ 
ib suillmiir~iwt jll Table I. Thr source c~1tlittnlli.i~ i5 .iCI mtn IIII;~CI or. 
ItorrlliJiLcd, is 0.3Ci5 7)1111 1tiraII Siur-13 tliv (.;I:( III,** 1011 ii titia~,+r, 111~ 
r\‘cr. this c:initlanw is silullly ;i w:llillg lI;irarlll~t(,r ‘“I!:; t II*/ I ,L( it> 01 

/ irclllatirrg rrriitimw to murct cr:lilt;i:icv i\ ri-lc~i.,kljt 11i~lll I tic’ Il,ii 
rol and Lhcl sI)iriiI irr9f,c.tcJr ;Lrv c.harar!t~ri;rwl tj! ;t l),.~.,ili VIP I \I.lili II 
ib the lltligilt of 1.h~ <‘t1T:‘.3r1r~, ;rbfo\v 1111, lilfy&.ili pl,1111, \\‘I\ ,1otf. 1 li;3t 

diff~,r,;nt i~iflt~t.uls require tiifYrbr.vllt value+ of 0: thr~ ;ii~~l+~ lii~t\ri~r~ 

1 tlv irlcorning l)CIIIn 11 (2.. tllr rnatcllirl:: ~]ll~l~lrll;>~ili’~l ,311i! ilir, 1, Ilr,cl:ll 
vIwtro~L(,, 1,‘nlit t.ini.1. gIiil~‘Il i: I;LIPI*~. iq,i tlli rn11’!/ I iiif’~’ II, ,,,,,I 

for Iwth Iltllwt0rh d:nlinishvs ah .lifl~~tr,r 5i/(. (1~ IV il-/,i, 
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Table I. Normalized cyclotron ernittances and qu~tlruI~+ orlentntion for 
optimum inflector matching with Rn uncorrelate<l input brzun. Normal&i 
input emlttances~ cz = fy = 0 335 rnIll-mad 

Inflector 
type 

Spiral 

Mirror 

height electric 
t-411 field 

(cm) (kV/cm) 

1.0 50 0 
2.0 25.0 
3.0 16.7 

1.0 36.2 
1.5 24.9 
2.0 19.6 

normalized 
amittaliceu 
(mm-mrad) 

radial vertical 

0.47 0 *47 
0.68 0.63 
0.77 081 

0.93 0.84 
0.97 I.18 
1.37 1.47 

quad 
oriwt&ion 

(0) .._ 
-500 
-230 

0” 

25' 
280 
300 

Cascl II, nanlcly, where the emittariw is dur lo t 1~6~ I)P;LI~‘s ;tnqda~ 

momrntunl was simulated by allowing a divergcnrelrss 11eam of radiuh 
r to r>sil a solenoid with rrlag,netic field II, surl; 111at 

” = 50 mm-mrad (BP) 
2P3 ' P3rK' 

-40 .‘O 0 .I[) 4 0 i 
0 (Ii, ‘1’ 

Fig. 1. Matched cyclotron emttances. cr and cl, as a function oi 
the orient&on angle of the matching quadrupolrs for tlw case of the 
2 0 cm spiral inflector with an input beam whose ernit.tance, c,, is dur 
solely to angular momentuYn 

Results are summarized in Table II and Fig. I, I<‘or both thr mirror 
alltl t!lP spiral inflector, the following co:~clusionj can he drawn 

I It is possil)lr to match to the ryr.lotlri~i xvitll 1n0 ~rowll~ iu tht, 

sum of the transvertt rmittancej. 

2. It is possible to trade emiLtance in the cyclotron between th<L 
radial and vertical directions while maintaining the sum of the 
two ernittances at twice the input emittance. For example, for 
the 2 cm spiral inflector (Fig. l), the vertical emittance can 
be continuously varied between 8% and 150% of the sourw 
cmittmcr. In the case of the mirror in!leci.or (‘IUlr II), the 
emittances can be varied also, though not o>er as broad a range 
as in the case of the spiral inflcctor. 

3. Conclusions (1) and (2) remain true whpt her t,hc source solrnoid 
is aligned parallel or anti-parallel to the cyclotron niagnrtic 
field. Aowrver, the quadrupolr tune is qoitca dilfcrrilt. fw ii147 
two cases. For the I cm mirror inflcctor (Table II), cmittanw 
ran be swapped betwren thr radi;tl and vertical dirwtions 1~1, 
switching the direction of the source magnetic field. 

Table II. hlatched cyclotron emittances a a functmn of qundrup& wlt:n- 
tation angle (0) for the 1 0 cm mirror lnflectot with an Input beam whose 
emittanre (0 365 mm-mrad normaliwd) is dw solrly to anfiular mo~n~w~un~. 

Orientation of 
murce solenoid 
w.c t. cyc10tror1 

+ 

0 

-400 
-190 

40 
263 

-50 
10” 
300 
550 

Noru~aiizwl emit1 ance.8 
(Inn-mrad) 

--ax---- vertical 

0.64 0.09 
U.6H 0.05 
0.64 0.09 
l2.G” I) 11 

0.16 0.57 
II.15 0.58 
0.09 0.64 
0.16 0.57 

It must be emphasized that the 4-dimensional phase space vo.urne 
is zero for the case summarized in Table II and Fig. I. Real solenoidal 
sources will contain ernittance contributions from both terms in for- 
mula (1). Nevertheless, it is clear that neglecting the z - 2/ correlation 
will lead to an overestimation of the emittancc prowtll which occurs 
when injecting through other than a hyperboloid inflector. Moreover, 
the (usually dominant) emittancc contrilrution ~IIIC~ to the source’:. 
solenoidal field can be traded between vertical and radial directions 
in the cyclotron. This kind of flexibility is not possible with the 
hyperboloid inflector and may have practical us(~s 
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